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Problem 1. Use the chain rule for functions of several variables to compute — i d—lg
(1) z=+/1+zy, x = tant, y = arctant.

(2) w:xexp(g),x:tQ,yzl—t,Z:l—l—Zt.
z

(3) w=In+/2%2 4+ y%+ 22, x =sint, y = cost, z = tant

(4) w=uwmycosz, z=t,y=1t> z=arccost
(5) w=2ye®* —Inz, x =In(t* + 1), y = arctant, z = ¢’

Problem 2. Use the chain rule for functions of several variables to compute a— and 0z

ot
(1) z = arctan(z?® + y?), * = slnt, y = te®.
(2) z= arctang, x = scost, y = ssint.

(3) 2 =¢€"cosy, v = st, y = s*+ 2.

Problem 3. Assume that z = f(ts S) a—f(m y) = zy, Zf (x,y) = — Fmd — and %

Problem 4. Find the partial derivatives 6—; and oz at given points

(1) sin(z + y) + sin(y + 2) +sin(z + 2) =0, (z,y,2) = (7,7, 7).

(2) we¥ +ye* +2Inx —2—-3In2=0, (z,y,2) = (1,In2,In3).

(3) z=¢€"cos(y + 2), (z,y,z) = (0,—1,1).

Problem 5. Let f be differentiable, and z = !

[f(az + y) + g(az — y)]. Show that
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Problem 6. Suppose that we substitute polar coordinates x = rcosf and y = rsinf in a differen-
tiable function z = f(x,y).

1) Show that oz _ fzcos@ + f,sinf and Lor _ —fesinf + f, cosé.
or v r oo v

(2) Solve the equations in part (1) to express f, and f,
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0
in terms of = and il

or 00’
(3) Show that (£)2 + (£,)* = (22) "+



(4) Suppose in addition that f, and f, are differentiable. Show that
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Problem 7. (357 & & F e aniiedtFl > F A oot ® > & 29 T - MR ER ) Let R
be an open region in R? and f : R — R be a real-valued function. In class we have talked about
the differentiability of f. For & > 2, the k-times differentiability of f is defined inductively: for

~k
k € N, f is said to be (k + 1)-times differentiable at (a,b) if the k-th partial derivative aw’f—jf&yj
k
is differentiable at (a,b) for all 0 < j < k (note that in order to achieve this, aka_]fa] has to be
T Y

defined in a neighborhood of (a,b) for all 0 < j < k) f is said to be k-times differentiable on R if f

is k-times differentiable at (a,b) for all (a,b) € R. f is said to be k-times continuously differentiable
kg

on R if the k-th partial derivative = Is continuous at (a,b) for all 0 < j < k.
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(1) Show that if f is (k+ 1)-times differentiable on R, then f is k-times continuously differentiable
on R.

(2) Show that if f is k-times continuously differentiable on R, then f is k-times differentiable on
R.

Hint: In this problem the following fact is used (without proving yet):
if f, and f, are continuous at (a,b), then f is differentiable at (a,b).

Remark: In the course “Introduction to Mathematical Analysis (4 47 %¥3)”, the differentiability

of a function will be discussed more systematically.

Problem 8. In this problem we investigate the Taylor Theorem for functions of two variables. Let
R be an open region in R?, (a,b) € R, and f : R — R be a (n + 1)-times differentiable function
for some n € N U {0} (the (n + 1)-times differentiability of functions of two variables is defined in

Problem H Complete the following.

(1) For a given point (z,y) € R, suppose that the line segment connecting (a,b) and (x,y) belongs
to R; that is,
{(a+tx—a)i+(b+tly—>)j[te[0,1]} =R.
Define r(t) = (a + t(x — a))i+ (b + t(y — b))j. Show that the function g(t) = f(r(t)) =
fla+t(x—a),b+t(y— b)) is (n+ 1)-times differentiable on I.

(2) Show that for 1 < k < n,



(3) Show that if f is (n + 1)-times continuously differentiable on R, then
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for some point (¢, d) on the line segment connecting (a,b) and (x,y).

Hint: By the Taylor Theorem for functions of one variable, there exists 0 < & < 1 such that

i

) 4 gmte).

k
4) The polynomlal C’k’ o'f a,b)(z—a)*I(y—b) is called the n-th Taylor polynomial
kv ,
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for f at (a,b). Flnd the fourth Taylor polynomial for the following functions at (0, 0).
(a) sin(z® + y*) (b) exp (2% + 4?) (c) In (cos(z? + y))
Problem 9. Let f(xz,) = y/zy.
(1) Show that f is continuous at (0,0).

(2) Show that f, and f, exist at the origin but that the directional derivatives at the origin in all

other directions do not exist.

Problem 10. Let

3

—— if (z,y) # (0,0),
ey =m0 00
0 if (z,9) =(0,0).
(1) Show that the directional derivative of f at the origin exists in all directions u, and

(DuD0.0) = (10,0, 5 0.0)) .

(2) Determine whether f is differentiable at (0,0) or not.
Problem 11. Let u = (a,b) be a unit vector and f be twice continuously differentiable. Show that
Df = fea@® + 2fuyab + fy,0°,
where D2f = Dy(D,f).

Problem 12. Show that the operation of taking the gradient of a function has the given property.

Assume that v and v are differentiable functions of x and y and that a, b are constants.

(1) V(au+ bv) = aVu + bVo.



(2) V(uv) =uVv+ovVu.

(4) V(u") = nu""'Vu.
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Problem 13. Show that the equation of the tangent plane to the ellipsoid % + 2 + i—g =1 at the

point (xg, Yo, z0) can be written as
ITTo  YYo |, %220 1
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Problem 14. Show that the equation of the tangent plane to the elliptic paraboloid % =5t

at the point (xg, 30, z0) can be written as
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