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Theorem 5.7: Inverse Function Differentiation

Let f be a function that is differentiable on an interval I. If f has an inverse function

g, then g is differentiable at any = for which f’(g(x)) # 0. Moreover,

g'(x) = —— for all x with f'(g(x)) # 0.

Definition 5.50

The arcsin, arccos, and arctan functions are the inverse functions of the function
f [ T T T T

—} — R, g : [0,7] > R, and h : ( —) — R, respectively, where
f(z) =sinx, g(x) = cosz and h(x) = tanz. In other words,
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1. y = arcsin x if and only if siny = x, where —— <y < 1<z<1.

il T
2 2’
2. y = arccos x if and only if cosy = x, where 0 <y <7, -1 <x < 1.

3. y = arctan x if and only if tany = z, where —g <y< g, —0 < x < 0.

Remark 5.51. Since arcsin, arccos and arctan look like the inverse function of sin, cos and

1 1

tan, respectively, often times we also write arcsin as sin™ ", arccos as cos™ ", and arctan as

tan!.

Example 5.53. If y = arcsinz, then cosy = /1 — 2. In other words, cos(arcsinz) =

V1 —22 If y = arccos x, then siny = v/1 — x2; that is, sin(arccosz) = /1 — z2.
Example 5.54. Suppose that y = arctanz for some x € R. Then y € (—g, g) which

implies that cosy > 0. Therefore,

1 1 1
secy  /1+tanly V1+a?

cosy =

T —X
As for sin i, we note that y > 0 if and only if z > 0; thus siny = instead of —).
y Y y y= = ( =)
Therefore,
. x 1
sin(arctanx) = ——— and cos(arctanz) =

V1 + 22 V14 a2



Theorem 5.55: Differentiation of Inverse Trigonometric Functions

forall -1 <z < 1.

1 iarcsinac—
" dx V1= 22

d
2. —arccosx = —

dx 1— 22
d 1

3. — arctanz = for all z € R.
dzx 14+ 22

forall -1 <z < 1.

Proof. By Inverse Function Differentiation,

1

1

~ arcsinz = - Vre(-1,1
dr T cos(arcsinx)  4/1 — 22 ze(=L1),
1
— = = - Vee(—1,1
g TR E = T sin(arccos x) V1 — a2 re (L),
and
¢ 1 1 1
— arctanx = = =
dx sec?(arctanz) 1+ tan?(arctanz) 14 2?2
Remark 5.56. By Theorem 5.55,
d(a csin x + arccos ) ! 0
— (arcsinz + arccosz) = — =
dz V=22 A1 —22

Therefore, the function y = arcsinz + arccosx is constant on the interval (—1,1). The

constant can be obtained by testing with z = 0 and we find that

. ™
arcsinx + arccos r = 5

Vzel[-1,1],

where the value of the left-hand side at x = +1 are computed separately.

Example 5.57. Find the derivative of y = arcsinz 4+ /1 — 22.
By Theorem 5.55 and the chain rule, for —1 < < 1 we have

1 1
@:—+\/1—x2—x-§(1—x2)_é(2x):2\/1—:1:2.

dr /1 —22

Example 5.58. Find the derivative of y = arctan 4/x.

By the chain rule,
dy 1 d 1

1

de 11 ldeY " T Txa2ye 2ja(l+a)

V-1l<zx<l.



5.8 Inverse Trigonometric Functions: Integration

Theorem 5.59

Let a be a positive real number. Then

dx . dx 1 x
1. fm:arcslna+c. 2 JM:aarCtana—FC.

Proof. 1. Let x = asinu. Then dx = a cos udu; thus
f dx B acosu
va? — x? v/a2(1 — sin? u)

2. Let x = atanu. Then dx = asec? udu; thus

dz asec’u 1 u 1 x
- du==|du="4C=arctan % +C.
fa2+:v2 JaQ(l—i—tan?u) “ af “ aJr aarcana+ i

du = du:u—I—C:arcsinz—l—C.
a

Rule of Thumb: During the process of computing anti-derivatives, it is a good idea to try
1. the substitution = asinu when seeing v/a2 — 22 in the integrand;
2. the substitution # = a tanu when seeing a? + 2? in the denominator;
3. the substitution = asec v when seeing 22 — a? in the denominator.

Example 5.60. Find the indefinite integral de, where a > 0 is a constant.

V2 — a2
Let x = asecu. Then dx = asecutanudu; thus
asecutanu

dx
fva—cﬁ _J a?(seczu — 1)
S22
7+%’+C:1n|x+\/x2—&2’+0.

a

du = fsecudu =In|secu + tanu| + C

dx
Example 5.61. Find the indefinite integral J ——, where a > 0 is a constant.
P g a2

Let x = atanu. Then dx = asec? udu; thus

CLSGC u

f\/a2+x2 va2(tan® u + 1)
) 2
zln’:E—jLa+—’+C:1n}x+\/x2+a2|+0.
a a

du = | secudu = In|secu + tanu| + C



Example 5.62. Find the indefinite integral f
P & :z:\/zﬂi

Let x = asecu. Then dxr = asecutanu; thus

asecutanu

dx J 1
fﬂcva —a2 ) asecur/a?(sec?u—1) a

du:E—FC.
a

2 2 2

S22
If x = asecu, then tanu = :1;7; thus u = arctan Y- %" which implies that
a a

1 2 — a?
= —arctan —— + C'.

J a2 — a2 a a
Example 5.63. Find the indefinite integral f\/eixi—l

Let u = e*. Then du = e*dx; thus do = du which implies that
u

dx du
— = | ——— =arctanvu? —1+C = arctanvez — 1+ C.
f\/e%—l Ju\/tﬂ—l
Example 5.64. Find the indefinite integral f
Let x = 2sinu. Then dx = 2 cos udu; thus

T+ 2 2sinu + 2

—_——dr = -
N V4 —4sin’u

—2arcsm§—24/1— (2) +C’—2arcs1n§—\/4—x2+0.

Example 5.65. Find the indefinite integral f

-2cosudu = J(Qsinu+2)du: 2u —2cosu + C

41‘ +7
First we complete the square and obtain that 22 — 4z +7 = (z —2)? + 3. Let x — 2 =

Vv3tanwu. Then dr = +/3 sec? udu; thus

J dr = \fsecu fdu —u+C Laurctaunac_2
—4r+7 ) 3tan? u+3 \f NE] V3

+C.

Example 5.66. Find the indefinite integral fq / 1 _T_i dx.

Let x = sinu. Then dx = cosudu; thus
1-— 1-— 1 —si
J xdx—f—xda:—J( Smu)cosudu—f(l—sinu)du

1+ 2z V1 — 22 V1 —sin?u
=u+cosu+C =arcsinz +vV1—22+C.




Example 5.67. In this example, we compute J arcsin x dx. Note the by the substitution
r = sinu,

farcsinxdx = Jucosudu;

thus it suffices to compute the anti-derivative of the function y = x cosz. We first compute

the definite integral f x cosxdx.
0

By Example 4.12, for 0 < z < 7 we have

S 1 T 1
ZZ;sm(z:zc) = Zeinz [COS 5 —cos ((n+ 5):5)] :
Therefore, if 0 < x < T,

chos i) Zsm ix) ! [cosg —cos ((n+ %)x)]

dx2sm
B —cos% [ x 1 ]
= Tt cos 5 — o8 ((n+ Q)x)

1 1 1
Toin [—Esing + (n+ E)sin ((n+ %)x)} :

By partitioning [0, a] into n sub-intervals with equal length, the Riemann sum of y = x cos =
for this partition given by the right end-point rule is

ia wa a _ 1a
I,L:Z:—cos——:—2 1C0S —.
~ n nn n*- n
=1 =1

Letting r = 21, we find that
n

n
I, = 4r? Z i cos(2ir)
=
—r2cosr

= 7[cosr—cos(a+r)] +
sin®r

, [—r sinr + (a4 r)sin(a + )
sinr

which, by the fact tha

X

a
f zcosxdr = lim [, = —(1 —cosa) + asina = asina + cosa — 1.
0 n—00

The identity above further implies that

chosxdx =xsinx +cosx + C';



thus with the substitution = = sinu,
Jarcsinxdaz = fucosudu =uysinu +cosu+ C = zarcsinz + V1 — 22+ C'.
Using (5.7.1), we also find that

Jarccosxdx :J(g —arcsinx) dr = gx —zarcsine — V1 —224+C
:x(g —arcsinx) —V1—224+C =zgarccosr —V1—22+C.
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