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Definition 8.31: Improper Integrals with Infinite Integration Limits

1. If f is Riemann integrable on the interval [a, b] for all a < b, then
0 b
f f(z)dx = lim | f(x)dzx.
a b—o0 a
2. If f is Riemann integrable on the interval [a, b] for all a < b, then

b b
f f(x)der= lim | f(z)dx

s
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3. If f is Riemann integrable on the interval [a, b] for all a < b, then

ff dx—f e dx+ff

where ¢ is any real number.

Definition 8.38: Improper integrals with Infinite Discontinuities

1. If f is Riemann integrable on [a,c| for all @ < ¢ < b, and f has an infinite

discontinuity at b; that is, hm f(z) = or — oo, then

ff afhmff

2. If f is Riemann integrable on [c,b] for all a < ¢ < b, and f has an infinite

discontinuity at a; that is, hm f(z) = o0 or — oo, then

z—at
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3. Suppose that a < ¢ < b. If f is Riemann integrable on [a, c—¢] and [c+¢, b] for all
0 < e « 1, and f has an infinite discontinuity at c; that is hm f(x) =00 or —0

I—’C

and lim f(xz) =0 or — oo, then

o Lb (@) do = J f(@) de + f f(z) da

The convergence and divergence of the improper integrals with infinite discontinuities

are similar to the statements in Definition 8.31.




Definition 8.45

b
Let J f(z) dx, where a,b could be infinitely, be an improper integral.

1. The improper integral J f(x) dzx is said to be absolutely convergent or converge

absolutely if f ‘ f(z ’ )| dx converges.
2. The improper integral f f(x)dx is said to be conditionally convergent or con-

verge conditionally if J f(z) dx converges but j ‘ flx ‘d:v diverges (to o).

Remark 8.46. Even though it is not required in the definition that an absolutely convergent
improper integral has to converge, it is in fact true an absolutely convergent improper

integral converges.

Theorem 8.48: A special type of improper integral

xP

foodx — ifp>1,
1

diverges to oo if p <1

e Comparison Test for Improper Integrals
In the last part of this section, we consider some criteria which can be used to judge if an
improper integral converges or diverges, without evaluating the exact value of the improper

integral.

Theorem 8.49

Let f and g be continuous functions and 0 < ¢g(z) < f(z) on the interval [a, o).

e}
1. If the improper integral f f(z)dx converges, then the improper integral

o0
f g(x) dx converges.

a

2. If the improper integral J x) dx diverges to oo, then the improper integral
J f(z) dx diverges.

The result also holds for improper integrals given by other two cases in Definition 8.31

and the case with infinite discontinuities.




b b
Proof. For b > a, define G(b) = J g(x)dzx and F(b) = J f(z)dz. By the Fundamental

Theorem of Calculus, F,G : [a,00) — R is differentiable (hence continuous). Since 0 <

g(x) < f(z) on [a,0), for all b > a we have 0 < G(b) < F(b), and F,G are monotone
increasing.

0 0]
1. If the improper integral f f(z) dx converges, the lim F(b) = M exists. Since F' is

b—00

monotone increasing, F'(b) < M for all b > a; thus G(b) < M for all b > a. By the

monotonicity of G, hm G(b) exists.
2. If the improper integral f g(x) dx diverges to oo, hm G( ) = o0; thus the fact that
G(b) < F(b) implies that hm F(b) 0. o

0
Example 8.50. Consider the improper integral J e~ dz. Note that e=** < e~ for all
1

€ [1,00). Since

0 b r=b
e ¥dr=1lim | e®dr=lim(—e™®) = lim(e? —e™) = -,
1 b—oo Jq b—a0 =1 b—o0

o0
by Theorem 8.49 we find that the improper integral j e dx converges.

sin? sin? x

dz. Note that

< = for all

Example 8.51. Consider the improper integral J 5 5
X X

€ [1,00). Since

0 b o
J idx—hm idx—hm(—l) bzlim(%—l):—l,
1

2 b—w ), x? b—>00 r/lz=1 b

o0
by Theorem 8.49 we find that the improper integral f e dx converges.
1

Example 8.52 (The Gamma Function). The Gamma function I" : (0,20) — R is defined
by

0
['(x) = J t" et dt.
0
We note that for each z € R, the integrand f(t) = t*“'e~! is positive on [0, o0).

1. If > 1, the function y = ¢* e~ % is differentiable on [0, ) and has a maximum at
the point ¢ = 2(z — 1). Therefore,

0< f(t) <2 Mz —1)*Te 2 Vt>0.



By the fact that

© t b + + . |t=b b
J e 2dt=1m | e 2dt = lim (—26_5) = lim (2—26—5) =2,

0 b—o0 0 b—00 t=0 b—0

o0
we find that the improper integral f t*~le~! dt converges.
0

. If 0 <z < 1, the function f has an infinite discontinuity at 0. Therefore,
0 1 0

J t et dt:J et dt+J t" et dt.

0 0 1

Again, the function y = t*~le=2 is bounded from above by 2*71(x — 1)*71; thus the
Q0

same reason as above show that the improper integral f t*~le~t dt converges.
1

On the other hand, note that f(t) < ¢*~! for all ¢ € [0,1]. By the fact that

=1 1—a® 1
= lim = —,
t=a a—0t T x

1 1 t*
f t*~Ydt = lim t*tdr = lim —
0

a—0t J, a—0t T
1

we find that the improper integral f t*~le~t dt converges. Therefore, the improper
0

0
integral J t*~le~t dt converges.
0

. If 2 <0, then t*te™t > t""le~! for all t € [0,1]. By the fact that

a—07t

1 1
f t*te7tdt = lim t*te7ldt = o0,
0

a

1
Theorem 8.49 implies that the improper integral J t*~le~t dt diverges to co. This
0

o0
implies that the improper integral J t*~Le~t dt diverges to oo as well.
0
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