Calculus MA1002-A Quiz 08
National Central University, May 23 2019
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Problem 1. Let P, = (1,0), 2 = (1,1), Py = (0, —1) and P, = (1, —1) be four points on the plane.
4
Find a straight line L so that the sum of the squared distance S = Y. dist(P;, L)? is smallest, where
i=1
dist(P, L) denotes the distance from a point P to line L.

Solution. Assume that the line L is cosfx + sin 0y + k = 0 for some 6 and k. Then

4
S(0,k) = (z;cosb + y;sinf + k)* |
i=1
4 4 4 4 4
where P; = (z;,v;). We then have ) 22 =3, Y y? =3, Yz, =0, D x; =3, >, y; = —1; thus
‘ =1 i=1

i=1 =1 i=1

S(0,k) = 3cos* 0 + 3sin @ + 4k* + 6k cos § — 2k sin ) = 4k* + 6k cos — 2ksinf + 3.

This implies that Sy(6, k) = —2k cos§ — 6k sin and Sk (0, k) = 6 cos§ — 2sin 4 8k; thus the critical
point of S satisfies

Se(0,k) =0 = kcos@+3ksind=0 = k=0or cosf =—3sinf.

1. If k = 0, then 3cosf = sin@ which implies that 10cos?6 = 1. Therefore, cosf = el and

13 vio
sin@ = —. This gives a candidate line 4+ 3y = 0. In this case, S(6,k) = 3.
V10
2. If cos® = —3sind, then sinf = 2L and cos = > which, using S (0, k) = 0, implies that
: . i ) m m - ’ g o\, ) P
k= S_W = 2_% This gives a candidate line 3x —y = 7 In this case,
25 —15 )
0,k)=4-— — 2. — =05.
S(6,k) 40+6 50 20+3 0.5
Therefore, the line of interests is 3x — y = g o

Problem 2. (5%) Find the extreme value of f(x,y) = zy subject to the constraint 2° —3zy+1y* = 1.

Solution. Let g(z,y) = 2*—3zy+y®. Then (Vg)(x,y) = (32%>—3y, —3x+3y?); thus if (Vg)(z,y) = 0,

we must have
x2:y,y2:m3x4:x=>x:00rx:1:>(x,y):(O,O) or (z,y) =(1,1).

Suppose that f, subject to the constraint g = 1, attains its extrema at (xo,79). Then by the fact
that (Vg)(zo,90) # 0, the Lagrange Multiplier Theorem implies that there exists A € R such that

(40, m0) = (V.f) (o, y0) = MV g) (o, yo) = 3A\(x§ — Yo, —T0 + 5)



Therefore, yo = 3\ (22 — yo) and zq = 3\ (—zo + ¥3).
If 2o = 0, then (3\ + 1)yo = 0 and Ay = 0. Then y, = 0 which is impossible since g(xg,yo) = 1.
Similarly, A # 0, so g, A # 0. Therefore,

Yo 3A—x0 +y3) =3Nah —wo) w0 = Y= = T0=10.
Therefore, g(zo,x9) = 223 — 23 = 1. Tt is obvious that zg = 1 is a zero, and factoring shows that
208 — a5 — 1 = (w9 — 1)(223 + 20 + 1) ;

hence there is no other zero. Therefore, f(1,1) = 1 is an extreme value of f subject to g = 1. O



