Calculus Homework 3
National Central University, Spring semester 2012

Problem 1. (15%) Find the volume common to two circular cylinders, both with radius r, if the

axes of the cylinders intersect at right angles.

Sol: See the Textbook.

Problem 2. (25%) Complete the following.

(1) Show that for each p > 0, t'~! < C, e'/? if t > 2p for some constant C, > 0. In particular, C,

can be chosen as

C, = (2p) e

(2) Show that the improper integral / e~ 1dt is convergent for all p > 0.
0

o

(3) Let I'(p) = e "P~dt . By (2) I'(p) is defined for all p > 0. Show that I'(p + 1) = pI'(p)
0
for all p > 0.

t
Proof. (1) Let f(t) = 5 +InC, — (p—1)Int with C, defined as above. Then

f(2p) =p+1n 20| = (p— 1) In(2p)
=p+(@—-1)In2p) —p—(p—1)In(2p) =0,
and

1 p—1
f’(t):§—pTzO Vi>2p.

As a consequence, f(t) > f(2p) =0 for all ¢ > 2p; hence

t

g tnC 2 (p—Dht vi=>2p = Cpez >t Vi>2p.

(2) Breaking the improper integral into two pieces, we find that
co 2p 00 2p 0o .
/ e P dt = / e "t ldt + / e "t ldt < / 1 dt + / e "Cpedt
0 0 2p 0 2p
= 2PpP~1 4+ 20, < 0.
Therefore, the improper integral / e 'tP71dt is convergent for all p > 0.
0

(3) Integrating by parts with u = t” and dv = e~*dt (or v = —e™"), we find that

t=o00

I'p+1)= / e "tPdt = —e P
0

+p / e Pt = pI'(p). O
0



Problem 3. (20%)

1 1
(1) An ornamental light bulb is designed by revolving the graph of y = —2%° —2'? 0 <2 < 3
about the z-axis, where x and y are measured in feet (see figure). Find the surface area of the

bulb.

(2) Find the centroid of the region bounded by the surface of the light bulb.
Sol:

Therefore, the requested surface is
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(2) We only need to compute the z-coordinate = of the centroid since the centroid locates on the
z-axis. By the formula for centroid,
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Problem 4. (15%) Evaluate the definite integral / ———dx.
g 2-+sinz

Sol: We first find the indefinite integral by the substitution of variable ¢t = tan .
1 1 2dt dt dt
S 2t 2 | 21
2 +sinz 2+ 2 1+t 24+t+1 (t+1/2)2 4 (v/3/2)2
2 2t +1 2 2tan s + 1
= tan~! ——— 210
i ¥ /3

= + (C = —tan
2w 1 s 1
Since / —dr = / ———dx, we find that
o 2+sinx < 2+sinw

/2” L2 [t ,2tanZ + 1}
—adr = —= X an @ ————
0 2+sinz V3 V3

=7 2 |:7T
rT=—T \/g
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Problem 5. (25%) The goal of this problem is to find the indefinite integral / ——dzr

(1+ o)}
plete the following.

(1) By the substitution of variable 2? = tan @, show that

[ty [,
(1+a2%)7 2J cosfsinz 6

(2) Then make another substitution of variable u? = sin @, show that

1 2
ﬁdﬁz/idu.
/cos@sinzﬁ (1—u?)

. Com-

(3) Using the technique of integrating rational functions by partial fractions, find the indefinite

integral in (1) and then express the result in terms of  so that one obtains

1 1 1, (2 +1)7
/71dx = —tan™' [(1+ x_4)_i] +—In w +C.
(1+z%)1 2 4 (et +1Di—x
Proof.
20
(1) Since 2% = tan 6, 2zdx = sec? 0dl or dx = % 7 hence
2tan'/2 0

1 1 2 1 . 1 1
/710&2/ . 860192 d@z—/secledéz—/il
(1+az%)1 (1+tan26): 2tan'/20 2J tan2 6 2. cosftanz 0

(2) Since u* = sinf, 2udu = cos 0df ; hence

/%d@:/ st d9—/27u4du:/ ° du.
cos @ sin2 0 (1 —sin?#) sin2 0 (1 —u)u L —u

(3) By partial fractions,

2 1 1 1 1 1
du — [ }d — tan~! —/[ ]d
/1—u4“ /1+u2+1—u2 w=tan tut g LT T

1 1
:tan_lu—§ln(1—u)+§ln(1+u)+0

1.1
=tan 'u+ —In tu

C.
2 1—u+

do .

In order to express the indefinite integral in terms of x, we need to find the relation between

wand z. Since 22 = tanf and u2 = sinf, u = (1 4+ z~4)7 , thus

1 1 1. 14+ (14243
/71dx:—[tan_1(1+x_4)_i+—ln +(d+e7) j]—i—C’
(1+2%)s 2 2 11491
1 1 4T
— —tan_l [(]_ —|-1'_4)_%] + _]nw +C’
2 4 (417 —2



