
Calculus Quiz 14

1. (5 pts)

a. Evaluate the integral

ˆ
cos2n+1 x sinm xdx for m,n ≥ 0.

b. A finite Fourier series is given by the sum f(x) =
N∑
n=1

an sinnx.

Show that the mth coefficient am is given by the formula

am =
1

π

ˆ π

−π
f(x) sinmxdx, m = 1, · · · , N.

Sol.
a.ˆ

cos2n+1 x sinm xdx =

ˆ (
cos2 x

)n
sinm x cosxdx =

ˆ
(1− sin2 x)n sinm x cosxdx

=

ˆ
(1− u2)numdu, by letting u=sinx⇒du=cosxdx

=

ˆ n∑
k=1

(
n

k

)
(−1)ku2k+mdu =

n∑
k=1

(−1)k
(
n

k

) ˆ
u2k+mdu

=
n∑
k=1

(−1)k

2k +m+ 1

(
n

k

)
u2k+m+1 + C

=
n∑
k=1

(−1)k

2k +m+ 1

(
n

k

)
sin2k+m+1 x+ C

b. Observe that if n 6= m, thenˆ π

−π
sinnx sinmxdx =

1

2

ˆ π

−π

(
cos[(n−m)x]− cos[(n+m)x]

)
dx

=
1

2

ˆ π

−π
cos[(n−m)x]dx− 1

2

ˆ π

−π
cos[(n+m)x]dx

=
1

2(n−m)

ˆ (n−m)π

−(n−m)π

cosudu− 1

2(n+m)

ˆ (n+m)π

−(n+m)π

cos vdv,

by letting u=(n−m)x⇒du=(n−m)dx, v=(n+m)x⇒dv=(n+m)dx

=
sinu

2(n−m)

∣∣∣x=(n−m)π

u=−(n−m)π
− sinu

2(n+m)

∣∣∣x=(n+m)π

u=−(n+m)π

=
sin[(n−m)π]

n−m
− sin[(n+m)π]

n+m
= 0



If n = m, then
ˆ π

−π
sinnx sinmxdx =

ˆ π

−π
sin2 nxdx =

ˆ π

−π

1− cos 2nx

2
dx

=
1

2

ˆ π

−π
dx− 1

2

ˆ π

−π
cos 2nxdx

=
x

2

∣∣∣x=π
x=−π

− 1

4n

ˆ 2nπ

−2nπ
cosudu, by letting u=2nx⇒du=2ndx

= π − sinu

4n

∣∣∣u=2nπ

u=−2nπ
= π − sin 2nπ

2n
= π

Thus, we can conclude that

ˆ
sinnx sinmxdx =

{
0, if n 6= m
π, if n = m

.

Hence, for m = 1, · · · , N ,

1

π

ˆ π

−π
f(x) sinmxdx =

1

π

ˆ π

−π

( N∑
n=1

an sinnx
)

sinmxdx

=
1

π

N∑
n=1

an

( ˆ π

−π
sinnx sinmxdx

)
=

1

π
· amπ = am

�

2. (5 pts) Evaluate the following integrals

a.

ˆ √
1 + e2xdx. b.

ˆ
x

x2 + x+ 1
dx.

Sol.
a.

ˆ √
1 + e2xdx =

ˆ √
1 + y2

y
dy, by letting y=ex⇒dy=exdx⇒dx= dy

ex
= dy

y

=

ˆ
secu

tanu
sec2 udu, by letting y=tanu⇒dy=sec2 udu

=

ˆ
secu

tanu
(1 + tan2 u)du =

ˆ ( secu

tanu
+ secu tanu

)
du

=

ˆ
du

sinu
+

ˆ
secu tanudu = secu+

ˆ
cscudu

= secu+

ˆ
cscu cotu+ csc2 u

cscu+ cotu
du

= secu−
ˆ
dw

w
, by letting w=cscu+cotu⇒dw=−(cscu cotu+csc2 u)du



= secu− ln |w|+ C = secu− ln | cscu+ cotu|+ C

=
√
y2 + 1− ln

∣∣∣√y2 + 1 + 1

y

∣∣∣+ C

=
√
e2x + 1− ln

(√
e2x + 1 + 1

)
+ x+ C

b.ˆ
x

x2 + x+ 1
dx =

ˆ
x+ 1

2
− 1

2

x2 + x+ 1
dx =

1

2

ˆ
2x+ 1

x2 + x+ 1
dx− 1

2

ˆ
dx

x2 + x+ 1

=
1

2

ˆ
du

u
− 1

2

ˆ
dx

(x+ 1
2
)2 + 3

4

, by letting u=x2+x+1⇒du=(2x+1)dx

=
1

2
ln |u| − 2

3

ˆ
dx(

2x+1√
3

)2
+ 1

=
1

2
ln(x2 + x+ 1)− 1√

3

ˆ
dv

v2 + 1
, by letting v= 2x+1√

3
⇒dv= 2√

3
dx

= ln
√
x2 + x+ 1− 1√

3
tan−1 v + C

= ln
√
x2 + x+ 1−

√
3

3
tan−1

(2x+ 1√
3

)
+ C

�


