Calculus MA1001-A Midterm 1
National Central University, Oct. 29, 2019

Problem 1. Complete the following.

1. (5pts) Let I be an interval, and f : I — R be a function. State the e-d definition of the
continuity of f at a point ce I. (4cif f & 1 ¥ - B ci fehe-d T5)

2. (5pts) State Rolle’s Theorem.
Problem 2. (10pts) State and prove the Mean Value Theorem.

Problem 3. 1. (15pts) Show that
x——+—<sinaz<x—x— forall z<0. (%)

Note that you have to start with the well-known inequality sinx < x for all z > 0.

sinx —x

2. (5bpts) Find the limit lim

1 s— (Do not use L’Hospital’s rule even if you know this).
T— xr

Solution. 1. First, we note that using the inequality sinz < z for all x > 0, we have “sin(—z) < (—x)
for all x < 07; thus
r <sinz Vo <0. (1)

Let g1(x) = cosz — 1 —|— —. Then g{(z) = —sinz + x; thus using (1), we find that g{(x) < 0

for all x < 0. Therefore, 91 is decreasing on (—o0, 0] which shows that
gi(x) = q(0)=0 Va<0. (2)

Let go(z) = sinz — x + w—. Then g5(z) = cosz — 1+ x— = ¢g1(z); thus using (2) we find that

g4(x) = 0 for all x < 0. Therefore g2 is increasing on ( 00, 0] which shows that
g2(x) < g2(0) =0 Vr<0. (3)
22 23
Let g3(z) = cosx — 1 T . Then g{(z) = —sinz + x — ? = —go(x); thus using (3) we

find that g4(z) = 0 for all r < O. Therefore, g3 is increasing on (—oo, 0] which shows that

g3(z) < g3(0)=0 Vz<O0. (4)

23 2 4
Letg4()—51nx—x+——— Theng4()—cosalz—l—i—gL ik

gi1(z) <0 for all z < 0. Therefore, g, is decreasing on (—o0, 0] which shows that

thus using (4) we find that

9a(x) = 94(0) =0 V& <0. (5)

The desired inequality is the combination of (3) and (5).



2. Using the inequality in 1, we have

1<sinac—x< 1+x2 Vo <0
—— < — << —= 4+ — T .
3 6 120

Since the limits of the left-hand side and the right-hand side as * — 07 is 0, by the Squeeze
Theorem we find that

. sinx —=x 1
lim ———— = ——.
-0 a3 6
Therefore,
. sinz—ux . sin(—z) — (—x) . sinz—ux 1
lim ———— = lim 3 = lim ——— = ——
z—0t T z—0~ (*l‘) z—0~ x 6

and the fact that the left-hand limit and the right-hand limit are identical implies that

sinx —x 1
lim —— = ——. O
z—0 ,SL’S 6
Problem 4. For given real numbers a, b, define function f : (—g, g) — R by

(l‘—SiHl‘)COS% if —Z<z<o0,
fz) = v 2

atanz +b if0<x<g.
1. (3pts) Find all values of a and b such that f is continuous at 0.
2. (5pts) Find all values of a and b such that f is differentiable at 0.
3. (7pts) Can f be continuously differentiable on (—g, g)7

Solution. 1. Using (*) from Problem 3, we find that

x>  r—sinz 23 x°
o Tl 2 .
6 v 6 120 0
Therefore, by the fact that ’cos 1| < 1 for all x # 0,
X
a2t
< —— — —1 .
|f(2)] 5~ 190 v <z <0

The Squeeze Theorem then implies that lim f(z) = 0.

rz—0~

Suppose that f is continuous at 0. Then lin(l) f(z) = f(0); thus

0= lim f(z)=f(0)=0b= lim f(x)

z—0~ z—0t

which implies that b = 0 (but a can be arbitrary) if and only if f is continuous at 0.

2. Using (%) from Problem 3, we find that

xt r—sinx T

x2
_ < <= :
6 120 . g w=0 (x*)




Therefore, by the fact that ‘cos %| < 1 for all z # 0,

5 V-1<x<0.

Suppose that f is differentiable at 0. Then f is continuous at 0 which implies that f(0) = b = 0.

Moreover,

2
<

fim LW =SOSR = fO) o atanh—a Ay 20— g
h—0— h h—0+ h h—0+ h dx lz=0
On the other hand, using (**) we find that
i L= FO) o SR
h—0— h h—0—- h

thus @ = b = 0 if and only if f is differentiable at 0.

. Suppose that f is continuously differentiable. Then f is differentiable at 0 which, using 2,
implies that a = b = 0. Therefore,

0 ifx >0,

fl(x) = 1 2(x—sinz)

1
1 —cosz)cos —= cos— ifx<0.
( ) xz"' 3 2

Since f’ is continuous at 0, we must have

lim f'(z) = lim f'(z) = f'(0) = 0.

x—0— x—0
On the other hand, using () in Problem 3, we find that the limit

.
i 2 Zsm) 1SN
20— 3 2

Since lim (1 — cosx) cos % = 0 (by the Squeeze Theorem), we find that

z—0~

lim f(z) D.N.E.

z—0~

which implies that f cannot be continuously differentiable on (—g, g) no matter what a and

b are. o

Problem 5. Suppose that y is an implicit function defined by the relation sin(z + y) = y? cos z.

. dy
1. (5pts) Find o

2. (10pts) Find the concavity of the graph of the implicit function y near the point (m,0).

Solution. 1. By implicit differentiation,

dy dy
cos(z +y) - (1+ %) 2yd— cosx — y*sinx;

thus
dy  cos(x+y)+y’sinz

dr ~ 2ycosz —cos(z +y)




2. Using (x%),

. dy dy
a2y [— sin(z + y) (1 + %) +2y o sinz + y? cos x} - [2y cosz — cos(z + y)])

dx? [2y cos z — cos(z + y)]2

[cos(z +y) + y*sinz] - [2;@

24

o . dy }
cos T 2ysm:v+sm(x+y)(1—|—dx)

[2y cosz — cos(z + y)] ?

Therefore, by the fact that dy
x

= —1, we find that
(z,y)=(m,0)

0= (=1)[2- (1) - (=1) =0 +0]
(z4)=(m0) (0—1)2

d?y
dx?

=2>0;

2

thus the fact that y is three times differentiable we find that near (m, 0) we have % > 0.

Therefore, the graph of the implicit function y is concave upward near (7, 0). D

Problem 6. (12pts) Find all the slant asymptotes of the graph of the function

T+ 922 — 122
flay = TV

N
Solution. For x # 0, f(;) = % + u

2z
1. If £ >0,
fz) 1 1\/@ 11 [ 12
x 2 + 2 x? 2 * 2 T
thus lim@zl—i—@:z Moreover,
r—0 T 2 2
fla) =2 —3x + V922 — 122 —12z —6
x) —2x = = = :
> 2o+ VBE—120) gy fy 2
T
Therefore,

zh—{rolo [f(z) —22] = 3;?/5 —

which shows that y = 2x — 1 is an slant asymptote.

2. If x <0,
fl)y 1 1 [922-120x 1 1 9 12
z 2 2V 22 2 2V z’
thus lim le—@:—l. Moreover,
r—>—0 X 2 2
fl2) + 3x + /922 — 12z 12z 6
xXr xr = — = .
2 23z — /922 —12z) 3, Jog_ 12
x
Therefore,
lim [f(z) — 2z] = 0 __4




which shows that y = —2 4 1 is an slant asymptote. D

Problem 7. Let f : [-2m, 27| — R be given by

1.

2.

3.

f(z) = (182 — 2*) sinz + (24 — 62%) cos z .
(6pts) Find the inflection points of the graph of f.
(6pts) Use the first derivative test to find all the relative extrema of f’.

(6pts) Show that |f(z) — f(y)] < (8% — 127)|z — y| for all z,y € [—27, 27].

Solution. First we compute f’ and f” as follows: by the product rule,

thus

1.

f'(x) = (18 — 32?)sinz + (182 — 2*) cos v — 12z cos v — (24 — 62°) sinx

= (32 — 6)sinx + (62 — 2°) cos z,

f"(z) = 6xsinz + (32% — 6) cosx + (6 — 32%) cosx — (6x — 2*)sinx = 2°sinx.

By the fact that f”(z) = a®sinz, we find that f”(z) = 0 if and only if z = 0 or z = %7.
Since f” changes from negative to positive at —, changes from positive to negative at m, and

remains positive on both sides of 0, we find that the inflection points of the graph of f are

(7,672 — 24), (—7, 677 — 24) .

Since f” changes from negative to positive at —m, changes from positive to negative at 7, and

remains positive on both sides of 0, we find that f’ attains its relative minimum at —7 and

3

attains its relative maximum at 7. Therefore, f'(—m) = 6m — 7° is a relative minimum of f’

on [—27,2x] and f’(7) = 73 — 67 is a relative maximum of f’ on [—27, 27].
Since

|f'@2m)| = |f'(-2n)| =87 — 127 and |f'(m)] = |f'(—=7)| = 7 — 6
and 872 — 127 > 7 — 67, we find that

max |f'(z)| < 87® — 12r;
z€[—27,27]

thus the mean value theorem implies that

‘f(a:)—f(y)‘ < (87 — 127)|z — v Vr,ye[-2m, 2n]. O



Problem 8. (15pts) & F &4 & £ 8 T 4=¢ it

Let f: R — R be a differentiable function satisfying that
f'(z) = f(x) for all z € R. (%)
If f(0) =1, then f is increasing on R.
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