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5.9 Hyperbolic Functions

Definition 5.68: Hyperbolic Functions

The hyperbolic functions sinh, cosh, tanh, coth, sech and csch are defined by

. e —e % et +e " sinh x
smhx:T, coshx:T, tanhx = T
cosh z
th h L h L
cothx = sechx = cschx = )
tanhz ’ coshz’ sinh x

Motivation: The Euler identity provides the following relation
e =cosz +isinz VzeR. (5.9.1)
This implies that
sinx:i and Cosx:i VeelR.
2 2
For a complex number z = x + iy, where x,y € R, define sin z and cos z by

iz e—iz ei(z-l—iy) _ e—i(a:—l—iy) e—yeix _ eye—iac

e
i 2i 2i 2i ’ (5.9-22)

etz + e~z ei(a:+iy) + efi(eriy) e Vel 4 eYe—iz
oS 2 5 5 5 ( )

Then on the imaginary axis, we have
Y _ ¥ Y 1 eV
sin(iy) = % =isinhy and cos(iy) = % = coshy VyeR. (5.9.3)
1

The hyperbolic functions, roughly speaking, can be viewed as trigonometric functions on
the imaginary axis (by ignoring ¢ in the output).
We also note that by definition, for z = x + iy with x,y € R,

672y€21x -9 + €2y672zx 672y62m + 2 + 62y672m

sin? z + cos? 2z = =1.
—4 4
Moreover, if z1, zo are complex numbers,
COS 71 COS 2o — Sin 21 sin 29
eizl + e—izl eizz + e—iZQ eizl _ 6—iz1 eizg _ 6—iz2
2 2 21 21
ei(zl—i—zz) + ei(zl—zg) _|_ e’i(ZQ—Zl) _|_ e—i(zl+Z2) + ei(21+Z2) _ ei(zl—zz) _ ei(Z2—21) + e—i(zl-‘,-zz)
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eilzitz2) o pilz1+22)
= 5 = cos(z1 + 29) .




The above computations show that trigonometric identities

arguments.

e The graph of hyperbolic functions
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y=coshx
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y=sinhx|
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are still valid even for complex

Domain: (—20, 0)
Range: (—00, 00)

y=cschx =

Domain: (—oe,0) U (0, o)
Range: (—20,0) U (0, 20)

Theorem 5.69: Hyperbolic identities

1

sinh x

|

Domain: (— o0, c0)
Range: [1, 00)

Domain: (— o0, ©0)
Range: (—1.1)

1
tanh x

y=cothx =

Domain: (—oc0, o)
Range: (0, 1]

Domain; (—o0,

0) U (0, o0)

Range: (—occ, —1) U (1, o0)

1. cosh? x — sinh®z = 1; 2. tanh? z + sech?z = 1;
3. coth®?z — csch?z = 1;
4. sinh(x £+ y) = sinh z coshy + sinh y cosh z;
5. cosh(x £ y) = coshz coshy + sinh z sinh y;
6. sinh? — -1+ cosh(2x); cosh? 7 — 1+ cosh(2a});
2 2
7. sinh(2z) = 2sinh z cosh z; cosh(2z) = cosh? z + sinh?

x.




Remark 5.70. By the definition (5.9.2), one can easily check that sin? z + cos? z = 1 for

all complex z and this further implies that
1 = sin®(4y) + cos®(iy) = (isinhy)? + cosh® y = cosh?y — sinh? y VyeR.

All the other hyperbolic identities can be memorized/derived in the same way.

Theorem 5.71: Differentiation and integration of hyperbolic functions

1. %sinhx:coshx; J coshz dxr = sinhx + C;

2. % cosh x = sinh x; J sinh x dr = coshz + C

3. % tanhz = sech %z; J sech?zdr = tanhz + C;

4. % cothz = — csch ?z; J csch?zdr = — cothz + C;

5. % sech x = —sech x tanh x; f sech z tanh z dv = — sech x + C;
6. % csch x = — csch x coth x; f cschxz cothx dr = cschx + C
7. f tanh x dx = Incosh x + C;

8. J sech x dr = 2arctane” + C.

Proof. We only prove 7 and 8. By Theorem 77, it is easy to see that

inh 4 cosh
Jtanhxdmzjsm xdw: d“—xd:czlncoshzv—l—(?,
cosh x cosh x

so we focus on &.

d
Let u = €*. Then du = e* dx or equivalently, Eu = dx; thus

2 d 2
fsechxd:vzj -—u:f du = 2arctanu + C = 2arctane® + C'. o
u+ul w u? +1



Remark 5.72. Assuming that one knows that %f(m) = if'(iz) (that is, the rule of

differentiation di flax) = af’(ax) can also be applied for complex a), we have
z

d sinhx 1 d sin(iz) 1
— tanhz = — = = ~tan(iz) = sec?(i
dz T T drcoshz | idm cos(iz) i an(i) = sec”(ix)
1 1
= — = 5 = cosh®z .
cos?(iz)  cosh’z

All the other derivatives of hyperbolic functions can be memorized/derived in the same way.

e Inverse hyperbolic functions

Similar to inverse trigonometric functions, we can also talk about the inverse function of
hyperbolic functions. Note that
sinh : (—o0, ) RN (—00,00),

)
onto

tanh : (—o0, o0) l;t% (—1,1),

while

cosh : (—o0,0) — [1,00) is onto but not one-to-one,

sech : (—o0,00) — (0, 1] is onto but not one-to-one .

We first find the inverse function of sinh and tanh.

x —

1. Let y =sinhx = %. Then e2® — 2ye® — 1 = 0; thus by the fact that e® > 0,

2 A/4y? + 4
e’ = y+ 2y+ =y+/y?+1

which further implies that x = In(y + 4/y? + 1). Therefore,

sinh™' 2 = In(z + Va2 + 1) VereR.

2. Let y =tanhz = i. Then e**(1 —y) = 1+ y; thus x = 1lnl—i_iy. Therefore,
et 4+ e % 2 11—y

1. 1
tanh_lxzﬁlnli_i

Vee(—1,1).



To find the inverse of cosh, we note that cosh : [0, 0) RN [1,00). Let z > 0 and

onto
ef + e *

y = coshx = — Then e** — 2ye® + 1 = 0 which implies that

e =y+/y*—1.

As a consequence,

cosh™ 'z = In(x + V22 - 1) Vael[l, o).

Since sechz =

, we find that
cosh x

— -1

B L1
sech 'z = cosh™' = =In
22

T

1 1 14+4/1—22
(=+ )=m———
T

T

We summarize these inverse hyperbolic functions in the following
1. sinh™ 'z = In(x + V22 + 1) VaeR.
2. cosh 'z =In(z ++22—1) Vaze[l, o).

-1 71 1+z _
3. tanh x—2ln1_$ Vaxe (—1,1).
V1 = 22
4. sechflx:ln¥ Ve (0,1].

e Differentiation and integration of inverse hyperbolic functions

Theorem 5.74

d 1 d

1. —sinh™z = : f Y —sinh a4+ C;
dx 2 41 2 +1
d -1 1 f dx -1

2. —cosh™ " r = ——; ——— =cosh "z + C
dx 2 —1 Vaz -1

1
3. itanhflx: — i J dx —tanh 'z + C.

1 — 22




Proof. By the chain rule,

1 d 1
—sinh o= —————(z+ Va2 +1) = ——,
dx x—i—\/x2+1d:c( ) 2+ 1
1 d 1
—coshlo=— — —(z4+V22—-1)= ————
dz x+\/x2—1d9€( ) x2—1
as well as
d 1 1 1 1
_t h_l :—[ i|: . m]
| § I gl Bl s

Example 5.75. Find the indefinite integral f where a > 0.

dx
zva? — 2’
First we use trigonometric substitution z = acosu to compute the integral. Since

dx = —asinudu, we have
—asi 1 1
asnt du:——Jsecudu:——1n|secu—|—tanu\+0
a

dx
Jx\/aQ—xQ_Jacosu-asinu a
1 a2 2

ln—a+ i +C.

a |z|

Now we use hyperbolic functions substitution to compute the integral. Let = asechu
(we note that when using this substitution, we have already restrict ourself to the case
x > 0). Then dxr = —asech u tanh u du; thus

u

—asech v tanh u 1 f sech v tanh

dx J
_— = du = ——
f rva? — 2 asech u\/a2 — a?sech’u aJ sechun/1— sech?u

lj sech u tanh u p ljd 1 L C
= —— u = —— U= ——"1u
aJ sechuva?tanh?u a a

2
1 1 1ty1-5
——sechflfth:—ln—z—i—C

a a a Z
1 JaZ — 12
:——lna+ ac—x LC.
a x
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