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Theorem 1.45: Intermediate Value Theorem - ¢ & iz T 32

If f is continuous on the closed interval [a,b], f(a) # f(b), and k is any number
between f(a) and f(b), then there is at least one number ¢ in [a, b] such that f(c) = k.

Theorem 3.8: Mean Value Theorem

If f:[a,b] — Ris continuous and f is differentiable on (a,b), then there exists a point
c € (a,b) such that

Definition 4.7: Riemann Integrals - % & # »

Let f : [a,b] — R be a function. f is said to be Riemann integrable on [a, ] if there
exists a real number A such that for every € > 0, there exists 6 > 0 such that if P
is partition of [a, b] satisfying |P| < J, then any Riemann sums for the partition P
belongs to the interval (A — e, A+ ¢). Such a number A (is unique and) is called the

Riemann integral of f on [a, b] and is denoted by f(z)dx.
[a,]

4.3 The Fundamental Theorem of Calculus

In this section, we develop a theory which shows a systematic way of finding integrals if the
integrand is a continuous function.

Definition 4.22

A function F' is an anti-derivative of f on an interval I if F'(x) = f(x) for all z in 1.

Theorem 4.23

If F' is an anti-derivative of f on an interval I, then G is an anti-derivative of f on
the interval I if and only if G is of the form G(x) = F(z) + C for all z in I, where C
is a constant. (E S HcAp e S Bcip £ - ¥ #ik)

Proof. Tt suffices to show the “=7" (only if) direction. Suppose that F' = G’ = f on I.
Then the function h = F' — G satisfies h/(x) = 0 for all x € I. By the mean value theorem,



for any a,b € I with a # b, there exists ¢ in between a and b such that
h(b) — h(a) = h'(c)(b—a).

Since h'(z) =0 for all z € I, h(a) = h(b) for all a,b € I; thus h is a constant function. o

Theorem 4.24: Mean Value Theorem for Integrals - # » }2iE 32

Let f : [a,b] — R be a continuous function. Then there exists ¢ € [a, b] such that

j f(x)dz = f(e)(b—a).

Proof. By the Extreme Value Theorem, f has a maximum and a minimum on [a,b]. Let
M = f(z1) and m = f(z3), where x1, 25 € [a,b], denote the maximum and minimum of f

n [a, b, respectively. Then m < f(z) < M for all z € [a,b]; thus Corollary 4.20 implies

that
b b b
m(b~a):J md:ﬁéf f(x)d:véj Mdx=M(b—a).

j f(z)dx € [m, M]. By the Intermidiate Value Theorem, there

b—aff }

Therefore, the number -

exists ¢ in between x; and x5 such that f(c)

Theorem 4.25: Fundamental Theorem of Calculus - #icfg 4 & » 232

Let f : [a,b] — R be a continuous function, and F' be an anti-derivative of f on [a, b].
Then

J f(z)dz = F(b) — F(a).

Moreover, if G(x J f(t)dt for x € [a,b], then G is an anti-derivative of f.
We note that for = € [a, b|, f is continuous on [a,x]; thus f is Riemann integrable on
[a, ] which shows that G(x f f(t) dt is well-defined.

Proof of the Fundamental Theorem of Calculus. Note that for h # 0 such that x+h € [a, ],

we have
G(z +h) — m:%J f(t dt_ff dt f f(t)

h



By the Mean Value Theorem for Integrals, there exists ¢ = ¢(h) in between = and x4+ h such
x+h

that % f(t)dt = f(c). Since f is continuous on [a, b], }lllir(l) fle) = (1:1_12 f(e) = f(z); thus
G h)—G
tim SR = D) }ngg)hf £(¢)dt = lim (0) = f()

which shows that G is an anti-derivative of f on [a, b)].
By Theorem 4.23, G(z) = F(x) + C for all z € [a,b]. By the fact that G(a) = 0,
C = —F(a); thus

which concludes the theorem. o

Example 4.26. Since an anti-derivative of the function y = 2%, where ¢ # —1 is a rational

7 we find that

number, is y =

ajq—l—l

patl _ gatl
a=b qg+1

a::a: q—|—1

Example 4.27. Since an anti-derivative of the sine function is negative of cosine, we find
that

J sinx dr = (— cos)(b) — (— cos)(b) = cosb — cosa.

a

Theorem 4.28

Let f : [a,b] — R be continuous and f is differentiable on (a,b). If f’ is Riemann
integrable on [a, b], then

b
f (@) de = f(b) — f(a).

Remark 4.29. If f’ is continuous on [a,b|, then the theorem above is simply a direct
consequence of the Fundamental Theorem of Calculus. The theorem above can be viewed

as a generalization of the Fundamental Theorem of Calculus.

b
Proof of Theorem 4.28. Let € > 0 be given, and define A = f f'(z)dx. By the definition

of the integrability there exists 6 > 0 such that if P = {a :axo <z < <x, =0b}is



a partition of [a, b] satisfying |P| < 0, then any Riemann sums of f for P belongs to the
interval (A —¢e, A+¢).

Let P ={a =29 <z <- - <z, = b} be a partition of [a, b] satisfying that |P| < 9.
Then by the mean value theorem, for each 1 < i < n there exists x;_; < ¢ < x; such that
f(xi) = f(i1) = f'(ci) (@i — @i-1). Since

n

Z f/(Cz)(fL’z - fl?z'—l)

i=1
is a Riemann sum of f for P, we must have

n

‘Z frei) (@ —xia) — A) <e.

i=1
On the other hand, by the fact that

n

Z fei)(zi —ximg) = 2 [f(z:) = flziz1)]
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we conclude that

f(b)—f(a)—Lbf’(:v)dx’ <e.

b
Since € > 0 is chosen arbitrarily, we find that f f(x)dx = f(b) — f(a). o

Definition 4.30

An anti-derivative of f, if exists, is denoted by J f(z) dx, and sometimes is also called

an indefinite integral of f.
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