Exercise Problem Sets 6
Apr. 17. 2020

Problem 1. In class we have introduced the permutation symbol €;;;, and use it to define the cross
3 3
product: for two given vectors u = uji+ us j+ usk = > u;e; and v =vi+ vy j+ vsk = > v;e;, the
i=1 i=1
cross product u x v is defined by

3 3 3
uxXv= Z < Z €iijjUk)ei = Z EijkU;VE€; .
i=1  jk=1 i,5,k=1

Use the summation notation above without expanding the sum (% & B B & » € fre3)3% » & #& %
Y 3 i%) and the identity

3
Z EijkEirs = 5j7"6ks - 6]'55167’
i=1

to prove the following.

(1) ux (vxw) = (u-w)v— (u-v)w for all vectors u,v,w in space. (Is the associative law

ux (vxw)=(uxv)xw true?)

a-c b-c

(2) (axb)-(exd)=| "

for all vectors a, b, c,d in space.

Problem 2.

(1) Let u,v be vectors in space satisfying u-v = 1/3 and u x v =i+ 2j + 2k. Find the angle

between u and v.
(2) Let u, v be vectors in space. What can you conclude if u x v=0and u-v =07

(3) Let u,v,w be vectors in space. Show that if u # 0, u-v =u-w and u x v =u x w, then

vV =wW.
Problem 3.

(1) Let P be a point not on the line L that passes through the points @ and R. Show that the
distance d from the point P to the line L is

where a = @% and b = 67]5

(2) Let P be a point not on the plane that passes through the points @, R, and S. Show that the

distance d from P to the plane is
la- (b xc)
d=-—"—"7-—7""-,
Jax b

Wherea:@,b:@\gandc:@.



Problem 4. Show that the polar equation r = asin € + bcos 8, where ab # 0, represents a circle,

and find its center and radius.

Problem 5. Replace the polar equations in the following questions with equivalent Cartesian equa-

tions.
(1) r?sin20 =2 (2) r = 4tan6sech (3) r = cscfercos? (4) rsinf = Inr + Incos#.
Problem 6. Let C' be a smooth curve parameterized by
r(t) = (costsint,sintsint, cost), te [—z Z] .
(1) Show that C'is a closed curve on the unit sphere S2.

(2) Using the spherical coordinate, the curve C' above corresponds to a curve on the @¢-plane.
Find the curve in the region {(6, ¢) ‘ 0<f<2m0<¢<m}.

Remark: B iafe £33k 3 A B EP R C EhER - S PRALY AF B HRI Y -
Bd o %= RETTERAL R B ERHY AL P

Problem 7. Let C' be a smooth curve parameterized by
r(t) = (cos(sint)sint, sin(sint) sin¢, cost) , tel0,2n].
(1) Show that C is a closed curve on the unit sphere S?.

(2) Using the spherical coordinate, the curve C' above corresponds to a curve on the f¢-plane.
Find the curve in the region {(0, ) ‘ 0<0<2m,0< ¢ < 7r}.




Problem 8. In class we talked about how to find the total distance that you travel when you walk
along a path according to the position vector r : [a,b] — R? The total distance travelled can be

computed by
b
| 1)

when 7 is continuously differentiable. Complete the following.
1. Let r: [0,47] — R? be given by 7(t) = 3costi + 3sintj. Find the image of [0, 47| under 7.
4
2. Compute the integral J |7’ ()| dt. Does it agree with the length of the curve C' = 7 ([0, 47])?
0

Problem 9. To illustrate that the length of a smooth space curve does not depend on the parametriza-
tion you use to compute it, calculate the length of one turn of the helix in Example 1 with the following

parametrizations.

™

1. 7(t) = cos(4t)i + sin(4t) j + 4tk, t € [0, 5}.

2. r(t) = cos %i + Sin%j + %k, t € [0, 4m].

3. r(t) = costi —sintj — tk, t € [-2m,0].



