WA~ MAL001-A 3 e (Hf5w)
2018.09.20.

Ching-hsiao Arthur Cheng #% 5%



Definition 1.7

Let f be a function defined on an open interval containing ¢ (except possibly at c),

and L be a real number. The statement

lim f(x) = L, read “the limit of f at cis L”,

Tr—C

means that for each € > 0 there exists a > 0 such that

|f(x) =Ll <e if 0<|z—¢| <§.

Theorem 1.12

Let b, ¢ be real numbers, f, g be functions with lim f(z) = L, lim g(x) = K. Then

r—C

1. limb =0, limx = ¢, lim |z| = |¢[;
Tr—C Tr—C

r—cC

2. lim [f(z) £ g(z)] = L+ K; (fre* £ BT830 45 Uehfo st £ )

xr—C

3. lim [f(x)g(x)] = LK; (A g L% 248 Uensf )

r—C

—r

4. 1i /@) if K#0. (A2 5% R e TE 20 Lap )

1m = L
’ T—C g(l‘) o K

Theorem 1.15

If ¢ > 0 and n is a positive integer, then lim T = cn.

Theorem 1.16

If f and g are functions such that lim g(z) = K, lin}( f(z) =L and L = f(K), then

r—C

lim(fog)(z)=1L.

r—cC

Theorem 1.18: Squeeze Theorem ( % # % 2 )

Let f, g, h be functions defined on an interval containing ¢ (except possibly at ¢), and

h(z) < f(z) < g(x) if © # c. If limh(z) = lim g(x) = L, then lim f(z) exists and is

equal to L.

Example 1.20. In this example we consider the limit of the sine function at a real number



c. Before proceeding, let us first establish a fundamental inequality
|sinz| < |z for all real numbers z (in radian unit). (1.2.1)
To see (1.2.1), it suffices to consider the case when 0 < x < g for otherwise
1. it trivially holds that |sinz| <z if x =0or x > g;
2. if z <0, then |sinz| = |sin(—x)| < | — z| = |z|.

Now suppose that 0 < z < g Consider z as a central angle (in radian unit) of a circle of

radius 1. Then S

is the largest area of triangles inside the sector, while g is the area of

the sector. Since the area of the sector is larger than the area of triangles inside the sector,

we conclude (1.2.1) for the case 0 < x < g

Figure 1.5: The area of the black triangle is smaller than the area of the sector
Now note that the sum and difference formulas
sin(f £ ¢) = sin 6 cos ¢ + sin ¢ cos O
provide that

sinx — sinc

. r+c xr—c . r+c Tr—cC
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. xT+c r—c . T—cC r+c [ . T+c r—c . T—cC z+c]
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= QSinECOSL—i—C'
- 2 2
thus using (1.2.1),
. . . IT—cC
|sinz —sin¢| < 2‘ sin T‘ < |z — ¢ for all real number z.

Therefore, sinc — | — ¢| < sinz < sinc + |x — ¢| for all real number x, and the Squeeze

Theorem then implies that lim sin z = sin ¢ since lim |z — ¢| = 0.

r—cC r—cC



Similarly, using the sum and difference formulas
cos(f + ¢) = cosf cos ¢ F sinfsin ¢,

we can also conclude that lim cos z = cosc. The detail is left as an exercise.
r—cC

By Theorem 1.12, Example 1.20 shows the following

Theorem 1.21

Let ¢ be a real number in the domain of the given trigonometric functions.

1. limsinxz =sinec; 2. limcosx =sinc¢; 3. limtanx = tanc;
r—C r—C r—C

4. limcotx =cotec; 5. limsecx =secc; 6. limcscx = csce.

r—C Ir—C r—C

Example 1.22. In this example we compute hn% xsin — if it exists. Note that if the limit
xr— X

exists, we cannot apply 3 of Theorem 1.12 to find the limit since hn%) sin — does not exist.
r— X

On the other hand, since ‘xsinl‘ <zlifx #0, —|z| < zsin = < |z| if z # 0. By the fact
T X

1
that lirrcl) |z| = liH(l)(—|I|) = 0, the Squeeze Theorem implies that lir%xsin - =0.
r— T— r— xT

Figure 1.6: The graph of function y = xsin 1
x

1.2.1 Omne-sided limits and limits as © — +®

Suppose that f is a function defined (only) on one side of a point ¢, it is also possible to

consider the one-sided limit lim f(z) or lim f(x), where the notation x — ¢* and = — ¢~
Tr—C r—Cc—



means that x is taken from the right-hand side and left-hand side of ¢, respectively, and

becomes arbitrarily close to c. In other words, lim f(z) means the value to which f(z)
r—C

approaches as x approaches to ¢ from the right, while lim f(z) means the value to which

Tr—Cc

f(z) approaches as x approaches to ¢ from the left.

Definition 1.23: One-sided limits

Let f be a function defined on an interval with ¢ as the left/right end-point, and L

be a real number. The statement

lim f(x)=L / lim f(z)=1L,

z—ct T—c™

read “the right /left(-hand) limit of f at ¢ is L” or “the limit of f at ¢ from the right/
left is L”, means that for each € > 0 there exists a 0 > 0 such that

lf(x) =Ll <e if 0<(z—¢)<d/—-0<z—0c<0.

Example 1.24. In this example we show that lim+ zn = 0. Let & > 0 be given. Define
z—0

0 =¢". Then 6 >0 and if 0 < x < 9, we have
]x%—()]:x%<5%:e.

We note that Theorem 1.12, Corollary 1.14, Theorem 1.15, 1.16 and 1.18 are also valid
when the limits are replaced by one-sided limits (and the precise statements will be provided
in the next lecture).

Let f be a function defined on an open interval containing ¢ (except possibly at c).

The limit lim f(z) exists if and only if lim_ f(z) and lim f(x) both exist and are

identical. In either case,

lim f(z) = lim, f(z) = lim f(x).

Tr—C T—C r—Cc™

Example 1.26. In this example we compute a very important limit

sin x

lim == =1. (1.2.2)

To see this, we first establish the inequality

sinr < x < tanx forall 0 <z < g (1.2.3)



We have shown that sinz < z if 0 < 2 < g in Example 1.20. For the other part of the

inequality, again we consider = as a central angle (in radian unit) of a circle of radius 1.

tanx
Then

is the area of the smallest right triangle containing the sector, while T is the

area of the sector. Since the area of the sector is smaller than the area of triangle containing

the sector, we conclude that x < tanx for the case 0 < z < g

-
-
s

tan x

1

Figure 1.7: The area of the sector is smaller than the area of the triangle

Now using (1.2.3), we find that

sin us
COS T < <1 forall0<z < —.
x
The Squeeze Theorem (for one-sided limits) then implies that lim+ 2% — 1. On the other
z—0 x
hand,
sin sin(—x sin
lim = lim # = lim =1;
z—0- T x—0~ —x z—0t T
sinz

=1.

thus Theorem 1.25 implies that lir%
r— xT
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