Exercise Problem Sets 1
Sept. 13. 2019

Problem 1. Let 8 be a real number such that ¢t = tang also be a real number. Show that
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0 if z is irrational .
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Proof. Let € > 0 be given. Then there exists a prime number p such that — < e. Let ¢1,¢2, -, qn
p

be rational numbers in (g, %) satisfying
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q; = a(r78>:171<r<p7
and define § = émin ({|c —q],lc — qaf, -+, e — qn|}\{0}> Then 6 > 0. Suppose that = satisfies
that 0 < |z — ¢| < 0.

1. If z € Q°, then f(z) = 0 which shows that |f(z)| < e.

2. If x € Q, then x = ; for some natural numbers r, s satisfying (r, s) = 1. By the choice of , we
find that r» > p; thus

‘f(m)]:;<%<£.

In either case, |f(z)| < &; thus we establish that

|f(x) — 0] <& whenever 0<|z—c|<3§.

Therefore, lim f(z) = 0. o
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Problem 3. Let f be given in Problem 2 and g : R — R be defined by

flz) ifx>0,
gx) =< f(-z) ifz <0,
1 ifx=0.

Find lin% g(x).



