Calculus II Midterm 3

National Central University, Summer Session 2012, Aug. 28, 2012

Problem 1. (20%) Find the local maximum and minimum values and saddle points of the function
flz,y) = e¥(y* — 27).

Sol: Since fi(x,y) = —2ze¥ and f,(z,y) = e¥(y* — 2?) + 2ye¥ = e¥(y* + 2y — 2?), the critical points
of f are (0,0) and (0, —2). Moreover, since

foa(,y) = —2¢, foy(2,y) = fya(w,y) = =26,
fou(@,y) = (Y + 2y — 2%) + €¥(2y + 2) = ¥(y* + 4y + 2 — 2°),
we have
f22(0,0) = =2, fey(0,0) = £,:(0,0) = 0, £y (0,0) = 2;
fez(0,=2) = =272 f,,(0,=2) = f,.(0,—2) =0, f,,(0,—2) = —2¢72
Let D(z,y) = fuu(,y) fuy(2,9) — foy(z,9)?,

1. Since D(0,0) < 0, (0,0) is a saddle point.

2. Since D(0,—2) =4e 4 >0 and f,.,(0,—2) <0, f attains its local maximum f(0,—2) = 4e~2 at
(0,-2).

3. Since there is no other critical point, there is no local minimum of f. U

Problem 2. (20%) Find the extreme values of f(z,y, z) = x+42y subject to the constraints z+y+z =
1 and y? + 22 = 4.

Sol: Let g(z,y,2) =x +y+2—1and h(z,y,2) = y> + 22 — 4. Suppose that f attains its extreme
g\, y Y Y Y

value (subject to the constraints) at (z,y, z). Then there exist two constants A and g such that
(VH(x,y,2) = MVg)(,y,2) + (V) (2,y, 2),
g9(x,y,2) =0, h(z,y,2) =0

or equivalently,

=, (0.1a)

2 = \+2u, (0.1b)

0= A+ 2puz, (0.1c)
r+y+z=1, (0.1d)
Y+ 22 =4 (0.1e)

Using (0.1a) in (0.1b,c), we find that
2uy = 2pz =1

which implies that y = —z. Therefore, (0.1e) suggests that y = £v/2 and z = Fv/2; thus 2 = 1.



1. For (z,y,2) = (1,v2,—V2), f(1,V2,—V2) =
2. For (z,y,2) = (1, —v2,V2), f(1,—V2,V2) =

Therefore, the maximum of f subject to g = h = 0 is 1 4 2v/2, and the minimum is 1 — 21/2.

1+2V2.
1—2v2.

O

Problem 3. Suppose that the double integral / /
D

2 Inz
/ / 32%dydz. Complete the following.
1 Jo

32°dA can be computed by the iterated integral

1. (10%) Directly evaluate the iterated integral.
2. (10%) Sketch the region of integration D.
3. (10%) Evaluate the double integral by reversing the order of integration.
Sol:
1. Integrating in y first:
2 Inx 2 y=Inz 2
2 _ 2 _ 2
/ / 3z dyd:v—/ 37y da:—/ 3z Inzxdr .
1 Jo 1 y=0 1
1
Let u = Inz and dv = 322. Then du = —dx and v = 2. Integrating by parts,
x
2 =2 2 1 1 = 7
/ 32’ Inzdr = 2*Inx —/ 3’ —dr =8In2 — —2° =8In2——-.
1 z=1 1 x 3 lz=1 3
2. Since 1 <2 <2,0 <y <lInz, the region is
y
A
6ﬁ;>
y =log x
> X
0 /1,0)
x=2
3. y = Inx if and only if x = e¥. Therefore,
2 Inx In2 =2 In2 1 y=In2
/ / 3x’dydx = / 3 dy = / 8 —edy = (8y — = %)
1 Jo 0 T=e¥ 0 3 y=0
:smz—lwmz—mzst—z
3 3



Problem 4. (20%) Evaluate the double integral / / arctan 2 dA using the polar coordinate, where
D x

D={(z,y) |1 <2’ +y*<4,0<y <z}
Sol: The region D in polar coordinate can be written as D = {(r, NH1<r<20<0<
Therefore,

T [2 9 2
// arctangdA = / / arctan rsin rdrd& = / / rodrdf = / 9d9) (/ rdr) = 3m° ]
D T o J1 rcos 1 64

Problem 5. (20%) The boundary of a lamina consists of the semicircles y = v/1 —2? and y =
V4 — x? together with the portions of the z-axis that join them. Find the center of mass of the

lamina if the density p at (x,y) is given by p(z,y) = /2% + y2.
Sol: Let D = {(T,Q) | 1<r<20<6< 7T}. Then the mass M is

g 2
M = // p(x,y)dA :/ / r2drdf = 7—7T,
D 0o J1 3

and the moment about the x and y-axis are

s 2 1
Mm:// yp(x,y)dA:/ / r3sin0drd9:—5,
M, = //xpxydA //rcosGdrd@—O

M.
Theref h f Vv E) = [l
erefore, the center of mass is (M’ M) (0 147)

N
‘—‘v—’

Problem 6. Let D be the intersection of two solid cylinders 2% +y? < 1 and 2% 4 22 < 1.
1. (20%) Find the volume of D.
2. (20%) Find the surface area of the boundary of D.

Sol: Let z = f(z,y) = V1—22, and R = {(z,y) | 2® + 4> < 1}.
1. The volume of D is

1 pvVi1—a? 1 y=v1—22
2/ f(a:,y)dA:2/ \/1—x2dydx:2/ [\/1—x2y }dm
R —1J-v1i=? —1 y=—vl1-a?
! 1 7=t 16
—4 1—2d:4[——3] .
/_1( x%)dx e |
2. Since f(z,y) = —% and f,(z,y) =0, we have
-
¢1+f@yV+fth2= TR S
x 3 Yy ) 1 $2 m7
thus the surface area of the boundary of D is
[/ _dA = 4/‘/ o dyd 4/1[ Y leQP
r = — x
V1 —1J-viz V1 Y 1 V1 — 22 ly=-vi-a?

:4/‘Mx—w. [
—1



