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Suppose that R = [a,b] x [c,b] = {(z,y)|a < x < b,c <y < d} is a rectangular region
in the plane, f : R — R is a non-negative continuous function. Let P, = {a = 2y < 27 <
Tg < - <z, =band P, ={c=yo <11 <--- < ym = d} be partitions of [a,b] and [c, d],
respectively, and R;; denote the rectangle [x;_;, x;] x [y;—1,y;]. The collection of rectangles
P ={Ri|1 <k < nmj}is called a partition of R. A Riemann sum of f for P is of the form

Z Z f (&g mig) Aij

i=1j=1
where {(gij:nij)}léign,lsjgm is a collection of point in R such that (&;,7;;) € R;;, and
Aj; = (z; — xi—1)(y; — yj—1) is the area of the rectangle R;;. Define the norm of P, denoted
by |P|, as the maximum length of the diagonal of R;;.
Let R = [a,b] x [c,d] be a rectangle in the plane, and f : R — R be a function. f is

said to be Riemann integrable on R if there exists a real number V' such that for every

e > 0, there exists 6 > 0 such that if P is partition of R satisfying |P| < J, then any
Riemann sums of f for the partition P belongs to the interval (V — &,V + ¢). Such

a number V' (is unique if it exists and) is called the Riemann integral or double

integral of f on R and is denoted by fff(x, y) dA.
R

For general bounded region R in the plane, let r > 0 be such that R < [—r,7]?, and we
define fff(a:, y) dA as ff f(:c, y) dA, where £ is the zero extension of f.
R
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Theorem 14.7: Fubini’s Theorem

Let R be a region in the plane, and f : R — R be continuous (but no necessary

non-negative).

1. If Ris given by R = {(z,y)|a <z < b,q1(z) <y < go(x)}, then
b 92(x)
ﬂf(l’,y) dA = ( f(z,y) dy) dx.
2. If R is given by R = {(az‘,y)|c <y<d,gi(z) <y < go(z)}, then
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Example 14.8. Find the volume of the solid region bounded by the paraboloid z = 4 —
22 — 2y% and the zy-plane. By the definition of double integrals, the volume of this solid is

given by jj (4 — 2% — 2y*) dA, where R is the region {(z,y)|2? + 2y* < 4}. Writing R as

_ 2 2
R:{(Ly)’ —2<x<2,—\/4 29@ <y<\/4 233}

R={(z,y)| —vV2<y<v2,—Vi-2 <o<i-22},
the Fubini Theorem then implies that

ﬂ 2 2P)dA = f JF —a? —2P) dy) do

V2 4—2y2
:ffq (4—x2—2y2)dx>dy.
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or

1. Integrating in y first then integrating in z: for fixed = € [—2, 2],

4—z2

f 2(4—x2—2y2)dyzj ; dy—2f
= e =

=V2(4 - 2?)2 — g( 4_2$2>3 = 2{(4—$2)3-

Therefore, by the substitution x = 2sinf (so that dx = 2 cos df),
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2. Integrating in z first then integrating in y: for fixed y € [—v/2,v/2],

4292 A/ 4—2y2 4292
f (4—x2—2y2)d$:f (4—2y2)dx—f z? dx
—a/4—2y2 —a/4—2y2 —a/4—2y2

thus by the substitution of variable y = 1/2sin 6 (so that dy = v/2 cos d#),
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i cos* 6 df = cos* 0df = 427 .
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Example 14.9. Find the volume of the solid region bounded above by the paraboloid
2z =1 — 2% —y? and below by the plane z =1 — v.
Let R be the region in the plane whose boundary points (z, y) satisfies 1 —22—y* = 1—y

or equivalently, 22 + y? — y = 0. Then the volume of the solid described above is given by

jj [(1 -2 —4?) — (1 —y)] dA. Note that the region R is a disk centered at (0, %) with
R
1

radius 3 and can be written as

R={(z,)[0<y<1,-\y—¢y> <z <~y—y?}.

Therefore,

2

H [(1—2?—y*) = (1—y)]dA= Ll (f yy_ny(y — 22— ) da:)dy
R
= f: (2(y—y2) )dy = %Ll(y—yz)gdy— %J: [i ~(y- %)2}%dy.

Making the substitution of variable y — % = %sin@ (so that dy = %cos 0 d@),
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ff[(l—xZ—yZ)_(l—y)}dA:§f COSS -§c059d0:6f0 cos49d9:§—2.
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Example 14.10. Find the iterated integral J (J e’ d:zc) dy.
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<y<l,y<z< 1}. Since R can also be expressed as R =

0
{(z,y)|0 <2 <1,0 <y <z}, by the Fubini Theorem we find that

Ll <L1 e dx) dy = [j e dA = Ll (f: e dy) dr = Ll ze ™ d

14.3 Surface Area

Let R = [a,b] x [c,d] be a rectangle in the plane, and f : R — R be a continuously

differentiable function. We are interested in the area of the surface

S={(z,y,2)|(x,y) € R,z = f(z,y)}.

Let P = {Rij ‘ 1 <i<n,l1 <j< m} be a partition of R. Partition each rectangle

Rij = [zi—1, 5] X [yj—1, y;] into two triangles Aj; and AZ;, where Aj; has vertices (;_1,y;-1),

(2i,Yj-1), (wi1,y;) and A has vertices (i, 9;), (¥i—1,9;), (zi,y;-1). Then intuitively, the

area of the surface f(Aj;) can be approximated by the area of the triangle Tj; with ver-

tices (xiflu Yj—1, f(xifh yjfl))u (a:iu Yj—1, f(q;za yjfl)) and (x% Yjs f(xm yj))7 while the area

of the surface f(A;) can be approximated by the area of the triangle T}, with vertices

(:Ei,yj, f(:vi,yj)), (xi_l,yj, f(mi_l,yj)) and (:Ei,yj_l, f(:):i,yj_l)). Therefore, the area of the
surface f(R;;) can be approximated by the sum of area of triangles T}; and 77}, and the area
of the surface S can be approximated by the sum of the area of the triangles 7;; and Tfj,

where is sum is taken over all 1 <7< nand 1 <j <m.
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