Calculus MA1002-B Quiz 01
National Central University, Mar. 10 2020

g i

Problem 1. Let {a,})?; be a sequence of real numbers.

1. (2pts) Write down the definition of the convergence of {a,}n_,
0¢]

2. (2pts) Write down the definition of the convergence of the series Y] a,,.
n=1
Solution. 1. The sequence {a,}*_; is said to converge if there exists L € R such that for every ¢ > 0
there exists NV > 0 such that

la, — L] <& whenever n > N.

Q0 n
2. The series . a, is said to converge if the sequence of partial sums {S,}>_,, where S,, = >, ay,
=1 k=1
converges. o
Problem 2. Let {a,}?; be a sequence of real numbers defined recursively by a, 11 = - with
n

a; = 0. Show that {a,}’_, converges to 1 by completing the following:
n=1

1—a,

1. (2 h hat —1=
(2pts) Show that a,q 5T a.

all n e N.

for all n € N and conclude that |a,+1 — 1] < é|an — 1] for

n—1
2. (2pts) Show that |a, — 1] < (é) la; — 1| and conclude that lim a, = 1.

n—0o0
Proof. First we observe a,, = 0 for all n € N. Since

4 1_1—an

apy1 — 1 = —1= ,
! 3+ an 3+a,
we find that |a,11 — 1| = ! la, — 1] < 1|an—1|'thus
3+a, 3 ’
1 11 1\n-1
n— 1 < zlap1 — 1 < - lap2— L -<(—> —1].
|a ‘ 3|CL 1 | 3 3|(l 2 | 3 |a'1 |
Since é < 1, by the squeeze theorem we find that hm |a,, — 1] = 0. Therefore, lim a, = 1. a
n— n—ao0

40n

Problem 3. (2pts) Determine whether the series Z 2n = 1)2(2n 1 1)

converges or not.

40k nd by —
(2k — 1)2(2k + 1)2 P ok -1

= Z Z bk - bk+1 = bl bn+1 :
k=1 k=1

Proof. Let ay, = Then ay = by — bgy1; thus the partial sum

Since hm b,i1 = 0, we find that lim S,, = by; thus the series Z 40n

o (2 — 12(2n 1)z OTOES T



