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Definition 13.23

Let f be a function of two variable. The first partial derivative of f with respect to
x at (zg,yo), denoted by f.(zo,yo), is defined by
f(xo + Az, y0) — f(x0, %0)
0 Ax
provided the limit exists. The first partial derivative of f with respect to y at (zo, ¥o),

denoted by f,(xo, o), is defined by

fz(20,90) = AI;E}

m f(wo,yo + Ay) — f(zo, yo)

fy(l‘(hyO) = AlyHO Ay

provided the limit exists. When f, and f, exist for all (zo,90) (in a certain open
region), f, and f, are simply called the first partial derivative of f with respect to =

and y, respectively.

Theorem 13.28

If f is a function of  and y such that f,, and f,, are continuous on an open disk D,

then fo(@.9) = fralz,y) ¥ (z,y) €D

Definition 13.30

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. For (z9,v0) € R, f is said to be differentiable at (z¢,yo) if there exist real
numbers A, B such that

lim |f(z,y) — f(zo,50) — (A, B) - (z — x0,y — 1)

=0.

If f is differentiable at (zo,yo), then A = f.(zo,y0) and B = f,(xo,yo0); thus if f
is differentiable at (xo, o), fz(zo,y0) and f,(zo,yo) both exist and we have the following

alternative

Definition 13.31

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. For (xo,y0) € R, f is said to be differentiable at (xo,yo) if (f.(x0,v0),
fy(z0,yo) both exist and)

lim |f(z,y) — f(zo,y0) — (fe(o, v0), fy(x0, %0)) - (& — 20,y — yo)]

=0.
(z,y)—(x0,90) \/(gj —20)2 + (y — yo)?




Remark 13.32. 1. The ordered pair (fx(xo, Yo), fy(o, yo)) is called the derivative of f at
(x0,70) if f is differentiable at (zg,yo) and is usually denoted by (D f)(xq, yo)-

2. Using e-0 notation, we find that f is differentiable at (¢, yo) if for every € > 0, there
exists 0 > 0 such that

f(x,y) = f(20,50) — fa(20, yo) (& — 20) — fy(x0, %0) (y — %0
<en/(x—20)2 + (y — yo)? whenever /(z — x0)2 4+ (y — yo)2 < 6.

Now suppose that f is a function of two variables such that f,(zo,v0) and f,(xo, o)

exist. Define

f(z,y) — f(wo,y0) — fz(x0,%0)(x — x0) — fy(x0,0)(y — vo)
e(x,y) = V(& —x0)? + (y — vo)?
0 if (z,9) = (o, %0) -

if (xay) a (anyO)a

Let Ax =2 — 9, Ay =y — yo and Az = f(z,y) — f(z0,vy0). Then

Az = fo(xo,y0) Az + fy(xo,yo) Ay + ez, y)A/Ax? + Ay?,

and f is differentiable at (z¢,yo) if and only if ~ lim  e(x,y) =0.

(z,y)—(x0,y0)

Finally, define

e(x,y)Ax

—— if x, # (xo, ,
ey = | VA rag Y7 o)
0 if (:L’,y) # (Io,yo) )
e(r,y)Ay .
R N A — lf X, # Zo, ,
caoy) = | VAP tap ) Eew),
0 if ($’y) 7 (l’g,yo) )

then

0 < |er(z, )l lez(z, )| < [e(z,9)| = Verlz,y)? + ea(x, y)?

thus the Squeeze Theorem shows that

lim  e(x,y) =0 if and only if lim  e(z,y)= lim e&y(z,y)=0.

(z,y)—(z0,y0) (z,y)—(z0,y0) (z,y)—(z0,y0)

By the fact that e(x,y)\/Ax? + Ay? = e1(x,y)Ax + 5(x, y)Ay, the alternative definition



above can be rewritten as

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. For (zg,40) € R, f is said to be differentiable at (zg,yo) if (/. (70.v0).

Jy(x0.yo) both exist and) there exist functions €, and ey such that

Az = fo(zo,y0) Az + f (0, Yo) Ay + e1Az + €Ay,

where both e, and e approaches 0 as (z,y) — (2o, yo).

Example 13.33. Show that the function f(z,y) = x? + 3y is differentiable at every point

in the plane.
Let (a,b) € R? be given. Then f,(a,b) = 2a and f,(a,b) = 3. Therefore,
Az — fo(a,b)Az — f,(a,b)Ay = 2° + 3y — a® — 3b — 2a(z — a) — 3(y — b)
= (z—a)’ = a1z, y) Az + &2, y) Ay ,

where e1(x,y) = 2 — a and e9(z,y) = 0. Since

lim &(x,y) =0 and lim es(x,y) =0,
(2,9)—(a.b) 1(@:y) (29)—(a.b) 2(,Y)

by the definition we find that f is differentiable at (a,b).
Example 13.34. The function f given in Example 13.25 is differentiable at (0, 0) since if
(z,y) # (0,0),

[f(,y) = £(0,0) = £(0,0)x — £,(0,0)y| _ |ay(@® —9*)| _ |2* — 4|

Va2 4 y? (224127 A2+

and the Squeeze Theorem shows that

[f(z,y) = f(0,0) = fa(0,0)(x — 0) — £,(0,0)(y — 0)|

< |2 + [yl

lim =0.
(2,5)—(0,0) Var+y?
e Differentiability of functions of several variables
A real-valued function f of n variables is differentiable at (a1, a9, - ,a,) if there exist n

real numbers Aq, Ay, -+, A, such that

lim ’f(l'l,"' xn) — flar, - an) — (Ay, -, Ap) - (21 —ag, - - 7%_%)‘
(z1, xn)— (a1, ,an) \/(;1;1 — a1)2 NI (-Tn _ an)2




We also note that when f is differentiable at (aq, - - - ,a,), then these numbers Ay, As,--- | A,
must be f, (a1, -, an), fo, (a1, ,an), -+, fo, (a1, ,a,), respectively.

It is usually easier to compute the partial derivatives of a function of several variables
than determine the differentiability of that function. Is there any connection between some

specific properties of partial derivatives and the differentiability? We have the following

Theorem 13.35

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f, and f, are continuous in a neighborhood of (z¢,vy) € R, then f is
differentiable at (z¢,v0). In particular, if f, and f, are continuous on R, then f is

differentiable on R; that is, f is said to be differentiable at every point in R.

Therefore, the differentiability of f in Example 13.25 at any point (xg,yo) # (0,0) can

be guaranteed since f, and f, are continuous on R?\{(0,0)}.

Theorem 13.36

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f is differentiable at (xg, o), then f is continuous at (xg, o).

Proof. By the definition of differentiability, if f is differentiable at (z¢,yo), then there exists

function €; and &9 such that

lim  e(z,y) = lim  e,(z,y) =0
By 1B =l (@)
and
f(x,y) = f(xo,v0) + fu(To, yo)(x — x0) + fy(xo, Yo)(y — yo)
+e1(z,y)(x — x0) + €2(2,¥)(y — %o) -
Then — lim  f(z,y) = f(zo, o) .

(I,y)ﬁ(xo,yo)
Example 13.36. Consider the function

—3xy
fla,y) = @ +v?




Then f is not continuous at (0,0) since

3
(z,ygglo,o) f(z,y) u (‘””’i;ri(lo"” f(z,y) 5

However, we note that

£,(0,0) = lim L1820 = f(0,0)

Az—0 Ax

o F(0.89)  £(0.0)

=0 and f,(0,0)= Aly_)0 Ay

=0.

Therefore, the existence of partial derivatives at a point in all directions does not even

imply the continuity.



