Calculus MA1002-B Quiz 12
National Central University, Jun. 16 2020
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Problem 1. (4pts) Evaluate the double integral f (J Vasec? x dx) dy.

0 y?
Solution. The domain of integration R is {(x, Y) ‘ 0<y<2,y°<z< 4} which can be rewritten as

R={(z,9)|0<z<4,0<y<+z}.
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Therefore, the Fubini Theorem implies that
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f (J \/Esec2xdx>dy:ffﬁsec2xdflzj (J \/EseCQxdy>dx:J rsec? rdx.
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Let u = and v = tanz (so that dv = sec® x dx), integrating by parts we have
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J rsec’ rdr = rtanz —J tanx dr = 4tan4 — In | sec x| =4tand — In|sec4|;
0 x=0 0 r=
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thus J (J \/Eseczxdx>dy:4tan4—ln|sec4]. o
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Solution. Let 0, ¢ denote the latitude (% & ) and longitude (4 /&) (in radian) of the earth. Then
r(0,¢) = (Rcosfcos ¢, Rsinf cos ¢, Rsin ¢) , Oel—m 7| ¢c€ [— g, g}
is a parametrization of the surface of the earth. Moreover
r9(0,¢) = (—Rsinfcos ¢, Rcosfcos,0) and 74(0,¢) = (—Rcosfsing, —Rsinfsin ¢, R cos ¢)
which implies that

H'l"g( AT H = H % cos f cos® ¢, R?sin  cos® ¢, R* cos ¢) H = R*cos¢.

Therefore, the desired surface area is given by
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Problem 3. (3pts) Rewrite the iterated integral J [J <J f(z,y, 2) dz)dy} dx in the order
drdydz. Lo

Solution. We present two methods.

Method 1: This method involves graphing the solid region of integration. The domain of integration
is the solid region above the triangular region R = {(x, Y) ’ 0<y<3,y<z< 3} and beneath

the graph z = 9 — 2?; thus the domain of integration is

Therefore, for fixed z = ¢, the domain of integration (the red triangle) is {(xz,y) | 0 <y <

V9 —cy <z <+4/9—c}; thus

f [f: <L9$2 flz,y,2) dz>dy} dr = fog Uom (Jmf(x,y,z) dx)dy] ds
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Method 2: This method only involves graphics the planar region of integration, and is to interchange
the order of integration of two variables each time (but several times). Since we would like to
obtain integration in the order dxdydz but we start from dzdydx, we can first interchange the

order of integration to dydzdx and then dydrdz and finally dxdydz. Using this idea, we have

f UO (mef(x,y,z) dz)dy|dz = Jj Ug <f:x2f(x,y,z) =) dz) dy
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then 2 -
Lg [L?’ <J09_”” f(z,y,2) dz)da:] dy = L [L (Lﬁf(a:,y,z) dx)dz} dy
and finally
f [f—?ﬁ <L\/ﬁf(x,y, z) d:v)dz] dy = f [L\/@ (me(:v,y, 2) daj)dy} dz .

One can also interchange in the following way:

[ swmaa)adas= [T ([ oo an)ic]a
= f on/ﬁ (J: f(z,y,2) dy)dx}dz = f: Uom (Jmf(x,y,z) d:ﬁ)dy}dz. .
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