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Definition 4.22

A function F' is an anti-derivative of f on an interval I if F'(x) = f(x) for all z in I.

Theorem 4.23

If F'is an anti-derivative of f on an interval I, then G is an anti-derivative of f on
the interval I if and only if G is of the form G(z) = F(z) + C for all x in I, where C'
is a constant. ( ¥ S fcAp S feqp £ - ¥ #ic)

Theorem 4.24: Mean Value Theorem for Integrals - # » }2iE 32

Let f : [a,b] — R be a continuous function. Then there exists ¢ € [a, b] such that

f f(x)dz = f(e)(b—a).

Theorem 4.25: Fundamental Theorem of Calculus - #icfs 4 & » 232

Let f : [a,b] — R be a continuous function, and F' be an anti-derivative of f on [a, b].
Then b
f f(z)dx = F(b) — F(a).

Moreover, if G(z) = f f(t)dt for x € [a,b], then G is an anti-derivative of f.

d (vV*
Example 4.32. Find df sint® ¢ dt for x > 0.
0

X

Let F(z) = J sin'® ¢ dt. Then by the chain rule,
0

d , d 1
W) =F (ﬁ)%\fsz (V).

By the Fundamental Theorem of Calculus, F'’(z) = sin'® z; thus

d (V" oo d sint® \/z
— in">tdt = —F =—.
dx J, S dx (V) 2\/x

Theorem 4.28

Let f : [a,b] — R be continuous and f is differentiable on (a,b). If f’ is Riemann

integrable on [a, b], then




Theorem 4.25 and 4.28 can be combined as follows:

Theorem 4.31

Let f : [a,b] = R be a Riemann integrable function and F' be an anti-derivative of f
on [a,b]. Then

J f(z)dx = F(b) — F(a).

Moreover, if in addition f is continuous on [a,b], then G(z) = J f(t)dt is differen-

tiable on [a, b] and
G'(z) = f(x)  forall z e [a,b].

Definition 4.30

An anti-derivative of f, if exists, is denoted by J f(z) dx, and sometimes is also called

an indefinite integral of f.

e Basic Rules of Integration:

Differentiation Formula Anti-derivative Formula
d
Lo—y f 0dz = C
dx
d ro__ r—1 q — xq-i-l 1 —
A =T fxdx—q+1+0 ifg#-—1
%sinmzcosaz fcosa:da::sinijC’
dicosx:—sinx fsinxdx:—cosx%—C
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%tanx:se&as Jseczxdx:tanx+0
disecx:secxtanx fsecxtanxdx—secx—i-C
T
d /
o [kf(x)+g(x)] = kf'(z) +g'(x) f [kf'(x) + g'(x)] de = kf(z) + g(z) + C

4.4 Integration by Substitution - % #c 4%

Suppose that g : [a,b] — R is one-to-one and differentiable, and f : range(g) — R is
differentiable. Then the chain rule implies that f o ¢ is an anti-derivative of (f’ o g)g’; thus
provided that



1. (fog)’is Riemann integrable on [a, b],
2. f’is Riemann integrable on the range of g,

then Theorem 4.28 implies that
| (@' @ o= [ (Fog) @) de = (F29)®) - (o )a)
g(b)
:f@®D—f@wD=J})WWNw- (4.4.)

Replacing f’ by f in the identity above shows the following

Theorem 4.33

If the function u = g(x) has a continuous derivative on the closed interval [a, b], and

f is continuous on the range of ¢, then

a

b g(b)
f f(g(x))g’(x) d =f Fu) du.
g(a)

The anti-derivative version of Theorem 4.33 is stated as follows.

Theorem 4.34

Let g be a function with range I and f be a continuous function on I. If g is

differentiable on its domain and F' is an anti-derivative of f on I, then

ff@@»f@ﬂw—F@@D+C

Letting u = g(z) gives du = ¢'(x) dz and

ff(u)du:F(u)—i—C.

Example 4.35. Find f(a:Q +1)%(2z) d.
Let u = 22 + 1. Then du = 2xdx; thus

J(ﬁ +1)2(22) dx — fqﬁ du — %u?’ 40 = %(12 L1PtC.

Example 4.36. Find fcos(5x) dx.



Let v = 5z. Then du = bdx; thus

1 1 1
Jcos(5x) de = chosudu = gsinu+0 = gsin(5x) +C.

Example 4.37. Find j sec? z(tanx + 3) dz.

Let u = tanz. Then du = sec? zdx; thus
2 L, Lo
sec” z(tanz + 3) dx = (u+3)du:§u —|—3u+C:§tan r+3tanz + C'.

On the other hand, let v = tanx + 3. Then dv = sec? x dx; thus

1 1
fsech(tanx—i—?)) dx = fvdv = 51)2 +C = §(tanx+3)2 +C

1 9
= §tan2$+3tanx+§+0.

We note that even though the right-hand side of the two indefinite integrals look different,

. : 9 .
they are in fact the same since C' could be any constant, and 3 + C' is also any constant.



Chapter 5. Logarithmic, Exponential, and other
Transcendental Functions

5.1 Inverse Functions (#k# §5.3)

A function g is the inverse function of the function f if

f(g(z)) = for all z in the domain of ¢ (5.1.1)

and
g(f(x)) ==« for all z in the domain of f. (5.1.2)

The inverse function of f is usually denoted by f~1.

Some important observations about inverse functions:
1. If g is the inverse function of f, then f is the inverse function of g.
2. Note that (5.1.1) implies that

(a) the domain of g is contained in the range of f,

(b) the domain of f contains the range of g,

(c) g is one-to-one since if g(z1) = g(x2), then x; = f(g(z1)) = f(g(x2)) = x2
and (5.1.2) implies that

(a) the domain of f is contained in the range of ¢,

(b) the domain of g contains the range of f,

(c) f is one-to-one since if f(z1) = f(x2), then zy = g(f(x1)) = g(f(22)) = 2.

According to the statements above, the domain of f~! is the range of f, and the range

of f~!is the domain of f.
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