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Theorem 8.5: Integration by Parts

If v and v are functions of x and have continuous derivatives, then

Judv:uv—fvdu.

Principles of applying integration by parts: Choose u and v such that v du has simpler

form than w dv, and this is usually achieved by
1. finding u such that the derivative of u is a function simpler than u, or
2. finding v such that the derivative of v is more complicate than v.

Using integration by parts, we have shown the following formulas:

1
1$T+1 Inx — ﬁ[ﬂﬂ_l +C ifr# -1,
fxrlnxdx: r ] (r+1)
§(lnx)2+C’ if r=-1.
as well as )
Je“m sin(bx) dx = T [ae™® sin(bx) — be® cos(bx)] + C'. (8.2.1)
1
Jew‘" cos(bx) dx = pE [ae™ cos(bx) + be™ sin(bx)] + C'. (8.2.2)

Remark 8.12. By the Euler identity

¥ = cosf +isinf VoeR,i=+v—-1, (8.2.3)

)
the desired integrals J e sin(bx) dx and fe‘“” cos(bz) dx are the real and imaginary part of
the integral fe‘“"e“’z dz. By the fact that e®@e®® = e(@+®)7 and pretending that fecx dx =

Eem + C for complex number ¢, we find that

. 1 . 1
ax ibx _ (a+ib)x _ azx -
Je e dx P +C P [ cos(bz) + isin(bz)] 4+ C
a—1b . .
= T [ cos(bz) + isin(bz)] + C
eax

=5 [a cos(bx) + bsin(bx) + i(a sin(bx) — bcos(bx))] +C;

thus we conclude (8.2.1) and (8.2.2).



Example 8.13. Find the indefinite fm"e‘”” dx, J:p” sin(ax) dr and Jx” cos(ax) dx, where

a > 0 is a constant.

Let u = 2" and v = a e (so that dv = e dzx), v = —a~* cos(ax) (so that dv = sin(ax))

and v = a~'sin(az) (so that dv = cos(ax)) in these three cases. Then

1 1 1
Jx”eag’ de = —x"e® — J Ze gl dy = —gmer — L Jx”_le‘n dx . (8.2.4)
a a a a
Moreover,

n o3 1 n n n—1

" sin(ax) dr = ——x" cos(ax) + — | " cos(ax) dz,

a a

n 1 n n n—1 _:

x" cos(ax) dr = —x" sin(ax) — — | 2" sin(az) dz .

a a

The two identities above further imply that the following recurrence relations

1 -1
Jx” sin(ax) dr = —aa:” cos(ax) + %x”_l sin(ax) — % an_2 cos(ax) dx ,
1 -1
fa:" cos(ax) dx = —x" sin(ax) + %x"’l cos(azx) — n(n—2) Jaz”Z sin(az) dx .
a a a

Example 8.14. Using integration by parts, we have
J cos" xdr = Jcos”_1 xd(sinx) = sinz cos" 'z — J sinz d(cos" ! x)
=sinzcos” '+ (n—1) Jsin2 xcos" 2w dx
=sinzcos" 'z + (n—1) J(l —cos?z) cos" % xdx
=sinzcos" 'z + (n —1) JCOSn_Z rdr —(n—1) Jcos" rdz;

thus rearranging terms, we conclude that

1

: n— 1
fcos” wdp =200 TN Jcos”_2 rdz. (8.2.5)

n n

Similarly,
1

e 1
Jsin” wdp= 2T T, Jsin"‘2 xdx. (8.2.6)
n n




Theorem 8.15: Wallis’s Formulas

If n is a non-negative integer, then

f sin?"t g dr = J cos?™ gy dr = ﬂ
0 0 (2n+1)!

and

El
[\
S

~

% :2n 2 2n ( . T
J;] s~ xraxr J;) COS™  Traxr (2”n')2 9

Proof. Note that (8.2.5) implies that

3 ; n—1 . z=2 —1 (2 —1 (2
f cos" xdxr = ST oS TP + n f cos" 2 xdr = n f cos" 2 xdr.
0 n =0 n Jo n Jo
Therefore,
2 2 2 2 on—2 (2
J cos? M xdr = " J cos? ' xdr = n_sn f cos B adr=---
0 2n+1 Jy 2n+1 2n—-1 ),
on  2m—2 2n—4 QF 2 4 on
— . . e — CcOS T dx — . — ...
2n+1 2n—1 2n-—3 3 Jo 3 5 2n +1

_ 224%...(2n)*  (2"n!)?

Cn+ 1) (2n+1)

and

Wi

n—1 (2 2n—1 2n—3 (2
f cos? z dx = — J2 cos™ 2 g dy = 2z Jz 2n—4
0 2n Jo 2n 2n —2 J,

2n—1 2n—3 2n-—>5 1
2n 2n—-2 2n—-4 2 ),

N N

B (2n)! ™  (2n)! 7«
©2242...(2n)2 2 (27nl)2 2
The substitution x = g — u shows that
bl bl
f sin" x dx = f cos" x dx for all non-negative integers n ,
0 0

so we conclude the theorem.



8.3 Trigonometric Integrals

In this section, we are concerned with the integrals
f sin™ x cos" x dx and J sec xtan” x dx |

where m, n are non-negative integers.

8.3.1 The integral of sin™ x cos" x

e The case when one of m and n is odd

Suppose m = 2k + 1 or n = 20 + 1. Write
Jsin%Jrl xcos" xdr = JCOS” z(1 — cos® z)¥sinx dx = — Jcos" z(1 — cos” 2)* d(cos x)
and
fsinm xcos* M adr = fsinm z(1 — sin’® z)* cos = dx = fsinm z(1 — sin’ z)* d(sin z)
so that the integral can be obtained by integrating polynomials.

Example 8.16. Find the indefinite integral | sin®z cos* z dz.

Let u = cosx. Then du = —sinx dx; thus

Jsin3xcos4xda: = J(l — cos® x) cos* wsinx dr = — J(l —u*)ut du

1 1 1 1
:—5u5+?u7+6’:—50085964—?005796—#6'.

We also write

fsin3 rcostrdr = J(l —cos®x) cos* zsinz dr = — J(l — cos® z) cos” z d(cos 1)

1 1
:—gcos5x+?cos7a:+0.

e The case when m and n are both even

First we talk about how to integrate cos™ z. We have shown the recurrence relation (8.2.5)

in previous section, and there are other ways of finding the integral of cos™ x without using



integration by parts. The case when n = 2¢ 4+ 1 can be dealt with the previous case, so we

focus on the case n = 2¢. Make use of the half angle formula

1 + cos(2x)

cos® x = 5 ,

we can write
‘ ¢
1 2x)\ ¢ ct . w=2z Ct .
fcos%xdx = J (—I—c+(x)> dx = Z) 2—; fcos’(2x) dw "= ;) 2@:1 JCOSZ udu

which is a linear combination of integrals of the form J cos’ u du, while the power 7 is at most

half of n. Keeping on applying the half angle formula for even powers of cosine, eventually

integral J cos’ udu will be reduced to sum of integrals of cosine with odd powers (which

can be evaluated by the previous case).

Example 8.17. Find the indefinite integral J cos® x dx.
By the half angle formula,

Jcos6 rdr = f (M)s dr = E J [1+ 3cos(2z) + 3 cos®(2x) + cos’(2z)] da

2 8
- éj [1 + 3 cos(2z) + ;(1 + cos(4z)) + (1 — sin’(2z)) cos(2x)] dx
= éf (g + 4 cos(2x) + ; COS(4ZE)> dr — % Sin2(2x) d(sin(Qx))
175

x ) 3 . I3
=3 [7 + 2sin(2x) + 3 sm(4x)} — g Sin (2z) + C'.

Now suppose that m = 2k and n = 2¢. Make use of the half angle formulas

1- 0(2)5(230) and cos? 1 — 1+ cgs(Qx)

sin?z =

to write .
fsinmC zcos® v dr = Jere (1- cos(2x))k(1 + cos(2x))z dx .
Expanding parenthesis, the integral above becomes the linear combination of integrals of

the form j cos'(2z) dz.

Example 8.18. Find the indefinite integral f sin? z cos* z dz.



By the half angle formula,

_ 1 —cos(2z) /14 cos(2z)\?2
2 4 _
Jsm Z COoS :zrdx—f 5 ( 5 ) dx

- éj [1— cos(2z)] [1 + 2 cos(2z) + cos®(2z)] du
= éf [1+ cos(2z) — cos*(2z) — cos®(2z)] du
— %J (1_#8(4@ + sin®*(2z) cos(2z) | da
lrz  sin(4x) | R
= g[i_T] +4—8sm (2z)+ C.

8.3.2 The integral of sec” xtan" x

e The case when m is even

Suppose that m = 0 and n > 2. Then we obtain the recurrence relation

ftan” rdr = Jtann2 rtan®z dr = Jtan"Q(sec2 x—1)dx

1
= Jtan"_2 d(tanz) — ftann_2 rdr = ] tan" ' x — Jtan”_2 rdr.

n —

Suppose that m = 2k is even and positive. Using the substitution v = tan z, we have
Jseczk rtan" zdr = fsec%k_l) rtan" rsec’ x dr = f(l + tan® z)* ! tan” x d(tan z)

which can be obtained by integrating polynomials.
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