Calculus Quiz 13

1. (5 pts)
bx

1
a. Evaluate the limit lim — sin(ct?)dt, abe # 0.
z—0 ax” Jq

b. Find r, s such that hII(l) (z7sin3z +rz 2+ s) =0.
z—

Sol. )
a. It is clear that limaz® = 0 = lim sin(ct®)dt. By
z—0 z—0
L’Hospital’s rule and FTC, we have that
1 bx bsi b2 2 b : b2 2
lim —/ sin(ct?)dt = lim bsin(bea’) = — i sin(bea’)
z—0 qx3 0 x—0 3azx? 3a z—0 r?
_ bc.. sin (b*ca?) b
© 3a2=0 b2 3a

sin 3z + rx + sx®

b. Let L = lim (273 sin 3a+ra~2+s) = lim -
z—0 z—0 xT
By L’Hospital’s rule
. 3cos3x +r + 3sa?
L = lim
z—0 3;62

Since hII(l] 322 = 0, the existence of L implies that
T—

lim (3cos3z + 7+ 3s2?) =3+r=0=1r=-3
x—0

Since L = 0, so

sin 3z — 3x ! 1 —cos3z

s§=—1lim ———— = lim
x—0 x?’ x—0 :L'2
3 .. sin3x 9 . 9
= — lim = — lim cos 3x = —
2250 2 z—0 2

1. (5 pts)
a. Evaluate the indefinite integral / sin(ln z)dx
b. If p(z) is a polynomial with degp = n. Show that

n (k)
axr axr p T
/p(x)e dr=e E (—1)* akil) +C

k=0

Sol.



a
/sin(ln l’)dl’ = /ey sin ydy, by letting y=Inz=-z=¢Y, dy:‘i—z:z—iﬁeydy:dx

u=eY, dv=sin ydy

= —eYcosy + /ey cos ydy, by letting J

u=e¥dy, v=—cosy

= —eYcosy + e’siny — / e’ sin ydy, by letting .

Y Yy
This shows that /ey sinydy = % siny— % cosy+C'. Thus

/Sin(ln x)dr = gsin(ln T) — gcos(ln z)+C

b. We prove the state by induction on n. For n = 0, then
p(z) = po for some constant py and

/p(:]:')e“md:c = po / edy = P2et 4 O

a

Suppose that the equality hold for polynomials p with
degp < k. Then if p(x) is a polynomial with degp = k,

1 u=p(x v=e**dz
/p(x)e“‘”dm = Me‘” — —/p’(x)e”dm, by letting v, ¢ i Md

a a u=p'(z)dz, v=_e

Write ¢(z) = p/(z), note that degq = degp’ =n —1, so

!l (k)
/p/(x)emdx - /q(x)e“’”dfﬁ =" Z(_l)kqak—(f) e

Hence .
[rowan =1 r S 2D o
_ eax<p(7x + ni( 1)k+1p<kz§x)> LC
k=0
- (g R o
k=1

By mathematical induction hypothesis, the equality holds

for all n € N.
O

u=eY, dv=cos ydy

u=eYdy, wv=siny



