Calculus MA1002-A Quiz 07
National Central University, May 16 2019
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Problem 1. (3%) Let R be an open region in the plane, and f : R — R be a function. Write down
the definition of critical points and saddle points of f.

Solution. 1. A point (x¢,y0) € R is a critical point of f if either f.(xo,v0) = fy(x0,y0) = 0 or at

least one of f,(zo,y0) and f,(xo,yo) does not exist.

2. A point (zg,yo) € R is a saddle point of f if (z¢, yo) is a critical point of f but f does not attain

a relative extrema at (zo, yo)- o

Problem 2. (7%) Find the relative extrema of the function f(x,y) = (% —a? + y2>el_x2_1/2. Use

the second derivative test when applicable.

Solution. We compute the first and second partial derivatives of f as follows:
Folw,y) = 206t~ 9p(0 — 2?4 42)e 0 = 0n (D — 0?4 yR)el
folw,y) = 2ye! ™"V — 2y(% — 2 P)et Y = 2y(% ta? —yP)el Y
Jaal,y) = ;:(_3“’ +22% = 20y?) e’V = (=3 + 62” — 2y°) — 2u(—3x + 227 — 2ay”) ]!V
= (=3 + 1227 — 2 — dat 4 daPy?) etV
feul) = ;3/(_3‘% +2a% = 20y?) !V = [~ day — 2y(—3x + 22° — 2297) ]!
= (2zy — 42y + day®) el Y
Fo(@y) = ;y(y + 202y — 2) e = [(1 4 202 — 6y?) — 2y(y + 2%y — 2°)] Y
= (1 + 202 — 8y2 _ 4x2y2 + 4y4>61—x2—y2 ‘
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A critical point (zg,yo) satisfies l‘o(g — 2+ yl) = yo(§ + z} — y3) = 0 which implies that

(20, 0) = (0,0), (0, i\%) , (ig,O) :

Let D(x(]?yO) = f:):x(xmyO)fyy(mO?yO) - fxy(an 90)2-

1. If (zo,90) = (0,0), then D(xo,y0) < 0 which implies that (0,0) is a saddle point of f.

1
2. If (IO)yO) = (O7iﬁ)) then fﬂ:x(lﬂay()) - _4-\/6) fa?y(x07y0) - 0 and fyy(x07y0> - _2\/é

Therefore, D(xg,y0) > 0 and fi.(xo,y0) < 0; thus the second derivative test implies that f

attains a relative maximum at (

1
o,i\ﬁ).
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3. 1If (x(]?y()) = (iﬁu 0)7 then fxw($07y0) = %7 fmy(x07y0) =0 and fyy('r()’y()) = % Thereforea
D(zo,y0) > 0 and f..(x0,y0) > 0; thus the second derivative test implies that f attains a rela-

X
tive minimum at (iﬁ 0).
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