Calculus Quiz 4

1. (5 pts)

a. Suppose f(%) =4 and f’( ) = —2 and let

3
cos
xr) = f(x)sinz, h(z) =
o) = f(a) @)= 575
Find g’(%) and h’(%).
b. Let p(z) = ax® + bz, q(z) = cx?® + dr and let

f(z) = p(x)cosx + q(z)sinz
Determine a, b, ¢, d such that f(z) satisfies the equation

f"(x)+ f(z) =xsinz

Sol.
a. Since g(x) = f(x)sinx and h(x) = %7 then
g (x) = f'(r)sinx + f(x)cosx
;o —flx)sinx — f'(z)cosw
B (z) = L
Hence
g (%) =f(Z)sin T+ f(5)cosT=2—-3
/ —f(§)sing — f'(§)cos§ 1-2V3
(3) - !

b. Observe that
f'(x) = p'(x)cosz —p(z)sinz + ¢ (z)sinz + q(z) cosz
= (p'(z) + q(x)) cosz + (¢'(z) — p(z)) sinz
f'(x) = (0"(x) +d(2)) cosz — (p'(x) + q(x)) sinz
+(¢(x) - p'@) sinz + (¢(2) — p(e)) cos
= (p"(2) +2¢'(x) — p(x)) cosx + (¢"(x) — 2p'(x) — g(2)) sinz
Thus
F() 1) = (0 (@) 424 () cos o+ (g (2) 29/ (2) sin
Since p(z) = az® + bx, q(x) = cx?® + dz, then
p'(z) = 2ax + 0, p'(z) = 2a
¢ (z) =2cx +d, q"(z) =2c



Since f"(z) + f(z) = xsinx then
(4dex + 2a + 2d) cosx + (—4ax — 2b+ 2¢)sinx = xsinx
This implies that

4c=10
dex+2a+2d=0 2a4+2d =0
—4axr —2b+2c==x = —4a =1

—2b+2c=0

and therefore a = —i, b=0,c=0, d= éll

O

2. (5 pts)
a. For what values of x does the graph of f(z) =z + 2sinzx
have a horizontal tangent?
b. Find equation of the lines both tangent to parabolas y = 2>
and y = —22 + 62 — 17.

Sol.
a. Since f’(c) represent the slope of the tangent line of f(x)
at the point z = ¢, so f(z) has a horizontal tangent line if
and only if f/'(x) = 0. Note that f'(x) =1+ 2cosz, so

1
f’(oc):0<:>cosx:—§<:>x:(2n+1)7rig, nez

Therefore f(z) has horizontal tangent at x = (2n + 1)7 £
g, n € 2.

b. Denote the tangent line by L. Let f(z) = 2%, g(z) =
—1? 4+ 6x — 17. Suppose L tangent to f(z) and the point
(x1, f(z1)) and tangent to g(z) at the point (z2,g(x2)).
Then the equation of L can be expressed as

y = f(z1)(@—21) + flz1)

=221 (x — 1) + 2% = 2210 — 2]
y = g'(x2)(x — 22) + g(2)

= (=215 + 6)(x — 29) — 25 + 639 — 17 = (215 + 6) + 25 — 17
This implies that

201 = —2x9+ 6 Ty =—T9+3
—x? =22 - 17 2?4+ 22 =17

= 22327 —4= (22 +1)(23—4)=0



Hence 2o = —1 or x5 = 4.
Therefore, the equation of the line tangent to both y = 22 and
y = —x2 4 6z — 17 are

y=8r—16and y = —2x —1



