Calculus MA1001-B Final Exam
National Central University, Jan. 10, 2019

mn

Problem 1. For positive integer n, let H,(x) = (—1)" exp(z? )d—n exp(—x?). Complete the following.
1. (5%) Show that H, is a polynomial of degree n.

mn

2. (5%) Show that hrn p(x)— exp(—2?) = 0 for all polynomial p and positive integers n.

r— 100 dx™
o0
3. (10%) Show that f exp(—z?)H,(z)H,,(z) dx = 0 if m # n.
—00

Hint of 1: Prove by induction.
Hint of 2: You can use the fact that hm zMe " = 0.

T—+00

0 n—1 5

Hint of 3: Prove first that f p(x)dd 7y = J dd — e dx for each polynomial p.
X

—Q0

Proof. 1. We prove by induction.
(a) For the case n = 1:
H()— 2d —z2 IQ_mz(z)_z
1(z) = —€” dxe = —€e" € T) =2

which is a polynomial of degreen 1.

(b) Assume that Hj, is a polynomial of degree k. Then by the fact that

%6—# _ (—l)ke_szk(:E), (%)
we find that
Hysa () = (—1)* e dC; ddq;k = (M ddx [(_1)k6_x2Hk($)]
I e B R
= 2z H(z) — Hi(z).

Since Hy, is a polynomial of degree k, the function y = 2xHy(x) — H/(x) is a polynomial
of degree k + 1.

By induction, H,, is a polynomial of degree n.

2. Using (%),
xmdd exp(—z?) = (=1)"e™* H,(z)z™ .
Since 111}_1 2Fe* = ( for all k > 0, we find that 1151_1 e x2p(x) = 0 for all polynomial p; thus
T—> 10 Tr— 100

mn

lim x d—exp( 2?) = (=1)" lim e H,(z)z™ =0.

r—+00 dx™ r—+00



3. W.L.O.G. we assume that m < n. We first prove that for each polynomial p and n > 1,

J[ ot e == [ oo (o)
x e r=— x e x.
,Oop dzxn—1 ,Oop dzn—1
n—1
To see (xx), we integrate by parts (with u = p(z) and v = We‘“”Q) and find that
X

dar g2 dn—1 g2 dn—1 g2
Jp(x)me dx:p(f)me —fp/(l‘)dxn_le du

mn

thus by the fact that lirf p(x)jﬁ exp(—x?) = 0 for all polynomial p,

foo (x) i e”de—JO (x) i e dx+foo (x) i e dx
p N _oop dxn—1 p dxn—1

—0 dx =t 0
' 0 n - ' b dn o
= tim, [ o) e do i [ 9t g
dr1 512=0 0 n—1 )
— 3 —T _ / €T
N a1—1>IPoO |:p(37> dl’n_le T=a L b (x)d n_le d$:|
. n—1 2 =b b dn—1 2
+ Jim [ple) e ™, - f (o) e de]

0 . dn—l o o0 . dn—l o
S J_oop (x) e dr — J p'(x) i€ dx
which concludes (xx). Then using (*),

JOO exp(—a2?)H,, (2)H,p(z) do = (—1)" f_oo Hm(x)dm" U dz

—00

thus (**) implies that

JOO exp(—2?)H,,(z)H,, () dx

= (1) JOO Hyn(2) 2" g = (—1)m+1 foo H,(2) P i g

o dzm M dant
0 dn—2 9 0 )
= (—-1)" H'(2)——e " do =" = H™ (2)e™ dz.
m 2 m
—» dxzn— o

Since m < n and H,, is a polynomial of degree n, we must have H,(,?) (x) = 0; thus

0

Jm exp(—2®) H,(2) Hyp () do = J 0-edr=0. o

—Q0 —Q0
Problem 2. Compute the indefinite integral f tan® x dz using the following methods:
1. (5%) Obtain a recurrence relation for the integral of f tan”™ x dx for n > 2 using integration
by parts and find the integral.

2. (15%) Use the substitution ¢ = secx + tanx (without any other substitution of variables) and
the technique of partial fractions to find the integral.



Hint for 2: When making the substitution of variable, show that

B Dt
Jtangxdx:J[At—l—OjL——l—gng—i— 0

dt .
t 2t t2+1}

Solution. 1. Let u = tan"?x and v = tanz (so that dv = sec* dz = (tan?z + 1) dz). Then

Jtan” rdr = ftaun”_2 sec? x dr — Jtan"‘2 rdr = Jtan”_z rd(tanx) — Jtan”_2 xdx

tan™ !

T
— Jtan"_Qxdx.
n—1

Therefore,

tan? x tan? x
Jtan?’a:dx: 5 —Jtanxdx: 5 —In|secz| + C.

1 L. .
2. Let t =secz + tanz. Then 7 =secT — tan z which implies that

t*+1 t?—1
secxr = and tanz = .
2t 2t
. 2dt
Moreover, dt = sec x(tan x + sec x) dz or equivalently, dx = 21 Therefore,
t2—1\3 dt 1 (t0=3t*4+3t2 -1
tan® v dx = ( ) :—f dt
Janx:‘ J o ) 2+1 3 B2+ 1)
1 —4t* 4 312 — 1 1 4t 3t +3 -4
— t } dt = = [t — ] dt
8J[+ B3(t2 +1) 8f t2+1+t3(t2—|—1)
1 J [t—l— 3 4t 4 ]dt
-8 B 2+1 B(241)
By partial fraction,
1 . Al i A2 Ag Bt + C
BEz+1) ot 2 3 2417
1
Then Az = vl 1, and
Ay A2+Bt+C’_ 1 I
t 2 241 B2+1) B t{t2+1)’
—1
thus Ay =0 and A; = Pl —1. Therefore,
Bt+C -1 1 t

Prl WD) 1 £+l

which implies that B =1 and C' = 0. As a consequence,

1J[t+3 4t 4 ]dt
4 B 24+ 1 BtP+1)

_1J[t+3 4t 4<—1+1+ t )}dt—lf[t—i—él 1 8t ]dt
4 B 241 t 3 241 4 t 3 241

1[t?wu ]+ — — 41 (#+1)]+C 1[1(t+1>r In|(t+ )| +C
=—-|= n — —4In === )| —In|= - ;
412 212 T ol2 t ’

thus

2
ftan?’xd:v: se(:2 ’ —In|secz|+ C.



1

Problem 3. (15%) Evaluate J rarctanz dr using integration by parts with v = 2 and dv =
0
arctan z dx.

Solution. First we find v so that dv = arctan x dx. Integrating by parts,

x
14 22

1
Jarctanxdw = rarctanx — f dxr = rarctanx — 3 In(z®+ 1)+ C.

1
Let v = zvarctanz — 5 In(z? 4+ 1). Then

Jxarctanxdm = z[rarctanz — %ln(a&2 +1)] - J [z arctanz — %ln(x2 +1)] da
1
= 2% arctanz — gln(xQ +1)— Jxarctanxdx + 3 fln(:zc2 +1)dz.

Therefore, rearranging terms we find that

2
fxarctana:d:v = % arctan r — %ln(yc2 +1)+ - Jln(gv2 +1)dx

- 2
2
_:ﬂln(x +1)—Jx2+1

:xln(x2 +1)— QJ <1 — H%> dac]

B In(2? + 1) — 22 + 2arctan l’] +C

2
= % arctan xr — %ln(:zc2 +1)+

dx}
z? T )
= —arctanz — 1 In(z*+1) +

2
= % arctan x — %ln(:zz:2 + 1)+

g I N N B SN

2 +1 T
= t ——4+C.
5 arctan x 5 +
Therefore,
1 x? x1e=1 1 7 1
rarctanz dr = [ arctanx — —] —arctan]l — — = — — —. o
0 211z=0 2 4 2

Problem 4. (15%) Let n be a positive integer. Use the techniques of partial fractions to show that

dx x 1 E j ,
NN I
J:U"({E—l)Q (i P ;1:—1+Zj—nx *

j=1
Remark: You can get 8pts if you complete the case n = 5.

Solution. First we write the integrand into the sum of partial fractions:

1 _A1+A2+ +An+ B N C
(r—12 x 2?2 v r—1 (zr—1)%
ThenC’zlinzl; thus
A1+A2+ LA B 1 1 _ 1=an _—1—x—m2—-~ — !
r  a? -1 ar(z—1)2 (z—-12  an(z—1)2 a(z —1)
Therefore,
1112t
B = = —n;



hence

A A, A, —-1—x—22—. .. —gn! n
r a2 " a(z —1) x—1
1 —z—2?— - —z"! na"
= +
a(r —1) a(z —1)
B —1—z—a?— - — 2" 4"
B a(z —1)
Since
n—1 ' n—1 4 4 '
1 —z—2* = 2" " = Z(x"—a:]) =Y 2z —-1)@" T 42"+ 1)
=0 =0
n—1 . ‘
=(@x—1) Y (@ 2" I )
=0
n—1
=@x-11+22+32>+ - +nax" ) =(x—1) ) (j+ 1)’
7=0
we find that )
+ 1)z
A A +ﬁ:]§](j | :7121(41)353”
r  x? " " sl
7=0
As a consequence,
1 142z +322+-- +na™t n & ; n 1
- = — ] 1 J—n _
a(x —1)2 " * jgo(j + 1)z x—1 * (x —1)2
which implies that
—— — =nln - x .
an(z —1)2 r—11 -1 4~ j—n
7j=1
! 1—2a2
Problem 5. (20%) Evaluate f arctan dx.
-1 V3

Solution 1. Let x = sint. Then dx = costdt; thus

1 V1 — 22 1 \/1—$2 cost
arctan ——— dx = arctan ——— = costarctan — dt
-1 V3 -1 -z V3

—sint

== 2 V-
= sintarctan % R J sint% dt
==3 J5 14
sin? ¢ sin“t
=4/3 dt = dt +4 —dt
ff 3+ cos?t \ff?)—i—cos% + \ff 3+ cos?t

:—JHMJ

—dt
3+ cos?t



By the half angle formula,

™

f ! dt—f ! dt—zf dt
_m 3+COSQt N _x 3+ L + cos 2t n us 7+COS2t
2 2 9

l\'ﬁ

1-—
Let uw = tant. Then cos2t = and dt = d72; thus
1+ u? 1+u

™

2 dt * 1 du * 1 1 (™ du
2" _9 T
_x T+ cos2t 007_1_1—11 14 u? _ 8+ 6u? 3J) w5+ u?

1+ u2
13 ¢ V3uu=» T
= —— arctan —— =—=.

3 2 2 lu=—  24/3

Therefore,
! V11— a2 T
arctan dr = —3r+4V3- —— = (2 —V3)7.
I V3 R
Solution 2. Let u = and v = z. Integrating by parts, we find that
fl arctan L-2 dx = x arctan il fl xi arctan vi-z dx
-1 V3 B \/§ r=-1 dx V3

—X

N Wi — 444
:J 1 e ff L N
—1

—.1‘2 1—I2

——\FJ +xff d
\/1—$2 4 — 22) \/1—$2 !
4
= — 3arcsina:x__ +4/3 vy 1_I2d:z:
4
= 371 +43 dz .

-1 (4—132) 1— 22

. o .0
Using the substitution = sin 50 we find that

1 T 4 T 4
d9 = df = ——df
Jl (4 — x2)\/1 - :v2 JW 2(4 — sin? ¢ ,[W 8 — (1 — cosb) fﬂ 7+ cosf

and further substitution tan 5= = t implies that

f 4 P 2dt JOO 8 "
L (A—a)V1—a22 1-21+¢2 ) 7(1+)+ (1)

—0
7+1+t2
oy 4 (* dt
:J th:_f RV
o A+3t 3 7oot2+(\/l§)
= larctan (\/gt> ’OO = 2—7T
V3 2 = /3

Therefore,

! vi—a2 2
f_l arctan 7 dr = —/31 +/3- 7 (2 —/3).



1
Problem 6. (10%) Show that the improper integral f Insin x dx converges using the comparison
0

test for improper integrals.

Solution 1. Let f(x) = —Insinz and g(z) = —Inx. Then f, g are positive on (0, 1]. Moreover, by
L’Hospital’s rule,

. flx) ~ Insinz . cosx/sinz . xcosx
lim —% = lim = lim ——— = lim —
e—0+ g(z)  e—0t Inz e—0t 1)z =0t sinx

=1>0.

Therefore, by the limit comparison test,

1

1
J Insinz dx converges if and only if J In x dx converges.
0 0

Now, by the fact that lim xzlnz =0,

z—0t
1 1 =1
f Inzdr = lim | Inzdr = lim (zlnz — x) = lim (a—1—-alna) =—1;
0 a—0% J, a—07t z=a a—07t
1
thus f In x dx converges. =
0

Solution 2. Note that gx <sinz < z for all z € (0, g) Since y = Inx is increasing on (0, 1),
7T
2 .
In—+Inz<lnsinz <lnz <0 Vae (0,1).
T

Let f(z) = —Insinz and g(x) = —ln% —Inz. Then 0 < f(z) < g(z) for all z € (0,1]. Now, by the

fact that lim xlnx =0,

z—0
1 1 r=1
J Inzdr = lim [ Inzdr = lim (zlnz —x) = lim (a—1—alna) = —1;
0 a—0% J, a—0*t z=a a—07t
1 1 9 1
thus f Inx dxr converges. Therefore, f g(x)der = —In= — f Inx dx converges. By the direct
0 0 n 0

1
comparison test, J In sin z dz converges. O
0



