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7.6 Moments, Centers of Mass, and Centroids

e Center of mass in a one-dimensional system

Let mq,mg, -+ ,m, be n point masses located at z1,xs,- -, x, on a (massless) rigid z-axis

supported by a fulcrum at the origin.
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Each mass my, exerts a downward force myg (which is negative), and each of these forces
has a tendency to turn the z-axis about the origin. This turning effect, called a torque,
is measured by multiplying the force m;g by the signed distance x; from the point of
application to the origin. By convention, a positive torque induces a counterclockwise turn.

The sum of these torques measures the tendency of the system to rotate about the

fultrum/origin. This sum is called the system torque; thus
System torque = mygxy + magxs + - -+ + mpgr, = g(mizy + maxe + -+ + mpxy,) .

The system will balance if and only if its torque is zero. The number My = myx; + maoxs +
-+ +m,x, is called the moment of the system about the origin, and is the sum of moments
mixy, Mala, -, Mmux, of individual masses. If M, is 0, then the system is said to be in
equilibrium.

For a system that is not in equilibrium, the center of mass (of the system) is defined as

the point ¥ at which the fulcrum could be relocated to attain equilibrium.

2 X X3

. .
m SN om m

Special location
for balance

X

Such an & must satisfy
0=mi(z1 —Z) +ma(za — )+ -+ my(x, — T)

which implies that

moment of system about the origin
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Definition 7.20

Let the point masses my, my,--- ,m, be located at x, xo, ---, z, (on a coordinate

line).
1. The moment about the origin is

My = myzy + maxa + - -+ + My, .

. M, .
2. The center of mass z is —0, where m = my +mgy + - - - + m,, is the total mass
m

of the system.

e Center of mass in a two-dimensional system

Definition 7.21

Let the point masses my, ma, -+ ,m, be located at (x1,11), (z2,v2), -+, (Tn,yn) (o0

a plane).
1. The moment about the y-axis is

M, = mix1 + moxy + - - - + My Ty, .
2. The moment about the z-axis is

M, = miyr +mays + -+ + MpYn -

3. The center of mass (z,y) is

M,
T=— and j=—,
m m

where m = my + mgy + - - - + m,, is the total mass of the system.

e Center of mass of a planar lamina

Consider an irregularly shaped thin flat plate of material (called lamina) of uniform density
o0 (a measure of mass per unit of area), bounded by the graphs of y = f(z), y = g(x), and

x = a, x = b, as shown in the following figure.
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Then the density of this region is

m=o [ [f(a) - g(o)] d = oA,

where A is the area of this region.

Partition [a,b] into n sub-intervals with equal width Az, and let z; be the mid-point
of the i-th sub-interval. The area of the portion on the ¢-th sub-interval can be approxi-
mated by [f(z;) — g(x;)] Az; thus the mass of the portion on the i-th sub-interval can be
approximated by o[ f(z;) — g(z;)] Az. Now, considering this mass to be located at the center
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5 ), the moment of this mass about the z-axis is
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Summing all the moments and passing to the limit as n — oo suggest the following

Definition 7.22

Let f, g : [a,b] — R be continuous such that f(x) > g(z) for all = € [a, b], and consider

the lamina of uniform density ¢ bounded by the graphs of f, g and the lines z = a,
x=Db.
1. The moment about the x-axis and the y-axis are
b

Mw:gj [f(z)* — g(2)*] dz  and My:QJ z[f(z) — g(z)] du.

a a

M M,
2. The center of mass (z,y) is given by = = - and § = ot where m =

b
QJ [f(z) — g(x)] dz is the mass of the lamina.

a




The center of mass of a lamina of uniform density depends only on the shape of the
lamina but not on its density. For this reason, the center of mass of a region in the plain is

also called the centroid of the region.

Example 7.22. Compute the centroid of a triangle with vertex (0,0), (a,b1) and (a, bs),

where a > 0 and b; < b,.
Let f(x) = b—2x and g(z) = ﬁm Then the triangle given above is the region bounded
a a
by the graphs of f, g and x = a. Assume uniform density o0 = 1. Then the moment of the

region about the x-axis is

M, = lf (5 - b—%)gc2 dz = A2 —b)
0

2 a?  a? 6

and the moment of the region about the y-axis is

M, = f _zf_l dm:@»

as well as the total mass

by — b
m = J ———xdx—%.

Therefore, the centroid of the given triangle is

= (00,

Theorem 7.23: Pappus

Let R be a region in a plane and L be a line in the same plane such that L does not

intersect the interior of R. If  is the distance between the centroid of R and the line,

then the volume V' of the solid of revolution formed by revolving R about the line is
V =2nrA,

where A is the area of R.

Proof. We draw the axis of revolution as the z-axis with the region R in the first quadrant

(see figure below).
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Let L(y) be the length of the cross section of R perpendicular to the y-axis at y, and we

assume that L is continuous on [¢,d]. Then the area of R is given by

A= JdL(y) dy ,

C

and the shell method implies that the volume of the solid formed by revolving R about the

r-axis is

d
V= 27Tf yL(y)dy.

[

On the other hand, if » denotes the distance between the centroid of R and the x-axis, then

r is the y-coordinate of the centroid of R and is given by

d
the moment of the region about the z-axis L yL(y) dy
T = =
the total mass of the region d
& f L(y) dy
which validates the relation V = 27rA. o

Example 7.24. Using the Pappus theorem, the volume of the solid torus given in Example

7.2 18

2ma(mr?) = 2nar?

since the centroid of a disk is the center of the disk.
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