e Area of regions enclosed by simple closed curves
Let C be a simple closed curve in the plane parameterized by 7 : [a,b] — R?. Suppose
that

1. 7(t) = (z(t), y(t)) moves counter-clockwise (that is, the region enclosed by C' is on

the left-hand side when moving along C') as t increases.

2. There exists ¢ € (a, b) such that z is strictly decreasing on [a, ¢] and is strictly increasing

on [c, b].

3. z'y is Riemann integrable on [a,b] (for example, = is continuously differentiable on
[a, 0]).

Based on the assumption above, in the following we “prove” that

b
the area of the region enclosed by C'is — J x'(t)y(t) dt. (0.1)

Let € > 0 be given. Since z'y is Riemann integrable on [a, ], there exists 6 > 0 such
that if P is a partition of [a, b] satisfying |P| < 0, then

b b

any Riemann sum of z'y for P lies in <f z'(t)y(t) dt — e, f x'(t)y(t) dt + 6).
Let P={a=ty<t; < -+ <t,=c=8 <8 < - <8, =>b} be a partition of [a, D]
satisfying ||P|| < § and x(t,,—x) = x(s;) = zy, for all 0 < k < n. By the mean value theorem,

for each 1 < k < n there exist ¢ € [ty_1, tx] and di € [sk_1, sk| such that
z(ty) —x(t_1) = x'(cr)(te — tr_1) and  z(s) — z(sp_1) = 2’ (dg) (s, — sp—1) . (0.2)

Then
b

’i (er)y(cr) (tr — tr1) i (dr)y(dr)(sk — sk-1) — f x'(H)y(t) dt‘ <e.

k=1 a
Using (0.2), we find that
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(x(tk) — 2(tr—1))y(cx) + Z (w(s) — (k1)) y(di) — f ' ()y(t) dt‘ <e.
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Since Y (g —xk—_1) [y(cn,kﬂ) —y(dk)} is an approximation of the area of the region enclosed
k=1



by C, (0.1) is concluded.

Similar argument can be applied to conclude that

b
the area of the region enclosed by C'is f x(t)y'(t) dt. (0.3)

if zy’ is Riemann integrable on [a,b]. Combining (0.1) and (0.3), we obtain that

1
the area of the region enclosed by C' is §J [:E(t)y’(t) — x’(t)y(t)] dt . (0.4)

a

Example 0.1. Let C be the curve parameterized by r(t) = (cost,sint), ¢t € [0,27]. Then
clearly r satisfies condition 1-3. Therefore, the area of the region enclosed by C' can be

computed by the following three ways:

1. Using (0.1),

2m 2m 21 . -
dcost 1-— 2t 1 2\ [t=27
—f o Sintdt:f sin2tdt:f L()dt:—@—sm( )) —
0 dt 0 0 2 2 2 t=0
2. Using (0.3),
. dsint o S| 2t 1 in(2H) =27
J cost S dt:f cos2tdt:J Ls()dt:_(t_i_sul( )) —
0 dt 0 0 2 2 2 t=0

3. Using (0.4),

1 (> dsint  dcost L[ 1
§L (Cost 3: — (EZS sint)dtzéf (c082t+sin2t)dt:§




