Calculus Quiz 14

1. (5 pts)
a. Evaluate the integral / cos®™ ! sin™ xdx for m,n > 0.
N
b. A finite Fourier seriesis given by the sum f(z) = > a, sinnx.
n=1

Show that the mth coefficient a,, is given by the formula

1 s
= _/ f(z)sinmxdx, m=1,--- N.
T J_x

Sol.

a.

/ cos® ™ zsin™ xdx = / (cos® )" sin™ z cos wdr = /(1 — sin® )" sin™ x cos zdx

= /(1 — uz)"umdu, by letting u=sin x=du=cos zdz

e g e

k=1

o ( 1)k Y\ oprmil
_;2k—|—m+1 i) +C

_ - (_1)k Y . 9ktmtl
_;2k+m+1 f sin x+C
b. Observe that if n # m, then

/7r sin nx sin mxdr = %/W (cos[(n — m)z] — cos[(n + m)z])dx

—Tr —Tr

= 1/7r cos[(n — m)z|dx — % ' cos[(n +m)z|dx

—Tr —Tr

1 (n—m)m 1 (n+m)m
= —/ cos udu — —/ cosvdv,
2(” - m) —(n—m)m 2(” + m) —(n+m)m
by letting u=(n—m)z=du=(n—m)dz, v=(n+m)z=dv=(n+m)dx
_ sinu |#=om)m siny |e=(ntm)m
2(n —m) lu=—(n—m)x ~ 2(n 4+ m) lu=—

_ sin[(n —m)7]  sin[(n + m)7]

(n+m)m

=0
n—m n-—+m



If n = m, then

T . T ™1 — cos2nzx
sin nx sin mxdx = sin“ nxdx = —dx

- -7 - 2
1 [™ 1 /7
= — de — = cos 2nxdx
2/, 2/ .
T |z=n 1 2nm
= — - — cos udu, by letting u=2nz=sdu=2ndx
2 T=—T 47’L —2nT
sin u |u=2nm sin 2nm
= —_ =TT — =T
4n lu=—2nr 2n
. . 0, ifn#m
Thus, we can conclude that [ sinnzsinmzdr = T 7 .
m, ifn=m
Hence, for m=1,--- , N,
1 [" 1 &
—/ f(x)sinmzdr = — / ( E a, sin na:) sin mxdz
T TJ-m N5
N
1 T ) 1
= — g ay, sinnzsinmzdx ) = — - a4, ™ = ap,
[ —r ™
n—

O

. (5 pts) Evaluate the following integrals
a. /\/1 + e22dx. b. / -

—dx
24+ x+1
Sol.

a

Vv 1+ y?
/ V1+e2rdr = / —ydy, by letting y:exédy:ewdxédac:g—g:%
Y

secu o
= sec udu, by letting y=tan u=dy=sec? udu

tanu
secu sec u

:/ (1+tan2u)du:/ ( +Secutanu>du
tan u tan u

du
= - + [ secutanudu = secu + [ cscudu
sin u

cscucot u + cscu
=secu + du
cscu + cotu

dw

=secu — —, by letting w=csc u+cot u=>dw=—(csc u cot u+csc? u)du
w




=secu —In|w| 4+ C =secu — In|cscu + cotu| + C
VyR+1+1
— /y2+1_1n‘u‘+c
)

VE - (VEFFI41) 42t C
b.

/ x dx—/x—i_%_%dx—l/ 2 + 1 dx_}/ da
2 +x+1 »?4+x+1 2) »22+x+1 2) 2+x+1

1 [du 1 dx
= - —_— — = (—3, by letting u=22+z+1=du=(2z+1)dz

2) w2 T4 3)2+3
1 2 dx
=gl =5 [ o
(35 +1
—11(2+ +1)—i v by letting v=28EL = dy— 2
_2 n(xr T \/g 02+1, yettlngv_ﬁ:dv_%dx
1
=InvVal+z+1— —tan to+C
V3
3 2 1
:ln\/x2+x+1—§tan—1( x\/g >+C
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