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Definition 4.7: Riemann Integrals - % & # ~

Let f : [a,b] — R be a function. f is said to be Riemann integrable on [a, ] if there
exists a real number A such that for every € > 0, there exists 6 > 0 such that if P
is partition of [a, b] satisfying |P| < §, then any Riemann sums for the partition P
belongs to the interval (A — e, A +¢). Such a number A (is unique and) is called the

b
Riemann integral of f on [a, b] and is denoted by f(z)dx <or simply j f(z) da:).
[a,b] a

Theorem 4.31: “The Fundamental Theorem of Calculus”

Let f : [a,b] — R be a Riemann integrable function and F' be an anti-derivative of f
on [a,b]. Then

J f(z)dx = F(b) — F(a).

Moreover, if in addition f is continuous on [a,b], then G(z) = f f(t)dt is differen-

tiable on [a, b] and
G'(x) = f(x)  forall x € [a,b].

8.5 Improper Integrals - 3 4

Recall that given a non-negative continuous function f : [a,b] — R, the area of the region

enclosed by the graph of f, the z-axis and lines x = a, x = b is given by

Lbf(x) iz

What happened when

1. the function under consideration is non-negative and continuous on the whole real line
and we would like to know, for example, the area of the region enclosed by the graph
of f and the z-axis and is on the right-hand (or left-hand) side of the line x = ¢?

2. the function under consideration blows up at a point ¢ € [a,b]; that is, lim+ f(x)
r—ct

diverges to o0 or —o0 (so that f is not continuous at ¢ but everywhere else) and we

would like to know the area of the region enclosed by the graph of f, the z-axis and

lines £ = q¢ and © = b?



b
Note that the definition of a definite integral | f(z)dx requires that the interval [a,b] be

0 @ b b
finite and f be bounded. Therefore, J f(z)dz, f f(z)dr and J f(z)dx when f is
a —0 a

unbounded are meaningless in the sense of Riemann integrals. How do we compute the area

of those unbounded regions?

Definition 8.31: Improper Integrals with Infinite Integration Limits

1. If f is Riemann integrable on the interval [a, b] for all a < b, then

LOO flz)dx = bhig Lb f(z)dx

2. If f is Riemann integrable on the interval [a, b] for all a < b, then

b b
f_ f(x)der= lim | f(x)dx.

——
a e¢] a

3. If f is Riemann integrable on the interval [a, b] for all a < b, then

ff dx_f e dx+ff

where c is any real number.

In the first two cases, the improper integral converges when the limit exists. Other-
wise, the improper integral diverges. If the limits, as b approaches o (or a approaches
—0), approaches oo or —oo, then the improper integral diverges to o0 or —co. In the
third case, the improper integral on the left converges when both of the improper
integrals on the right converges, and diverges when either of the improper integrals
on the right diverges. The improper integral on the left diverges to co (or —oo) if
it diverges and the improper integrals on the right is oo + o0, oo + C or C' + o (or
(—o0) + (—20), (—) + C or C + (—x)).

Q0

Example 8.32. Evaluate f “dx and J —— dx.
0 T4 4+ 1

Since an anti-derivative of the function y = e¢™ and y = o is y = —e ™ and
x

y = arctan z, the Fundamental Theorem of Calculus implies that

r=b
= lim(l—e®) =1—-lime®’=1
=0 b—o0 b—00

oe) b
f e dr=lim | e %dr= lim(—e ")

0 b—0 0 b—o0




and

S | | w=b T
J 5 dxr = lim J dx = lim arctanz = lim arctanb = —.
0 e + 1 b—0 0 x2 + 1 b—o0 =0 b—0 2

0

Example 8.33. Evaluate f (1 —z)e *dx.
1

Let u=1—2 and v = —e™* (so that dv = e™* dx). For any real number b, integration

by parts implies that

Jb(l —z)e “dr = [(1 — x)(_e*x)] = Jb(_6x>(_dx) — (1Dt - Jb o dp

1 z=1 1 1

. —(1—=be+elt—et=bet—et.
=1

=—(1-bel+e™

Therefore,
0 b
f (1—2)e®dr=1lim | (1 -x)e"dr=lim(be™®—e!)=—¢7".
1 b—o0 Jq b—0
Q0 ex
Example 8.34. Evaluate f o
_pl+e®
To evaluate the integral above, we evaluate the two integrals

Q0 T 0 x
f ¢ 5 dr and f ¢ 5 dz .
o 1+4e** o L e

By the substitution of variable u = e”, we find that du = e dx; thus

’ 1

Therefore,
0 em . b ez . r=b
dr = lim dx = lim arctan(e®)
s
= li tan(e’) —arctan1] = —
lim [arctan(e”) — arctan 1] 1
and similarly,
0 et . 0 er ) =0
J ———dzr = lim dr = lim arctan(e®)
—w 1+ e2r a——0 J, 1+ e a——00 r=a
T
= lim [arctanl — arctan(e®)] = —.
a——o0 4
. . : @ v O ¢
The two integrals above implies that J_OOHG% dr = 1 + 1=



es}
Example 8.35. The improper integral J x dx diverges to co, and the improper integral
0

Q0 Q0
f (sinx — 1) dx diverges to —co. The improper integral f sinx dzx diverges, but not
0

—00
Q0

diverges to o0 or —oo, and the improper integrals f x dx diverges but not diverges to oo
—Q0
or —oo.

CD .
Example 8.36. The improper integral f el converges although it is not obvious
0 X

“sinz T
de = —.
0o 2

what its value is. In fact,

Theorem 8.37

1. If f is Riemann integrable on the interval [a, b] for all a < b, then

f flx d:r—Jf d:zH—f f(z Va<ec,

provided that the improper integrals on both sides converge or diverge to o (or

—o0).

2. If f is Riemann integrable on the interval [a,b] for all a < b, then

J_boo f(z)dx = J_OO f(x)dx + J: fle)de  Ve<b,

provided that the improper integrals on both sides converge or diverge to oo (or

—0).

Q0
3. If f is Riemann integrable on the interval [a,b] for all a < b and f f(z)dx
—00

converges or diverges to o0 (or —o0), then

foof(x)deerf(x)dx:foof(x)derfof(x)dx VabeR.
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