Calculus MA1002-B Quiz 11
National Central University, Jun. 02 2020
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Problem 1. (5pts) Use the method of Lagrange multipliers to find the extrema of f(x,y,2) = zy?*z
subject to the constraint a2 + y? + 2% = 4.

Solution. Let g(x,y, z) = 2? +y? + 22> — 4. Then (Vg)(z,y, z) # 0 if g(z,y, z) = 0; thus if f, subject

to the constraint g = 0, attains its extrema at (xg, yo, 20), there exists A € R such that
(982072%902079509(2)) = (V) (@0, v, 20) = A(Vg)(@o, Yo, 20) = 2A(0, Yo, 20) -
Since g(zo, Yo, 20) = 0, we find that
(0, Y0, 20) - (Y320, 2To¥oz0, Toyy) = 2A(23 + y5 + 25) = 8A

which implies that zoyazo = 2X. Therefore, (y2z0,20Y020, ToYs) = ToYazo(To, Yo, 20) which shows
that

(x5 — Dygzo0 = zoyozo(yy — 2) = oy (25 — 1) = 0.
Together with z3 + y2 + 25 = 4, we find that (zo, yo, z0) can be
(4£2,0,0), (0, 4+2,0), (0,0, +2), (+1, +/2, +1).

This implies that f, subject to g = 0, attains its maximum at (1,+/2,1) with value f(1,4/2,1) = 2.
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Problem 2. (5pts) Use the method of Lagrange multipliers to find the maximum of f(z,y,z2) = =
subject to the constraints 22 + 3% — 22 = 0 and x + 22 = 4.

Solution. Let g(z,y,z) = 2* + y* — 2% and h(z,y,2) = z + 22 — 4. Then
(Vg)(x, Y, Z) X (Vh)(l’,y, Z) = (2‘T7 2y7 _22) X (17 07 2) = (4y7 —dr — 2Z7 _Qy)

which, together with g(x,y,z) = h(x,y,z) = 0, is never zero. Therefore, if f, subject to the con-

straints ¢ = h = 0, attains its maximum at (zo, ¥o, 20), then there exist A, u € R such that

(0,0,1) = (Vf)(xo, Yo, 20) = A(Vg) (o, Yo, 20) + (V) (o, Yo, 20) = AM(2%0, 2y0, —220) + p(1,0,2) .

Therefore, A # 0 and (zo, Yo, 20, A, i) satisfies that

20 90+ p =0 (0.1a)
2\yo = 0 (0.1b)
—2Xzp+2n =1 (0.1c)
3+ ys— 2 =0 (0.1d)
xo+ 220 =4. (0.1e)

Therefore, @b shows that yo = 0 which, using ( @d further implies that zo = +z2q; thus @e
leads to that g = 2z = § or xg = —z9 = —4. Therefore, f, subject to ¢ = h = 0, attains its
maximum at (—4,0,4) with value f(—4,0,4) = 4. o



