Calculus II Midterm 1 - Sample
National Central University, Summer 2012, Mar. 31, 2012
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Problem 1. Evaluate the definite integral / ’ —dux. (Ans = L)
_= 34 2cosdx 24/5

Sol. Let u = 4x. Then du = 4dx; thus
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> —dr =~ = du= 2 ——du.
= 3+ 2cos4dx 4 )_.3+2cosu 2 )y 3+2cosu

By the change of variable t = tan g, we find that
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Problem 2. Find all @ € R so that the improper integral / —— dx is convergent.
1 [111(1 + Z’):|

(Ans:a> 1)

Sol. Let ¢¥ =1+ z. Then
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Therefore, by 0 <

1
. <1 forye[n2,00),
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thus the improper integral is convergent if and only if o > 1.
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Problem 3. Show that / (Inz)dr =e Z(—l)k
1

k=0
Hint: Use integration by parts to show that

/ (Inx)"dr =e — n/ (Inx)"dux.
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Proof. Let u = (Inx)" and dv = dx (or v = x). By integration by parts,

(nz)"dz — (inz)”
J

—/ xn(lnx)"‘llda? =e— n/ (Inz)" 'dx.
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Therefore,
/ (Inz)"der=e—n [e —(n—=1) / (In x)"_de} =e—ne+n(n—1) / (Inx)" 2dx
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=e—ne+n(n—1) [e —(n—2) [G(lnx)"_sdx}

:e[l—n+n(n—1)—n(n—1)(n—2)—I—---—l—(—l)én(n—l)---(n—fjtl)

# D = 1) o= 0) [ =2

: L 041 n! ‘ n—t—1
:e;(—l) (n_k)!+(—1) m/1 (Inz)" " da.

The conclusion can be made by letting £ = n — 2. U

Problem 4. Let R be the region bounded by the lemniscate 72 = 2 cos 20 and is outside the circle
r =1 (see the shaded region in the graph).

r? = 2cos

1. Find the area of R. (Ans =2V3 — 2%)

2. Find the slope of the tangent line passing thought the point on the lemniscate corresponding
to 0 = % (Ans = O)

3. Find the volume of the solid of revolution obtained by rotating R about the xz-axis by complete

the following:
(a) Suppose that (x,y) is on the lemniscate. Then (z,y) satisfies
y' +a(z)y” +b(z) =0 (1)

for some functions a(z) and b(x). Find a(z) and b(x). (Ans ca(z) = 2(2® + 1), b(x) =
rt — 2x2>



(b) Solving (1), we find that y? = c(z), where c(x) = ¢z +cy+c3v/1 + 422 for some constants

c1, ¢ and c3. Then the volume of interests can be computed by
1

[=2x [7? /f o(z)da — w/ﬁ d(x)dx]
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(c) Evaluate I by first computing the integral /f V1 + 422dx, and then find 1.
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4. Find the surface area of the surface of revolution obtained by rotating the boundary of R about

the z-axis. (Ans = 67r(2 - \/§)>

[d(z) — (1 — 27)]dx. (Ans = 0)

An
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Sol.
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1. First we find the points of intersection: let 2cos20 = 1, then 0 =

points of intersection are
V3 V3 V3 V3
(53 (- 53 (-5 -2 (52)

The area of the desired region is

s . )
4/06(2c0829 —1)do = 4(sin29 — 9))9:06 — 4(? _ %) — 23— %
2. If (z,y) is on the lemniscate, then
2 2(272 _yz)
Pyt =2(2t 1) = S
X +y l'2+y2 l.2+y2

which implies that
vt + 22 + 1)y? + 2t — 222 = 0.

Therefore,

= —(2®+ 1)+ /(22 +1)2 — (2% — 222) = —(2® + 1) + V1 + 4a2.



Therefore, the volume of the solid of revolution obtained by rotating R about the z-axis is

27r/f (z® +1) +v1+4x2}dx—27r/f(1—x2)dx
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On the other hand, the integral can be evaluated by making a change of variable x =
1 1
/\/1 +4x?dx = 5 /sec3«9d9 =3 /sec@(tanzﬁ +1)db

1 1
=5 /tan@dsec@ + —In|sec +tan9|
1
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Therefore,
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and the volume of the solid of revolution obtained by rotating R about the z-axis is

3. There are two parts of the surface: one from rotating the lemniscate and the other from rotating

the sphere. The area obtained by rotating the part of the lemniscate is

/27ryds = /27rr sin 0vr"? + r2df

= 27r/6 V2 cos 26 sin@\/(v2cos 2«9,)2 + (V2 cos 20)2d0
0

:47r/6\/0052951n9 do
0 cos 20

= 4m(— cos 9)’6_5 47?(1 - £>
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The part obtained by rotating the part of the sphere is
G 3
/27Tyds = 27?/6 sin v/ 12 + 12df = 27r<1 — g)
0

The total area is then 127?(1 — ?)

Problem 5. Parametrize the curve

t
r=r(t) =tan"! i+sin'tj+cos'tk, te [— 1,0.5],

VI— 12

in the same orientation in terms of arc-length measured from the point where ¢ = 0.
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Therefore, t = t(s) = sin —=; thus required the arc-length parametrization is
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