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Definition 13.31

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. For (xg,y0) € R, f is said to be differentiable at (xo,yo) if (f.(x0, 1),
fy(zo,yo) both exist and)
lim £z, 9) = f (20, 90) = (fol@o, %0), fy (20, %0)) - ( — w0,y — 0)] _0.
(@)=(zo.w0) V(@ —20)? + (y — y0)?

The ordered pair (f,(xo, o), fy(20,%0)) is called the derivative of f at (o, yo) if f is
differentiable at (z¢,yo) and is usually denoted by (D f)(xo, yo)-

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. For (zg,y0) € R, f is said to be differentiable at (zq, yo) if (/.(z0, o),

Jy(z0.y0) both exist and) there exist functions €; and e, such that

Az = fo(zo,y0) Az + f, (20, Yo) Ay + e1Az + €Ay,

where both ¢; and €2 approaches 0 as (z,y) — (xo, yo).

¢ Differentiability of functions of several variables

A real-valued function f of n variables is differentiable at (aq,aq,- -+ ,a,) if there exist n
real numbers Aq, Ay, -+, A, such that
{f(xlf" 7xn)_f(a17”' 7an)_(A17”' 7An) '(xl — a1, 7xn_an)} :O

lim

(z1,,@n)— (a1, ,an) \/(2121 — a1)2 + -4 (.%'n — an)2
We also note that when f is differentiable at (aq,- - ,a,), then these numbers Ay, Ay, -+ | A,
must be fi (a1, ,an), fe, (a1, - ,an), -+, fo, (a1, -+ ,a,), respectively.

Theorem 13.35

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. If f, and f, are continuous in a neighborhood of (z¢,vy) € R, then f is
differentiable at (zo,y0). In particular, if f, and f, are continuous on R, then f is

differentiable on R; that is, f is said to be differentiable at every point in R.

Theorem 13.36

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f is differentiable at (xg, o), then f is continuous at (xg, yo).




13.5 Chain Rules for Functions of Several Variables

Recall the chain rule for functions of one variable:

Let I, J be open intervals, f : J — R, g : I — R be real-valued functions, and the
range of ¢ is contained in J. If g is differentiable at ¢ € [ and f is differentiable at

g(c), then f o g is differentiable at ¢ and
L (Feg)@) = Fale)g'(0).

dz lz=c

For functions of two variables, we have the following

Theorem 13.37

Let z = f(z,y) be a differentiable function (of z and y). If z = ¢(¢) and y = h(t) are
differentiable functions (of t), then z(t) = f(z(t),y(t)) is differentiable and

2'(t) = ful@(), y(t)x"(t) + fy (2(t), y(£))y'(t) -

Let v(t) = (z(¢),y(t)). Then ~'(t) = (z'(t),y’(t)), and the chain rule above can be

written as

%(f 0 y)(t) = (Df)(v(1) - (1)

A short-hand notation of the identity above
dz  ofdr Jdfdy ,
%—afxg‘f‘a—y%—(fz,fy)'(x ')

Corollary 13.38

Let z = f(z,y) be a differentiable function (of x and y).

1. If x = u(s,t) and y = v(s, t) are such that % and % exist, then the first partial

derivative Zz of the function z(s,t) = f(u(s,t),v(s,t)) exists and

zo(s,t) = fo(u(s,t),v(s,t))us(s, t) + fy (u(s, t),v(s,t))vs(s,t).

2. If . = u(s,t) and y = v(s,t) are such that % and % exist, then the first partial
derivative (Z of the function z(s,t) = f(u(s,t),v(s,t)) exists and

z(s,t) = fz(u(s,t),v(s,t))ut(s,t) + fy(u(s,t),v(s,t))vt(s,t).




Example 13.39. Let f(z,y) = 2%y — y*. Find %, where z(t) = f(sint,e?).

1. Since z(t) = e sin®t — €, by the product rule and the chain rule for functions of one
variable, we find that

det dsin?t
2'(t) = —sin®t + et

i 7 2¢% = etsin®t + 2etsint cost — 2e?t .

2. By the chain rule for functions of two variables,

2'(t) = (fuo(sint, e"), fy(sint,e")) - %(sint,et)

- (cost, e’
(z,y)=(sint,et) ( )

= (2¢'sint,sin®t — 2¢') - (cost, e')

(
= (2zy, 2 — 2y)
(

— 2¢elsintcost + et sin?t — 2e* .

oz

Example 13.40. Let f(z,y) = 2zy. Find ZZ and 5
S

where z(s,t) = f(s* + 12, ;)

3
1. Since 2(s,t) = 2(s* + t2)§ = 2% + 2st, by the product rule we find that

0z 652 0z 253
%(s,t):T—i-Qt and E(S’t>:_t_2+2s'
2. By the chain rule for functions of two variables,
%(s t) = (fo(s* + 2, 8/1), f, (s> + 12, s/t)) - i(52+t2 =
as ) x ) 1 JY ) as ,t
25 ., 9 .o 1, 45 282422 652
_(* £2)) - (25,2) = —— 4 22 T 2% L o
(520" +17)) - (25, 5) P el
and
%(3 t) = (fo(s* + 2, 8/1), f, (s + 12, s/t)) - z(82—1—252 f)
at Y T Y 1 JY Y at ’t
25 . o9 .o s 253 + 2st? 253



e The chain rule for functions of several variables

Suppose that w = f(xq, 29, -+ ,x,) be a differentiable function (of z1,xs,--- ,x,). If each
x; is a differentiable function of m variables tq,%s,--- ,t,,, then
(9_w_8w(?x1 0w6x2+ +§_w8xn_28_w%
5151 N (9&31 &‘tl 8x2 (%1 8xn &‘tl _j:1 (%cj (3t1 ’
6w_8w8x1+8w8m2+ +6w axn_i dw Ox;
8t2 n 8x1 8t2 8x2 atg 8xn 8t2 _jzl &xj 8252 ’
6w_8w§x1+8w§x2+ +6_w(?xn_zn:8_w%
Otm  0x1 Oty 0T3Oty 00 Oty A 0 Ot
Using the notation of the matrix multiplication,
om0 o)
oty Ot Otm
6x2 axg 6x2
ow Cw o dw| _\O0f of o Of || Oty Otwm
8751 atQ é’tm 8$1 a.’EQ é’xn . . .
| 0t Oty Otm

e Implicit partial differentiation

In Section 2.4 we have talked about finding derivatives of a function y = f(z) which is defined
implicitly by F(z,y) = 0 (when F' is giving explicitly). Now suppose that z = F/(z,y) is a
differentiable function and the relation F'(z,y) = 0 defines a differentiable function y = f(x)
implicitly (so that F'(x, f(z)) = 0). By the chain rule,

OZ%WLNWIE@NM+%@NWW@

which implies that
 Fu(z, f(2))

fl(z) = ——=—"—2 if F,(z, f(x)) #0.

D= R g )

Since f is in general unknown (but exists), we usually write the identity above as
dy _ Fi(x,y)

— if F = d F )
- () if F(z,y) =0 and F,(z,y) #0



In fact, when F, and F), are continuous in an open region R, and F'(a,b) = 0 and Fy(a,b) # 0
at some point (a,b) € R, the relation F'(z,y) = 0 defines a function y = f(z) implicitly near
(a,b) and f is continuously differentiable near x = a. This is the Implicit Function Theorem

and the precise statement is stated as follows.

Theorem 13.41: Implicit Function Theorem (Special case)

Let R < R? be an open region in the plane, and F' : R — R be a function of
two variables such that F, and F), are continuous in a neighborhood of (a,b) € R. If
F(a,b) = 0 and F(a,b) = 0, then there exists 6 > 0 and a unique continuous function
f:(a—d,a+0) — Rsatistying F(z, f(z)) =0 forall z € (a —d,a+6), and b = f(a).
Moreover, f is differentiable on (a — §,a + ¢), and

Fy(z, f(2))
fl(z) = - Ve (a—d,a+9d).

F?J('r’ (ZE))
In general, let F' be a function of n variables (zy,xs, - ,x,) such that F, , F,,,
.-+, F, are continuous in a neighborhood of (ay,as, - ,a,. If F(aj,as, -+ ,a,) =0
and F, (aj,as, - ,a,) # 0, then locally near (aj,as, - ,a,) there exists a unique
continuous function f satisfying F(xy, - ,z,_1, f(21, - ,2,-1)) = 0 and a, =
flay, -+ ,an,_1). Moreover, for 1 <j<n-—1,

Fx'xv"'7$n—> Ly, 3 Tp—
ﬁ(l‘ly"' 7])”_1): J< ! ! f< 1 1))

axj _Fxn(xla"' 7xn—1af<$17"' 7$n—1))‘
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