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學號： 姓名：

Problem 1. (4%) Let f be defined on an open region R of the plane, and (x0, y0) in R. State the
definition of that “f is differentiable at (x0, y0)”.

Solution: f is differentiable at (x0, y0) if

lim
(x,y)Ñ(x0,y0)

ˇ

ˇf(x, y) ´ f(x0, y0) ´ fx(x0, y0)(x ´ x0) ´ fy(x0, y0)(y ´ y0)
ˇ

ˇ

a

(x ´ x0)2 + (y ´ y0)2
= 0 .

Problem 2. (6%) Let R = R2z
␣

(x, 0) P R2
ˇ

ˇx ě 0
(

, and f : R Ñ R be given by

f(x, y) =

$

’

’

’

’

&

’

’

’

’

%

arccos x
a

x2 + y2
if y ą 0 ,

π if y = 0 ,

2π ´ arccos x
a

x2 + y2
if y ă 0 .

Show that f is differentiable at (a, 0) for all a ă 0.

Solution: By the computation from the last quiz, we have

fx(x, y) =

$

&

%

´
y

x2 + y2
if y ‰ 0 ,

0 if y = 0 ,
and fy(x, y) =

$

’

&

’

%

x

x2 + y2
if y ‰ 0 ,

1

x
if y = 0 .

Then fx(a, 0) = 0 and fy(a, 0) =
1

a
. Since

ˇ

ˇfx(x, y)
ˇ

ˇ ď
|y|

x2 + y2
, by the fact that lim

(x,y)Ñ(a,0)

|y|

x2 + y2
= 0,

the Squeeze Theorem implies that

lim
(x,y)Ñ(a,0)

ˇ

ˇfx(x, y) ´ fx(a, 0)
ˇ

ˇ = lim
(x,y)Ñ(a,0)

ˇ

ˇfx(x, y)
ˇ

ˇ = 0 .

Therefore, fx is continuous at (a, 0) for all a ă 0. On the other hand, it is clear that fx is continuous
on the upper and lower half planes; thus fx is continuous on R.

Next, we claim that fy is continuous on R. As the previous case, fy is continuous on the upper
and lower half planes, so we only have to focus on the continuity of fy at (a, 0) for all a ă 0. Let
a ă 0 be given. Then

ˇ

ˇfy(x, y) ´ fy(a, 0)
ˇ

ˇ ď

ˇ

ˇ

ˇ

x

x2 + y2
´

1

a

ˇ

ˇ

ˇ
+
ˇ

ˇ

ˇ

1

x
´

1

a

ˇ

ˇ

ˇ
=
ˇ

ˇ

ˇ

x2 + y2 ´ ax

a(x2 + y2)

ˇ

ˇ

ˇ
+

|x ´ a|

|ax|

ď

ˇ

ˇx ´ a||x| + |y|2

|a|(x2 + y2)
+

|x ´ a|

|ax|
.

Since the right-hand side function approaches 0 as (x, y) approaches (a, 0), the Squeeze Theorem
shows that

lim
(x,y)Ñ(a,0)

ˇ

ˇfy(x, y) ´ fy(a, 0)
ˇ

ˇ = 0 .



Therefore, fy is continuous at (a, 0) for all a ă 0; thus fy is continuous on R.
Finally, by the continuity of fx and fy on R, we conclude that f is differentiable on R (so in

particular, f is differentiable at (a, 0) for all a ă 0).


