Calculus MA1002-B Quiz 05
National Central University, Apr. 21 2020
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Problem 1. (5pts) Show that (a x b) - (c xd) =
a-d b-d

for all vectors a, b, c,d in space.

Proof. Let a =aii+ asj+ ask, b =011+ byj+ bsk, c = cii+ coj+ sk, and d = dyi + doj + dsk.

Then
a X b = (a263 — ang)i + <a3b1 — albg)j + (a1b2 — G,le)k,

cxd= (Cng — C3d2)i + <C3d1 — Cldg)j + (Cldg — C2d1)k;
thus
(axb) . (CX d) = (agbg — agbg)(Cng — ngg) + (a3b1 — a1b3>(03d1 — Cldg) -+ (albg - agbl)(cldQ - Cle)
= agCabads + aszcsbady — azdsbycy — agdabscs + azcsbidy + aicibsds

—aydibscs — agdsbicy + ajcibady + ascobidy — agdabicy — ardibacs .
On the other hand,

a-¢c b-c

ad b.dl™ (a1c1 + agco + aszes) (bidy + bads + bsds) — (a1dy + aods + asds)(bicy + bacy + bycs)

= alclb2d2 + a101b3d3 + a202b1d1 + CLQCngdg + a363b1d1 + a303b2d2

— aldleCQ — a1d1b303 — a2d2blcl — a2d2b303 — a3d3b101 - CL3d3bQC2

a-¢c b-c
a-d b-d

Compare the two identities term by term, we find that (a x b) - (c x d) =

Problem 2. (3pts) Let four points P,Q, R, S, given in Cartesian coordinate, be P = (2,1,0),
Q = (1,0,-1), R = (2,2,—1) and S = (1,2,—2). Find the distance of P to the plane passing
through the points @, R, S using cross product.

Solution. Give P,(Q, R, S above, we have 67]5 = (1,1,1), Cﬁ = (1,2,0) and CTS’ = (0,2,—1). The

volume of a parallelepiped with vectors QP, QR, and Q.S as adjacent edges is
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The desired distance is then the volume above divided by the area of base parallelogram spanned by
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Problem 3. (2pts) Replace the polar equations rsinf — Inr = Incos with equivalent Cartesian

equations.

Solution. Let (x,y) be the Cartesian coordinate. Then x = rcosf and y = rsinf. Since (r,6)

satisfies the polar equation 7sinf — Inr = Incos ), (z,y) must satisfies

y=rsinf =Inr+Incosf =1In(rcosf) =Inz. D



