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Let R = [a,b] x [c,d] be a rectangle in the plane, and f : R — R be a continuously

differentiable function. We are interested in the area of the surface

S:{(m,y,z)‘(x,y)eR,z:f(x,y)}.

Let P = {Rij ‘ l1<i1<n,1 <j< m} be a partition of R. Partition each rectangle
Rij = [zi—1, 5] X [yj-1, ;] into two triangles Aj; and A7,

(2i,Yj-1), (wi—1,y;) and A has vertices (i, v;), (¥i-1,%;), (zi,y;-1). Then intuitively, the

1 .
where A;; has vertices (Tic1,Y5-1),

area of the surface f(A}) can be approximated by the area of the triangle T} with ver-
tices (a:i,l,yj,l,f(xi,l,yj,l)), (xi,yj,l,f(xi,yj,l)) and (a:'i,yj,f(:ci,yj)), while the area
of the surface f (A?j) can be approximated by the area of the triangle TE with vertices
(.ri,yj, f(a:i,yj)), (xi_l,yj, f(xi_l,yj)) and (xi,yj_l, f(xi,yj_l)). Therefore, the area of the
surface f(R;;) can be approximated by the sum of area of triangles T1 and Té, and the area

of the surface S can be approximated by the sum of the area of the triangles Té and TZ,

where is sum is taken over all 1 <t <nand 1 <7 <m.
Now we compute the area of the triangles T} and T};. We remark that for a triangle T
with vertices Py, P, P3, letting u = PLP, = P, — P, and v = P, P; = Py — P;, the area of

1
T can be computed by f||u x v|. Therefore, the area of Té is given by

\ — 221,00, f(@i, yj—1) — f(wioa, yj—1)> X

o[
"2
x (0,y; — yj—1, f(@iz1,y5) — f(xi—lyyj—l))H .
By the mean value theorem, there exist £ € (2,1, 2;) and 77 € (y;-1,¥;) such that
f (s, Yi-1) — f(xi—hyj—l) = fx(€:7yj—1)($i —Ti1),
f(@ica,yy) = f(@im1,yj-1) = fy(@ion,ni) (w5 — yj-1) 5
thus we obtain that
T = ! H(l 0, f2(&,y5-1)) * (0, 1afy(17i—1,77§‘))H<% —2i1)(Yj — Yj-1)
:_H( fo(& Y1), — fy(@ie 1777] )H i — 2ic1) (Y — Yj-1)

= 5\/1 + fe(&F Y1)+ fy(in, m)? (2 — 2i1) (Y5 — Y1) -
Similarly, there exist {* € (2,1, %;) and 1i* € (y;-1,y;) such that the area of the triangle

T is given by

1721 = 51+ L€ )+ oo 3Pl — i) 05— 054).



Let M = (mz)mXR(]fx(x,y)‘ + |fy(@,y)]), IRl = (b—a)(d—¢), and € > 0 be a given (but
T,y)€
arbitrary) number. Suppose that

‘fa:(avﬂ) - fx(&n)‘ + ‘fy(aaﬁ) - fy(&ﬁ)‘ < m v (aaﬂ)’ (5777) € Rij : (1431)

Then

L+ fola, B)? + fyla®, B 1+ fo(§,m)? + £y (§,n)?
o 2y |

_ fa:(a>ﬁ) +fy(a >ﬁ) _fw(gan) _fy(@??)
VI falen B2+ fylax, B2 + /14 fo(E0)% + f,(E.n)?

<5 [I560.8) - fm(é,n)Hfm(Oé,B) + L&)
+ |fue®, 8% = fy(€ ml Sy, 8 +fy(§n)\]

2M Me €
|1 fe(0.8) fzin}+\fy )= enl] < s < R

Therefore, if (14.3.1) holds for all 1 <7 < n and 1 < j < m, then for (&;,7;;) € R;;, we have

‘|Tzl| + |T'2'| —\/1+f:z fijanij)2+fy(§ija77ij)2( — Ti— 1)(?J Yj— 1)‘
‘ \/1+fm £z7y] 1) +fy Li— 1777] 2\/1+f93 7yj +fy(xi;7];*)2
—\/1+fa: (&g mij)? + fy(&ijsmig)? (2 — i) (Y5 — Yj-1)

3
< m(%‘ = i) (Y5 = Yj-1);
thus if (14.3.1) holds for all 1 <i < n and 1 < j < m, then for (&;,n;;) € Rij,
ZZ( |+| ZZ\/1+fx (&g mi)* + [y (&g mig)* (@i — 2i-) (Y5 — Y1)
i=1j=1 i=1j=1

‘\ 4T - \/1 + fo (&g mi)? + fy oy mig) (0 — 1) (y; — yjfl)‘
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|($z‘ — 2 )Yy — Yj1) = 3"

Finally, we state as a fact that there exists d; > 0 such that (14.3.1) holds as long as

|P|| < d;. This property is called the uniform continuity of continuous functions on
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closed and bounded sets.



On the other hand, since the function z = /1 + f.(z,y)? + f,(z,y)? is continuous on R

(and R has area), it is Riemann integrable on R. Let

1= L | V1 £+ aa

Then there exists d > 0 such that if P is a partition of R satisfying ||P|| < s, then any

Riemann sum of f for the partition P belongs to (I — g, I+ g) Therefore,

DY+ Fal€ )+ €y — ) (s — 950) — 1| < 5.

i=1j=1

Let § = min{d;,d2}. Then 6 > 0, and if P = {Rij}Rij = [rio1, x5 % [yj—1,y;),1 <@ <
n,1 < j <m} is a partition of R satisfying |P| < 4, then by choosing a collection of points
{(51], Nij }1<Z<n I<j<m such that (&;;,7;;) € R;j, we conclude that

I,

n m

ZZI il +HIT5) 1

< (T +1T3) = 222 \/1 + Ja&ijr i) + fy (&g mig)* (@i — 2im1) (Y5 — Yj-1)

i=1j=1 i=1j=1
TL

m

\/1+fz(§ijﬂ7ij)2+fy(§ijﬂ7ij>2( — Tio1) (Y — yj-1) — 1

i:l j:l
This means that the approximation of the area of the surface S can be made arbitrarily

closed to I; thus the area of the surface S must be I. In general, we have the following

Theorem 14.11

Let R be a closed region in the plane, and f : R — R be a continuously differentiable

function. Then the area of the surface S = {(z,y, z) ‘ (z,y) € R,z = f(z,y)} is given
by

[[ViFI@nEwraa = | \i+ fiw?+ fawria

Example 14.12. In this example we consider the surface area of the upper hemi-sphere

z = 4/r? — 2% — y? that lies above the disk R = {(z,y) |2? + y* < 0%}, where 0 < 0 < r
Since R can also be expressed by

R:{(x,y)} —raézga,—\/cﬂ—x?<y<V02—$2},



the computations from the previous example, as well as the Fubini Theorem, implies that

the surface area of interest is given by

r ? Vor-z? 1
dA =71 ( —dy)d:c
/r2 — 22 — 42 Lo N e A — 22 — 2
R

. 1 .U
Using J N/ du = arcsin p; + C, we find that

loa o°—T o y:m
( ) dr = ( arcsin —2— > dx
m T — x2 — 92 . r? — 22 ly=—o2—a?

Vo? — 12 o Vo? — 12
=2 arcsin ——— dr =2 arctan ———— dx

r2 — 22 Y 72 2

Vo2 — x2

2 2

7 d
— r— arctan ———dx
r=—0 . dx r? — o2

_ f Wmdx zmj vttt

=2 [x arctan

rT—o

22 2 2 2
+ 5=5 2 _ax2)\o?2 —x
= —24/r? — g2 7r+2\/7“2—a2f dzx .
_ x2) 02 _ 2

. o .0
Using the substitution z = o sin 50 e find that

o 7,2 p T 7"2 " 7T 7a2 o
JU (r2 — 22)/o? — 22 r= Jﬂ 2(r? — o2 sin® 2) N JW 212 — 02(1 — cos6)
1

=72 ' de .
" JW (2r2 — 02) 4+ 0% cosd

o 0 L
and further substitution tan 5= t implies that

JU ’1“2 dr — [P 'r2 2dt
o (r? —22)\o? — a2 Jow (2T2_02)+‘72%1+t2
_ (" 2 dt
) 2r2(L+12) — o2(1 4+ #2) + 02(1 — #2)
(o0 2
r
= 2 2 2142 dt
Joo 2+ (r2—o?)t
r r2 — g2 \|® T
= ————arctan ( t) = .
r2 — o2 r t=—00 r2 — o2




Therefore, the surface area of interest is given by

dA = QTW[—W—F S 2} =217 (r — Vr2 — o?) .

r2 —o

[

We also note that the surface area that we obtain approaches 27r% as ¢ — r. This value

2712 is exactly the surface area of the upper hemi-sphere with radius r.



