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Problem 1. (5pts) Use the method of Lagrange multipliers to find the extrema of f(x, y, z) = xy2z

subject to the constraint x2 + y2 + z2 = 4.

Solution. Let g(x, y, z) = x2 + y2 + z2 ´ 4. Then (∇g)(x, y, z) ‰ 0 if g(x, y, z) = 0; thus if f , subject
to the constraint g = 0, attains its extrema at (x0, y0, z0), there exists λ P R such that

(y20z0, 2x0y0z0, x0y
2
0) = (∇f)(x0, y0, z0) = λ(∇g)(x0, y0, z0) = 2λ(x0, y0, z0) .

Since g(x0, y0, z0) = 0, we find that

(x0, y0, z0) ¨ (y20z0, 2x0y0z0, x0y
2
0) = 2λ(x2

0 + y20 + z20) = 8λ

which implies that x0y
2
0z0 = 2λ. Therefore, (y20z0, 2x0y0z0, x0y

2
0) = x0y

2
0z0(x0, y0, z0) which shows

that
(x2

0 ´ 1)y20z0 = x0y0z0(y
2
0 ´ 2) = x0y

2
0(z

2
0 ´ 1) = 0 .

Together with x2
0 + y20 + z20 = 4, we find that (x0, y0, z0) can be

(˘2, 0, 0), (0,˘2, 0), (0, 0,˘2), (˘1,˘
?
2,˘1).

This implies that f , subject to g = 0, attains its maximum at (1,
?
2, 1) with value f(1,

?
2, 1) = 2.

˝

Problem 2. (5pts) Use the method of Lagrange multipliers to find the maximum of f(x, y, z) = z

subject to the constraints x2 + y2 ´ z2 = 0 and x+ 2z = 4.

Solution. Let g(x, y, z) = x2 + y2 ´ z2 and h(x, y, z) = x+ 2z ´ 4. Then

(∇g)(x, y, z) ˆ (∇h)(x, y, z) = (2x, 2y,´2z) ˆ (1, 0, 2) = (4y,´4x ´ 2z,´2y)

which, together with g(x, y, z) = h(x, y, z) = 0, is never zero. Therefore, if f , subject to the con-
straints g = h = 0, attains its maximum at (x0, y0, z0), then there exist λ, µ P R such that

(0, 0, 1) = (∇f)(x0, y0, z0) = λ(∇g)(x0, y0, z0) + µ(∇h)(x0, y0, z0) = λ(2x0, 2y0,´2z0) + µ(1, 0, 2) .

Therefore, λ ‰ 0 and (x0, y0, z0, λ, µ) satisfies that

2λx0 + µ = 0 (0.1a)
2λy0 = 0 (0.1b)

´2λz0 + 2µ = 1 (0.1c)
x2
0 + y20 ´ z20 = 0 (0.1d)

x0 + 2z0 = 4 . (0.1e)

Therefore, (0.1b) shows that y0 = 0 which, using (0.1d), further implies that x0 = ˘z0; thus (0.1e)
leads to that x0 = z0 =

4

3
or x0 = ´z0 = ´4. Therefore, f , subject to g = h = 0, attains its

maximum at (´4, 0, 4) with value f(´4, 0, 4) = 4. ˝


