Calculus MA1002-B Final Exam
National Central University, Jun. 23, 2020

Problem 1. (15%) Let a, b be positive constants. Evaluate the iterated integral

fa (Jb exp (max{b*z?, a®y’}) dy) dx .

0 0

Solution. Let R =1[0,a] x [0,b] = {(z,y)|0 <z <a,0<y<b}, and

31:{(%?J)‘0<$<a,0<y<w}7 R2={(I,y))0<x<b,0<x<a—£}.

a

Then R = R; u Ry and Ry n Ry has zero area. Therefore,

Ja <Jb exp (max{b*z?, a®y’}) dy> dr = Jf exp (max{b’z?, a’y’}) dA

0 0

_ ff exp (max{b’a?, a%y?}) dA + f J exp (max{¥%?, a%y?}) dA
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Problem 2. (10%) Let a,b be positive constants and a < b. Evaluate the integral J

by converting the integral into an iterated double integral and evaluating the iterated mtegral by
changing the order of integration.
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Solution. Treating i <

=lIn(y+1)

Problem 3. (10%) Rewrite the iterated integral J f J f(z,y,2) dz) dy] dz in the order dx dy dz.



Solution. We interchange the order of integration in the following order: dzdydr — dydzdx —
dydxrdz — dxdydz as follows:

JOI Uf(ﬁ f(x,y,Z)dz)dy]dx—Ll [Lf(Lﬁf@,y,z)dy)dz}dm
:Ll [L‘:E(Lﬁf(a:,y,z)d@dﬂdz:Ll [£ﬁ<ngf($,y,z)dx>dy}dz‘

On the other hand, if we interchange the order of integration in the order dzdydr — dzdxdy —
dzdxdy — dxdydz, we obtain that

fol UI (Lif(x,y,z)dz)dy}dx = Ll Uyﬂ <Ly2f(x,y,z)dz>dx}dy
:Ll [Li (L\:Ef(:c,y,z)dx)dz]dy:f; [L%<Lff(:c,y,z)dx>dy}dz_ o

Problem 4. Let £ > 0 be a constant. Find the surface area of the cone z = k4/x? + y? that lies
above the region R = {(w, Y) |:L‘2 + 9% < 2y} in the xy-plane by the following methods:

(1) (10%) Use the formula ff V14 [(VF)(z,y)|2dA directly.
R

(2) (15%) Find a parametrization of the cone above using r, 6 (from the polar coordinate) as the

parameters and make use of the formula Jf |(rr x 79)(r,0)| d(r,0).
D

(2) (15%) Find a parametrization of the cone above using p, 6 (from the spherical coordinate) as

the parameters and make use of the formula ff |(r, x 76)(p,0)| d(p,0).
D

Solution. The region R is the disk centered at (0, 1) with radius 1.
(1) Let f(x,y) = ka/2? + y2. Then

Fulz,y) = kx ky

_ d YY) = ——— .
%ﬂv?—i—yQ an fy@ Y) r2+y2

Therefore,

¢1+r<w><x,y>|2=\/1+ R RV e

x2+y2 x2_|_y2

which implies that the desired surface area is given by

f VEZ+1dA =+vVk?+1 x theareaof R=7mvEkZ2+1.

R

(2) Suppose that (z,y,z) belongs to the surface. Then z = kq/22+ y%. Using the spherical
1

VEk2+1

1
coordinate, pcos¢ = z = kpsin¢; thus tan¢ = —. This implies that sin¢ = and

k



cos ¢ = ; thus a parametrization of the surface is given by

k
vVE2Z+1

pcosf  psind kp

T Y 9 = Y Y )
(6. 6) (V1+k2 V1+ k2 \/1+k:2)

where, noting that 22 +y? < 2y implies that p?sin? ¢ < 2psin sin ¢ in the spherical coordinate,

(p,0)e D,

we have
D:{(P,Q)’0<9<ﬂ,p<2msm0}.
Therefore,
0 sin k sin @ cos 6
f) = (—22° d ) = (_ P p
"6 ) (\/k2+17\/k‘2+17\/k2+1) and - rolp.0) = \/k2+1’\/k2+1’)
so that

kpcos  kpsinf p
o) < rulo. ) = (- =7
Hrp(pa ) XT@(ﬂ? )H k2+1 k)2+1 k2+1 k2
Using the formula for parametric surface area, we find that the desired surface area is given by

) 7 2v/k2+1sin 6 P g s p2 p:2\/Wsin9d0
HW wo=] (] )= || s

=2VEk? + f sin?0df = Vk2 + J [1 — cos( 29)] df = TVk? + D

Problem 5. (15%) Evaluate the double integral ij(x,y) dA, where f(z,y) = e"@*+#v ") and R

R
is the region R = {(z,y)|2? + 2y + y* < 1} (which is an ellipse).

Solution. Note that 22 + xy + y? = (x + ) + ﬁ thus we make a change of variables u = = + %
and v = \fy so that the corresponding region of R in the uv-plane is
R = {(u,v)|u* +2v* < 1}.
Moreover,
1 —1
d(r,y) (8(u,v)>1 R 2
0(u,v) o(z,y) 0 V3 7
2

Therefore, using the polar coordinate and the change of variables formula,

JR Fla,y) dA = % H =+ Gy, v) = \%fw (J - rdr)d@ - —\2/—7%@?2 :;

u24v2<1
2m(1 —e™t)
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Problem 6. For a vector v = (v1,vy,v3) € R3 let ||v| = 4/v? + v2 + v2 denote the length of w.

Suppose that ¢ € R? is a unit vector; that is, |¢| = 1. Show that

J:[[ SlonH C.m) dV:Qﬂ"f’—ﬂ'Sin(Qr);

|2
B(0,r)

where B(0,7) is the ball centered at the origin with radius r, via the following steps.



(1) (10%) Let O be an orthogonal 3 x 3 matrix (that is, OTO = OO" = I3,3). Show that the
change of variable £ = Oy implies that

fff Squ |’T cos(c-x)dV = Jff ST |w” Te-x)dv.

B(0,r) B(0,r)

0(x1,22,23)

Hint: Compute the Jacobian .
0 (yla Y2, 93)

(2) (5%) Use the fact that there exists an orthogonal 3 x 3 matrix O such that OTe = (0,0,1)"

conclude that _
fff ST "T’ cos(c-x)dV = fff ST:)JM cosrzdV . (%)

B(0,r)

(3) (10%) Use the spherical coordinates to computer the triple integral on the right-hand side of
() (in the order df d¢ dp) and obtain the desired result.

Proof. (1) Suppose that O be an orthogonal 3 x 3 matrix (so that OTO = OO™ = 13). Then

(a) The corresponding region of B(0,r) in the y-space is still the ball centered at the origin
with radius 7 since (Ow) - (Ov) = u - v for all u, v e R3.
(b) The Jacobin of  w.r.t. yis 1 or —1 since
(3(3:1, T2, I‘g)
6(3/17 Y2, y3)
and det(0)? = det(O) det(OT) = det(I3x3) = 1.

= det(O)

Therefore, the change of variable & = Oy implies that

e

B(0,r)

sin ||O <in
- Jff ||O| |:|y” cos(c- Oy) ‘det ‘dV fff yy Te. y) d(y1, Y2, ys3)

B(0,r)
Jff sin H:BH Te. x)dV ,
||

B(0,r)
where the last equality follows from that y is an dummy variable.

(2) Choose an orthogonal matrix O such that OTe = (0,0, 1) (there is always such an orthogonal
matrix since O). Then the above identity shows that

ffj sin Hm|| (c-x)dV = Jff sin HmH ((0,0,1) - &) dV = Jff sin ”:BH coszgdV
|z |z ke

B(0,r) B(0,r) B(0,r)

which concludes (x).



(3) Using the spherical coordinates,

H f Sll|f|la|3|m 0s 25 dV = f J J smpCos(pcow)p?singzsde)d(p}dp

B(0,r)

= 27rf J sin p cos(p cos gb)ps1ngz§dgb> p=—2m JT (fﬁ 6(15 [sinpsin(pcos gb)}dqb)dp
0

(b T
= —ZWJ [ sin psin(pcos ¢)] ¢> dp = 47 f sin® pdp = QWJ [1— cos(2p)] dp
0 0

p=r
= 27mr — wsin(2r) .
p=0

=2m[p— é sin(2p)]



