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7.4 Arc Length and Surfaces of Revolution

7.4.1 Arc length

In this sub-section we consider the arc length of a curve which is the graph of a function
on a closed interval. Let f : [a,b] — R be a continuous function, and P = {a = ¢y < x; <
.-+ < x, = b} be a partition of [a,b]. Then the arc length of the graph of f on [a,b] can be
approximated by

S (o — )2 + () — Flann)’,

where for each k, the number \/(:ck — xp-1)? + (f(zn) — f(xk,l))2 is the length of the line

segment joining points (xk,f(:zrk)) and (xk_l,f(:vk_l)).

r B

Figure 7.1: The length of the polygonal path PyP, P, - -- P, approximates the arc length of
the graph of f on [a, 0]

With Az denoting xj — xp_1, then

S i+ () — Fm)* = ) \/ L (R

If f is differentiable on (a, b), then the Mean Value Theorem implies that for each 1 < k <n

there exists ¢x € (xx_1, xx) such that

f(xr) — f(ar—1)

T — Tg—1

= ['(ck);



thus

3, law =+ (o) = ) = 3 VI T,

which is a Riemann sum of the function y = /1 + f’(z)? for partition P. Therefore, if f
is continuously differentiable on [a, b]; that is, f’ is continuous on [a, b], then /1 + f/(z)?
is Riemann integrable on [a, b]. Therefore, using the arguments in Section ??, we find that

the arc length of the graph of a continuously differentiable function f on [a, b] is

b
| Vi rra.

Example 7.1. Compute the perimeter of a circle with radius 7.
Let f(z) = +/r2 — 22. Then the perimeter of a circle with radius r is the same as twice
the arc length of the graph of f on [—r,r]. Therefore, the perimeter of a circle with radius

«/1+f dx—QJ YA dr = 2r m

= 2r r cosu du

g\/r —r2sinu

= QTJQ rcosudu: 27‘J2 du = 27r.
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Example 7.2. The arc length of the graph of y = $— + i on the interval [%, 2} is

J\/l—l— dx —i—% dx—f\/l—l— }dw

2
_f(w_ﬂi)dx_(x__i)
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Example 7.3. The arc length of the graph of y = In(cos z) from x =0 to = = g is

f\/ —lncosx dx—f AL Sm2xdx—f vV 1+ tan? z dx
T

:J secxdr = ln|secx+tanx|
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=0

—In(v241)—Inl=In(v2+1).



Let f be continuously differentiable on [a,b]. Then the arc length of the graph of f on

[a, z], where z € [a, b], is given by

() = [ VIF @R,
The fundamental theorem of Calculus then shows that
(@)= @) = VIT TP
or equivalently,
Symbolically, ds = \/m; thus the arc length of the graph of a function is fds. This

variable s is usually called the arc length parameter.

7.4.2 Surface of Revolution

In this section we consider the surface area of a surface formed by revolving a curve about
a line (again, this line is called the axis of revolution and usually is a line parallel to the
x-axis or y-axis). Let f: [a,b] — R be a continuous function, and S be the surface formed
by revolving the graph of f on [a,b] about the xz-axis. The general procedures shown in
the previous sections is first finding a way to compute an approximated value of the surface
area and then see what is the limit of this approximation as |P| approaches 0.

We first try the following idea: let P = {a = zo < xy < --- < x, = b} be a partition of

[a,b] and Axy = x — x_1. Consider the sum
Z 27Tf(Ck)A£L‘k , Ck € [xk,l, l’k]
k=1

which is the sum of the area of cylinders formed by revolving the graph of the constant
function y = f(cx) on [zg_1, x| about the z-axis. Since the sum above is a Riemann sum
of the function y = 27 f(z) for partition P, we expect that if f : [a,b] — R is continuous,

then as |P| — 0 the sum approaches

27rfbf(x) dz .
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If this is true, then the surface of the sphere with radius r is given by

3 2 1+ cos(2u)

5 du = 72r?

QWJ \/r2—:c2d:v:27rj

r? cos® udu = 2mr? J
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which is definitely not the correct area of the sphere with radius r. What is wrong with this
idea?

The mistake is due to that the area of surface of revolution has to be approximated by
the sum of the lateral surface area of frustum of right circular cones rather than sum of

lateral surface area of cylinders. The lateral area of the frustum in Figure 7.2 below

i
Axis of
revolution

Figure 7.2

is given by 27rL, where r = n -;7“2; thus the surface area of § can be approximated by

Z QWf(xk) +2f(xk_1)\/<xk —xp1)? + (fa) - f(xkfl))Q

- Son ) i,
k=1

b
It can be shown that the sum above approaches f 2rf(x)A/1 + f'(z)? dx as | P| approaches
0. Therefore, the area of the surface formed by raevolving the graph of f on [a,b] about the

r-axis is given by
b
2# F@WIT f (@ de.

In general, the area of the surface formed by revolving the graph of f on [a,b] about y = L

is given by

b
27Tf |f(z) = L1+ f'(z)?dx .



Example 7.4. The surface area of a sphere with radius r is given by

r 2 T
27?] ( rQ—xQ—O)\/@dx:%T \/ﬁdx:élm“z,
. r2—x .

where we treat the sphere as a surface formed by revolving the graph of y = 4/r?2 — 22 about
the x-axis.

Example 7.5. In this example we consider the area of the surface formed by revolving the
%
. b
(upper part) ellipse 2— + = 1 (or the graph of y = EVCLQ — 22 on [—a,a]) about the
x-axis. Using the formula of computing the area of surfaces of revolution above, we find

that the surface area is given by

“ b b2 27b
QWJ 5\/&2—332\/1+—22— WJ \/ — %+ —dex

_ 2ab b / — b
=7 \/a4 IQdI27TbJ o b x2dx.
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1. Suppose that a > b; that is, x-axis is the major axis. Let c = ————. Then
a

“ b b? 2 @
27TJ —\/@2—372\/1+—x—d:6:27rbj V1—c2x?dr.
) a?a? — x? a
1
Making use of the substitution x = - sinu, we find that

arcsin(ac)
—dx:27rbj \/1—sin2u-}cosudu
2

2 J_a m\/

CL2 a? — arcsin(ac) ¢
27rh arcsin(ac) 27rh arcsin(ac) 1 9
_ 2mb cos?udu = 2 Lt cos(2u)
¢ —arcsin(ac) c — arcsin(ac) 2
_ 2mb (u n sin(2u)) u=arcsin(ac)
N C 2 4 u=—arcsin(ac)
21a’b Va2 =2 byva? —b?
= — [arcsm + ]
a? —b? a a?
2ma?b rs va?—b? P
= ——arcsin ——— mb° .
va? — b? a
b2 — g2
2. Suppose that a < b; that is, r-axis is the minor axis. Let ¢ = ———5——. Then
a

27rf — x2\/ ——— dr = 27rbf V1+c2r?dx.
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. o 1. : .
Similar to the previous case, the substitution x = — sinh v implies that
C

a b2 72 sinh~! (ac) 1
2T Va2 — 221+ ————dx == 27b V1 +sinh?u - = coshudu
e a a? a? — x? c

—sinh™!(ac)

o27h sinh ™1 (ac) 271h sinh ™1 (ac) 1 h(2
_ 2mb cosh? udu — 20 +C+<u>du
c —sinh™!(ac) c — sinh(ac)
_ 2mb <u N sinh(2u)> u=sinh™! (ac)
N C 2 4 u=—sinh™!(ac)
2mad 2 _p2 2 _p2 Vb2 — g2
e sinh ™! Va + Va cosh ( sinh™! A
b? — a? a a a
2ra?h Va2 =2
__cmao sinh™ e > + 27h? .
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