Calculus II Final
National Central University, Spring 2012, Jun. 21, 2012

Problem 1. (15%) Let ¥ be part of the cylinder 22 4+ y* = 1 which is bounded by the helix
T (t) = (cost,sint,t), 0 <t < 4w, and a line segment I (t) = (1,0,t), 0 < t < 4.
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Sol: ¥ can be parametrized by
?(H,Z):(cosﬁ,sinﬁ,z), 0<0<2r,0<2<2w+46.

Note that || TeXT, || = 1. Therefore,

2 p2m+0 27
// *dS = / / cos® Odzdf = / (27 + 6 — 0) cos® 0do
s o Jo 0
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= 27T/ cos® 0df) = 27T/ cos 0(1 — sin” §)df
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=27
= 27 (sin § — sin® 9)‘9 =0.
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Problem 2. Let C be the polar curve with polar representation r = cos36, 0 < 6 < 7.
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1. (15%) Use the area formula

1
A:—j{xdy—ydx
2 Jc

to compute the area enclosed by the Cardioid.



2. (15%) Let ]?(:c, y) = (4x,3zy) be a vector field on the plane. Use Green’s theorem to compute

the line integral 7{ F -dr, where ?(t) = cos 3t(cost,sint), 0 <t < .
c

9 S
3. (10%) Let C; be part of the Cardioid C' with g <0< ?ﬂ Compute the line integral / G -dr
c

where G (z,y) = (e"y,e”).

Sol:
1. A parametrization of the curve C is (t) = (x(t),y(t)) = (cos3tcost,cosdtsint), 0 < t < .
4t 2t in 4t — sin 2¢
Since z(t) = w and y(t) = %, 2'(t) = —2sindt — sin2t and y/(t) =

2 cos 4t — cos 2t. Therefore,

T rcos4t 2t in 4t — sin 2t
7{ xdy — ydr = / COSAt T o8 At ;L cos (2 cos 4t — cos Qt) + SIA T sm At 5 i (2 sin 4t + sin 2t)] dt
c o t

Tr 1 1 1 1
= / cos® 4t + 5 cos 4t cos 2t — 5 cos? 2t + sin® 4t — 5 sin 4t sin 2t — 5 sin? Qt] dt
o L

rlt 1 s
= [ |5+ 5 cos6t|at =7
/0 _2+2cos 5

thus the area enclosed by C is 7/4.

2. E (z,y) = (4, 3zy). By Green’s theorem,

N N m  pcos 30
7{ F-dr = // 3ydA :/ / 312 sin Ordrdd
c R o Jo

s 1 ™
= / cos® 30 sin 0df) = 1 / (cos 90 + 3 cos 36) sin 0d0
0 0

= %/ [ sin 100 — sin 80 + 3(sin 46 — sin 20) |d6 = 0.
0

3. Note that 52 Vg if g(z,y) = ye*. Therefore, by the fundamental theorem of the line integral,
we find that

[ =0 ) o7 G =35~ o3 -5 = VBt

Problem 3. Let D be the solid given by

. ) T
(r,y,2) = ®(u,v,w) = (cosvcosu,cosvsinu,wsin2v), 0<u<2r, —— <ov< 5 0<w<1,

whose surface ¥ is obtained by rotating the curve 7 (£) = (cost, sin 2t), —
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, on the zz-plane
about the z-axis.



1. (10%) Compute the volume of D.

2. (10%) Let 7 (u,v) = ®(u,v,1). Then 7 (u,v) with (u,v) € [0, 27] x [— g, g} is a parametriza-

tion of $. Compute 7, X 7'y, as well as I TuX Ty I

TuX Ty FuXT
. (5%) There are two unit normal vectors ———— ——"~—"— at each point r (u v) on
[ 7ux 7ol [ 7> 7|
Y. Determine which one is compatible with the outward pointing orientation.

4. (20%) Let ]?(Sc,y, z) = (z,y,0). Compute the flux integral // F-NdS by the definition of

Sol:

b
surface integral.

(5%) Use the divergence theorem to compute the surface integral / / F - N dS, where N is
b
the outward point unit normal to X.

. Since
a(z,y, 2) —cosvsinu  CoSvCcosu 0
8(7’) = | —sinvcosu —sinvsinu 2w cos2v | = sin 2vsinv cos v,
U, U, W .
B 0 0 sin 2v

the volume of D is
1 pm/2 2w
ML= ] 15
D 0 J-n/2

7r/2 4 2
:W/ 1-cosdw, 7™

xyu
O(u, v, w)

/2 2m 302
dudvdw = / / / SIT20 ) dedw
w/2J0 2

a2 2
Since

?u(u, v) = (— coswvsinu, cosv cosu, 0),

?U(u, v) = (—sinwvcosu, —sinvsin u, 2 cos 2v),
we find that

— —

(rux1y)(u,v) = (2cos2vcosvcosu, 2 cos2v cos v sin u, sin v cos v)



and

| TuX Ty | = V4 cos? 2v cos? v + sin v cos? v = cos v/ 4 cos? 2v + sin? v.
3. At (z,y,2) = (1,0,0), the corresponding (u,v) = (0,0). Since ﬁ(l,0,0) =(1,0,0), and

———-(0,0) = (1,0,0).
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is compatible with the outward pointing orientation.

Ty X
Therefore, —-
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4. The flux integral // ]? . KI dS can be computed by
b

/ /R F (7 (u,0)) - (70 x ) (u,v) dudo
/2

27
= / / (2 cos 2v cos? v cos® u + 2 cos 2v cos? v sin? u) dudv
—7/2J0

7T/2 7T/2 1 2
= 47T/ cos 2v cos? vdv = 47T/ cos QUMdU

—7/2 —7/2 2
w/2 1 4

:27r/ (cos2v+$)dv:ﬂ2.
—7/2

5. By the divergence theorem,

RN N 2
//F-NdS:///dideVzQ///dvzgxﬁ_:W%
% D D 2

Problem 4. Complete the following.

1. (10%) Suppose f is a scalar function which has continuous partial derivatives. Use the diver-

gence theorem to show that

///D g—g(x,y,z)dv = //Z Fz,y, 2)Ny(z, y, 2)dS (0.1)

where X is the boundary of D (or D is enclosed by X)), and KI: (N1, Ny, N3) is the outward

pointing unit normal to .

2. (10%) Use (0.1) to compute

// y2e*ds
2

r 1
where 3 is the sphere 22 + y* + 22 = 9. You can use the formula /xe“"’”da: = (= — —)e" to
a a

reduce the computation.



Solution:

(a) Let F z,y,z) = (0, f(x,y,2),0). By the divergence theorem,

/’fx% Yna(, y, 2)dS = [/ (z,y, 2 @%@MﬁiUZENEQWJMV
::0//y2-5§(z,y,z)dV’

(b) On the sphere 22 + y? 4+ 2% = 9, the outward point normal vector n (x,y,2) = %(m,y,z).
Therefore, by (0.1) (with f(z,y, z) = 3ye* in mind),

3 2 T
// y?edS = // SyezgdS = /// Q(Syez)dv :/ / / 3e” % p? sin pdpdfdp
b b 3 p 0y 0 Jo 0

"d0dp

3 2w _
= 3/ / _pepcosqb o=
0o Jo ¢=0

3
= 6m / (pe” — pe=")dp
0

—6m(—p—1)e”

= 127(e® + 2¢7?).

=67(p—1)ef

Problem 5. Let C be a smooth curve parametrized by

=

. o T
(t) = (costsint,sintsint, cost), —3 <t<

o

1. (10%) Show that the corresponding curve of r (t) on f¢-plane consists of two line segments L4

and Lo given by
L={®a)o6=00<0<2} L={0.o|r=r-s0<s<}

2. (10%) Plot L; and Ly on the #¢-plane. The curve C' divides the unit sphere into two parts,
and let 3 be the part with smaller area. Identify the corresponding region of ¥ on f¢-plane.

3. (15%) Find the surface area of X.



4. (20%) Let ]?(:C,y,z) = (y,—x,0) be a vector field in the space. Compute the line integral
j{ E dr by the definition of the line integral.
c

5. (20%) Use Stokes’s Theorem to find the line integral 7{ Fodr.
c

Solution:

1. Each point (t) of C corrsponds to a point (6(t), ¢(t)) in the O¢p-plane. Let C be parametrized
by 71 (¢) =7 (t) with 0 <t < g, and Cy be parametrized by 75 (t) =7 (t) with —g <t<O0.
For points with 0 <t < g, cost = cos¢ implies t = ¢, and hence cosfcos¢ = costsint
and sinfsin¢ = sintsint imply ¢ = 6. Therefore, C corresponds to the curve § = ¢(= t),
0<op< g For (s, since —g <t <0, cosp = cost implies ¢ = —t, and hence cosf cosp =
costsint and sinfsin¢ = sintsint imply € + ¢ = w. Therefore, Cy corresponds to the curve

9+¢:7r,0§¢§g.

2. Let (z,y,z) be the point corresponds to (6,¢) = (n/2,7/4). This point belongs to X, and
locates inside the triangle T' formed by L, L, and f-axis. Therefore, 3 corresponds to T and

is plotted as follows.

3. The area of X is

3 [T9
/ / sin pdfd¢p =7 — 2.
0 ¢

—/
4. Since r (t) = (cos®t — sint, 2sint cost, —sint). By the definition of the line integral,
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- 3
/ F-Tds= / (sintsint, —costsint,0) - (cos®t — sin® ¢, 2sint cost, — sin t)dt
C _
= / sin?t cos?t — sin® t — 2 cos® t sin® t| dt

VB

[NIE] —

.o m
= — tdt = —— .
/_ sin 5

[VE}



5. curl]?(:c,y, z) = (0,0, —2). By the Stokes theorem,

NN N 5 [T
/ F-Tds://(0,0,—Q)-NdS:—Q/ / sin ¢ cos ¢pdOde
C = 0 ¢

=— /E(W — 2¢) sin 2¢deo
0

= [g co82¢p — ¢pcos2¢p + % sin2¢] ’Z:
T
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