oAt~ MAL1002-A F 3 e (Hf5w)
2019.04.11.

Ching-hsiao Arthur Cheng #% 5%



Definition 9.98

If a function f has derivatives of all orders at x = ¢, then the series
O (k)
Z f k|<C) (z — c)F
k=0

is called the Taylor series for f at c¢. It is also called the Maclaurin series for f if
c=0.

Theorem 9.99

Let f be a function that has derivatives of all orders at x = ¢, and P, be the n-

th Taylor polynomial for f at c. If R,, the remainder associated with P,, has the

property that
lim R,(z) =0 Veel

n—0o0

for some interval I, then the Taylor series for f converges and equals f(z); that is,

0 (k)c
fla)y=> / k,( )(:v—c)k Veel.
k=0 ’

Corollary 9.100

Let f be a function that has derivatives of all orders in an open interval I. If there
exists M > 0 such that |f(k) (93)‘ < M for all x € I and each k € N, then

(k) (o
f(x):Zf !()(:c—c)k Veel.

k=0 k

Example 9.101. Since the k-th derivatives of the sine function is bounded by 1; that is,

dk
wsmaz’él VreRand ke N,

Corollary 9.100 implies that for all c € R,

o 1 k
sinx:];)Hsin(c%—;)(x*c)k VreR,

dk

here we have used Zox Sinz = sin (ac + %) to compute the k-th derivative of the sine
X



function. In particular,

[0 0]
Lo (—1)* 2%+1 a? a2’
Slﬂl’—];omx —(E—§+g+ VeelR.

Similarly, for all ¢ € R,

0

k
cosx = Ecos(c—l—%)(:c—c)k VexeR.

k=0

Example 9.102. Consider the natural exponential function y = exp(x). Note that for all

real numbers R > 0, we have

dk

X
dmke

=e"<e  VYre(-R,R)and keN;

thus Example 9.70 and Corollary 9.100 imply that

2

Ok T
ex:]§H:1+x+§+"' Ve (-RR).

Since the identity above holds for all R > 0, we conclude that

k 2

o0
"V _ r o,
e—];)k!—1+x+2!+ VreR.

Example 9.103 (Binomial Series). In this example we consider the Maclaurin series, called
the binomial series, of the function f(x) = (1 + x)®, where @ € R and o # N u {0}.

We compute the derivative of f and find that

d* 5
@(14—@“ =afa—1)(a—2) - (a—k+1)(14+x)*".
Therefore,

l1+z2)*=ala—1)(a—2) - (a—k+1)




To see the radius of convergence of the Maclaurin series above, we use the ratio test and

find that

’| ‘n—i—l
| _
lim (n+ 1) = im 2T
n—o0 ‘a(a—l)(a_Q)..-(a n+1)’|x|n n—oo N4+ 1
n!

3 ~D(a—2)(a—k+1
thus the radius of convergence of the power series | ala—Dla k?' (a—k+ )ack is 1.
k=0 -

Moreover, by Taylor’s theorem, for each € (—1,1) there exists £ between 0 and x such
that

(14 2)* = i cla— e 2/31' ok 1>37k + Ry (z),
k=0 :
where
ala—1)(a—2)---(a—mn)

Fin(w) = (n+1)!

(1 + f)a—n—lxn—&—l .

Similar to Example 9.74, we have

la(a—1)(a—2)-- (a —n)|

[Fonz)] < (n+ 1)!

x® Ve (0,1);

thus (without detail reasoning) we find that

lim R,(x) =0 Vze(0,1).

n—ao0

Therefore,

(1+x)“:§: x Vaze(0,1).

In fact,
e¢]
(L+z)* =) T Ve (-1,1).
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