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Definition 13.23

Let f be a function of two variable. The first partial derivative of f with respect to

x at (zg,yo), denoted by f.(zo,yo), is defined by

. o + Az, — f(zo,
Fol0,50) = Algggf( 0 2 F (0, 10)

provided the limit exists. The first partial derivative of f with respect to y at (zo, ¥o),
denoted by f,(xo,yo), is defined by

Fy (o, y0) = hIEO f(xo,yo + AAy; — f(z0,v0)

provided the limit exists. When f, and f, exist for all (z9,90) (in a certain open
region), f, and f, are simply called the first partial derivative of f with respect to

and y, respectively.

e Notation: For z = f(x,y), the partial derivative f, and f,, can also be denoted by

0 0 0
= fw) = fley) = 2= =Ly,
d _ _ L, =Y
@ﬂx’y) - fy($ay) =Ry = oy = ay(x,y)

When evaluating the partial derivative at (zo,yo), we write

of 0

fx(an yD) = %(3307?40) = % (x7y)=(x0,y0)f(x,y) )
of 2
fy(an yO) - ay (ZE07 ?JO) - ay (I,y):@o,yo)f(x’ y) .

Example 13.25. Let f : R? — R be defined by

Gl (z,y) # (0,0),

flay) =4 ="+
0 if (x,y) = (0,0).
Then
”j;fjij i () # 0,0),
if (z,y) = (0,0),
and

x® — 4a3y? —my
x2+y




e Higher-order partial derivatives:

We can also take higher-order partial derivatives of functions of several variables.

example, for z = f(z,y), we have

B 0 /of _82f

0 0f\ 0%
fyy_(fy)y:8_y<8_y>:§_y2’
B _d adfy o2 f
fxy_ (fx)y - 6_y<_:1:> - 8y591:’
B 0 (of o f
fue = (fy)a %(Ty>_é’x6y

The third and fourth cases are called mixed partial derivatives.

For

Example 13.26. In this example we compute the second partial derivatives of the function

given in 13.25. We have obtained that

x4y + 4x2y3 — y5
fe(z,y) = (22 + y?)?
0 if (z,y) = (0,0),

and
x® — 4333y2 — azy4
fy(z,y) = (z? +y?)?
0 if (z,y) = (0,0).

If (z,y) # (0,0), the quotient rule, the product rule and the chain rule (for functions of one

variable) together show that

0 0
(2% +97)* - (2y + 4y’ —y°) — (2'y + da?y’ —¢°) —(2* + 7)°

faz(,y) = (22 + y2)*

(2% + y2)*(4ady + 8ay®) — (aty + 42%y® — °) - [2(2* + ¢7) - (22)]

(.CEQ + y2)3

(22 + y?)(42%y + 8zy®) — da(xty + 42> — yB)  —dady3 + 12y°

(,’L’Z + y2>3

(132 + y2)3



Similarly, if (z,y) # (0,0),
(2% 4+ y?)*(—82%y — day®) — (¢ — 4a®y® — ay?) - [2(2° + ¢7) - (2)]

fo(z,y) =

(952 + yg)z
=122y + daty?
= (%2 +y2)3 )
Joy(zy) = (2% +y) (2! + 120%y* — 5y*) — dy(a'y + 42%y° — )
([K2 + y2)3
28 4 9aty? — 9aPyt — oS
(1‘2 + y2)3
o, y) = (2° +y°) (52" — 122%y% — y*) — da(a® — 42’y® — zy")
(1-2 + y2>3
- 28 + 9zty? — 922yt — o8
(1’2 + y2)3

We note that when (z,y) # (0,0), foy(z,y) = fyz(z,9).
Since f(z,0) = f,(0,y) = 0 for all x # 0, we find that

lim fz(Az,0) — f.(0,0)

fxx(oa O) = A0 Az =0
e 1,0, Ay) — 1,(0,0)
T y\Yy Yy) — y\Yy o
fun(0,0) = Alg—rfo Ay =0
Finally, we compute f;,(0,0) and f,,(0,0). By definition,
—Ay5
T fx(O,Ay) _fx<oa0) I T Ay4
Jey(0,0) = AILTO Ay N Alqbrilo Ay !
and
60 H0.0_ | 5
o fy(Ax,0) = £,(0,0) L A
f12(0,0) = lim, Az = Am Ay T

We note that f,,(0,0) # f,.(0,0).

Remark 13.27. In the previous example, the mixed derivative f,,(x,y) can be computed

using a different method for (z,y) # (0,0) (as long as f,, is known). We first note that if
(z,y) # (0,0), then f(z,y) = —f(y, ); thus

h) - - h
fy<x,y>=,ggnéf<z’y+2 [@n) _ =Sl ,2>+f<y,x>

f(y+hv$}1_f(y7$) _ —fz(y,ﬁ)-

= — lim
h—0



Therefore,

fyle+hy) = fy(2,y) —foly, x4 h) + faly, 7)

_ . fm(y,x—kh)—fx(y,x) .
- _}llli% h - _fzy(yax)

z0 4+ 9:U4y2 — 93:23/4 — y6
(22 + 42)3

Since fuy(z,y) = , we have

S+ 9yt — 9y2at — o
(y2 +£C2)3

fyx(xﬂy) = _fxy<y,$) = = fzy(-%Q) if (l’,y) a (O?())

In the previous example, we see that the mixed derivatives f,, and f,, are identical in

one case but are not identical in another cases. In general, we have the following

Theorem 13.28
If f is a function of x and y such that f;, and f,, are continuous on an open disk D,
then

foy(,9) = fyalz,y)  V(z,y)eD.

The theorem above also applies to functions of three or more variables as long as similar
condition holds. For example, if w = f(x,vy, z) and f,y, f,. are continuous in an “open disk”

D on the plane z = zj, then

fay(2,y, 20) = fya(, Y, 20) V(z,y)eD.

Example 13.29. Let f(z,y,2) = ye® +xlnz. Then f,(z,y,2) =ye* +Inz, fy(z,y,2) =€"
and f,(z,y,2) = g Therefore,

fzy(x7y7 Z) =e' = fyw(-r7yu Z) )
fa:z(xaya Z) = % = fzz(x:ya Z) Vz#0,
Jue(2,y,2) = 0= foy(,y, 2) .

13.4 Differentiability of Functions of Several Variables

Recall that a function f : (a,b) — R is said to be differentiable at a point ¢ € (a,b) if the

limit

_ flc+ Az) — f(c)
Alirilo Ax



exists. The differentiability of f at ¢ can be rephrased as follows:

A function f : (a,b) — R is said to be differentiable at ¢ € (a, b) if there exists
m € R such that

lim )f(c%—Ax) — f(eo) —mAx) _0.
Az—0 Az
or equivalently,
tigg | £(2) = f€) = m(z — C)‘ _0.
z—c r—c

This equivalent way of defining differentiability of functions of one variable motivate the

following

Definition 13.30

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. For (zg,y0) € R, f is said to be differentiable at (zg,yo) if there exist real
numbers A, B such that

lim ‘f(x,y) — f(x0,90) — A(x — 20) —B(y—yo)]

=0.
(z.9)—(z0.90) V(@ —x0)? + (y — y0)?

Suppose that f is differentiable at (zg,v0). When (x,y) approaches (xq, o) along the
line y = yo, we find that

‘f(%y) - f(l‘oyyo) - A(I - Io) - B(y - yo)‘

0= im
e g Vo= 0+ o wP
— lim ‘f(l',yo) B f(x()ayo) B A(I‘ - $0)‘ — lim f<x>y0) — f($0>y0) _A
xr—x0 |ZL‘ — CL'()| T—T0 T — X

which implies that the number A must be f,(zo,yo). Similarly, B = f,(xo, o).
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