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Theorem 13.74

Let f and g be continuously differentiable functions of n variables. Suppose that on
the level curve g(z1,- -+ ,z,) = c the function f attains its extrema at (a1, -+ ,a,). If
(Vg)(ai, - ,a,) # 0, then there is a real value A such that

(vf)(ala T 7an) = )‘<v9)(a17 t 7an)'

Theorem 13.76: Lagrange Multiplier Theorem - More General Version

Let f, g and h be continuously differentiable functions of three variables. Suppose
that subject to the constraints g(x,y, z) = ¢; and h(z,y, z) = ¢, the function f attains
its extrema at (o, Yo, 20)- If (Vg)(o, Yo, 20) X (Vh)(z0, Yo, 20) # 0, then there are real
numbers A and p such that

(V)(o, 40, 20) = AV g) (w0, Yo, 20) + p(Vh) (0, Yo, 20) -

Example 13.77. Find the extreme value of the function f(z,y,2) = 20 + 2z + 2y + 2°
subject to two constraints 2 +y? + 22 =11 and z +y + 2z = 3.

Let g(x,y,2) = 2?2 + y*> + 22 — 11 and h(z,y,2) = 2 + y + z — 3. We first note that if
(x,y, z) satisfies g(x,y, z) = h(z,y,2) = 0, then (Vg)(z,y, z) x (Vh)(z,y, z) # 0. Moreover,
[ attains its extrema on the intersection of the level surface g(x,y,2) = 0 and h(z,y,z) =
0 (since the intersection is closed and bounded). Suppose that f attains its extrema at

(%0, Yo, 20). Then there exists A, u € R such that

(V) (o, v0, 20) = MV g) (0, Y0, 20) + p(Vh) (20, Yo, 20) ,
g(l’oyyoyzo) = h(xo,yo,zg) =0.

Therefore,
2A\mo +p =2, (13.10.2a)
2\yo + p =2, (13.10.2b)
20 =1z +pu=0, (13.10.2c)
3+ ys + 20 =11, (13.10.2d)
To+Yo+20=3. (13.10.2¢)

(13.10.2a,b) implies that A(zg — yo) = 0; thus A = 0 or zg = yo.



1. If A = 0, then (13.10.2a) implies p = 2 and (13.10.2c) implies p = 2z. Therefore,
20 = 1 which further shows x3 + y2 = 10 and x¢ + yo = 2. Then (zg,yo) = (3,—1) or
(—1,3). Therefore, when A = 0,

(1507907 ZO) = (37 _17 1) or (xOJ Yo, ZO) = (_17 37 1) .

2. If zg = yo, then (13.10.2d,e) implies that 2z% + 22 = 11 and 2z + 29 = 3. Therefore,
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Since f(3,—1,1) = f(—1,3,1) = 25 and

3+2v3 3+2v3 3-4v3, . 3-2V3 3-2V3 3+4¢3, 91
f(3’3’3)_f(3’3’3)_§’

o= Yo =

. .. . 91
we conclude that the maximum and minimum value of f subject to g = h = 0 are 3 and

25, respectively.
Example 13.78. Find the extreme value of f(z,y,z) = z subject to the constraints z* +
yt— 2 =0and y = 2.
Let g(z,y,2) = 2* + y* — 2% and h(x,y,2) =y — z. Then
(Vg)(x,y,z) = (4$374y37_32‘2) and (Vh)(.lf,y,Z) = (Oa17_1)
which implies that
(Vg)(x,y,2) x (Vh)(z,y,2) = (322 — 4y, 42°,42°) .
Suppose the extreme value of f, under the constraints g = h = 0, occurs at (xg, yo, 20)-

1. If (Vg) (o, Yo, 20) x (VR)(x0, Y0, 20) = 0, then (xq,yo, 20) = (0,0,0) and f(0,0,0) = 0.

2. If (Vg)(zo, Yo, 20) X (Vh)(x0, yo, 20) # 0, then the Lagrange Multiplier Theorem implies
that there exist A, u € R such that

(V) (@0, Yo, 20) = MVg) (20, Yo, 20) + 1(Vh) (0, Yo, 20) -

Therefore, (xo, Yo, 20) satisfies that
g =0, (13.10.3a)
ADys + =0, (13.10.3b)
3\ —p=1, (13.10.3¢)
(13.10.3d)
(13.10.3¢)

4 4 3 _
To+Yy— 2 =0,

Yo — 20 =0.



Then (13.10.3a) implies that A = 0 or x5 = 0.

(a) If A =0, then (13.10.3b) shows g = 0; thus using (13.10.3c), we obtain a contra-
diction 0 = —1. Therefore, A # 0.

(b) If 2o = 0 (and A # 0), then (13.10.3d) implies that ys — z5 = 0. Together with
(13.10.3e), we find that yo = 0 or yo = 1. However, if yo = 0, then (13.10.3b)
shows that p = 0 which again implies a contradiction 0 = 1 from (13.10.3c).
Therefore, yo = z9 = 1 (and there are A, u satisfying (13.10.3b,c) for yo = zo = 1

but the values of A and p are not important).

Therefore, the Lagrange Multiplier Theorem only provides one possible (zo, yo, z0) =

(0,1,1) where f attains its extreme value.

Since the intersection of the level surface ¢ = 0 and h = 0 is closed and bounded, f must
attains its maximum and minimum subject to the constraints ¢ = h = 0. Since (0,0,0)
and (0,1,1) are the only possible points where f attains its extrema, the maximum and
minimum of f, subject to the constraint ¢ = h = 0, is f(0,1,1) = 1 and f(0,0,0) = 0,

respectively.



