Calculus MA1002-B Midterm 2
National Central University, Apr. 14, 2019

Problem 1. Complete the following.
1. (5%) State the limit comparison test for the convergence or divergence of infinite series.

2. (15%) State and prove the Taylor Theorem (you can directly apply the Cauchy Mean Value

Theorem without stating it).

Solution. 1. Let {a,}*_;, {b,}?; be sequences of real numbers, a,,b, > 0 for all n € N, and

lim 2% — =1L,
n—0o0 b
ee} o]
where L is a non-zero real number. Then ) a; converges if and only if > by converges.
k=1 k=1

2. Let f: (a,b) — R be (n+ 1)-times differentiable, and ¢ € (a,b). Then for each z € (a,b), there

exists & between x and ¢ such that

f”(C) f(nJrl)(g)
2

(n+1)!

flx)=fle)+ f'(e)(x —c) + (x—c)?+--+ (z— )", (%)
Proof. We first show that if A : (a,b) — R is m-times differentiable, and ¢ € (a,b). Then for

all d € (a,b) and d # ¢ there exists £ between ¢ and d such that
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=0 k=0 . ) (D)
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(d — c)m+t S om+1 E—c)m
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(or [d,c]) and differentiable on (¢, d) (or (d,c)), and G'(x) # 0 for all z # ¢. Therefore, the

Cauchy Mean Value Theorem implies that there exists & between ¢ and d such that
F(d) - Fle) _ F'(§)
G(d)—G(c)  G'(§)’

Let F(z) = h(z) — i <c)( c)® and G(x) = (z — ¢)™. Then F,G are continuous on [c, d]
k=0

and (o) is exactly the explicit form of the equality above.
Now we apply (o) successfully for b = f, f/, f”, --- and f( and find that

n (k) (o 1 (f1)®)
f@— % D@ o friay -5 Y, oy
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thus

nek)
7d) = 3 I o = g o
k=0

(n+1)!
(%) then follows from the equality above since d € (a,b) is given arbitrary. o
o0 17
Problem 2. (10%) Use the ratio test to determine the whether the series )| % converges or
n=0 (&7 :
not.
. nln”
Solution. Let a,, = m Then
(n+ ! (n+ 1)+t
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Since © < 1, the ratio test implies that the series > T converges (absolutely). D
4 n=o (2n+1)!
1
0 exp (7) -1
Problem 3. (15%) Find all p € R such that »’ W converges. Note that you need to provide
k=2
the reason for the convergence or divergence of the power series for each p.
1
Proof. Tet g = 2B Ly L Then ay, b, > 0 for all k€ N and
roof. eak—Wan k—m. en ay, by > 0 for all k€ N an
1
F—1
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since lin% = 1. By the limit comparison test, >, aj converges if and only if > by converges.
=0 X k=1 k=1
. o0 ' ‘ 0 exp (%) -1 .
Since 1;2 L converges if and only if p > 1, we find that 1;2 R converges if and only
p>1. o

0 1Vk
Problem 4. (15%) Show that > W]M converges for all x € R.
k=1
0 1Vk
Proof. First we note that since the function f(z) = ] (D]:mkx
k=1

thus we only need to show that the series converges for x € [—m, 7]. Since f(7) = f(—7) =

, when convergent, is 27 periodic;

suffices to show that the series converges for all z € (—m, 7). Note that (—1)*sin kx = sin(kz +k7) =



sin k(z + 7); thus

2sinmgﬂ Z(—l)ksinkx: ZQsinx;Wsink(Jr—l—ﬂ)

k=1 =
- ’;COS [(k— 5)(1' + )] — cos [(k + 5)(1- + )]
— cos T _cos?’(x2+7r)+cos3(w;7r) _COS5(x;—7r) 44 cos (2n—1;($+7r)
(2n+1)(z +m)
2
= CoS O O G
2

x -+

Therefore, by the fact that sin

# 0 if x € (—m, 7), we find that

N 1
Z(—l)ksinlmz QH_W[Cosx+7r_cos(2n+l)(x+7r) ;
k=1 2 sin 2 2

thus

= 1
‘Z(—l)ksinkx‘ém VIE(—T(‘,W).
k=1

Since the right-hand side is independent of n, by the Dirichlet test we find that

Qo0

—1)"sink
Z (=1 ksm T converges for all z € (—m,m).
k=1

kgin kx

e}
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By the argument above, we conclude that the series ) (=1) k converges for all z € R. O
k=1

Problem 5. (10%) Let k be a natural number. Find the interval of convergence of the power series
i (kn)!

If you are not able to complete this question with general natural number k, try to complete the case
k= 3.

(nh)*

Solution. Let k € N be given, and a,, = En)l” Then a,, > 0 and
(n))*
an  (kn)!  (bn+k)(kn+k—1)---(kn+1)
any1 [(n+ D))" (n+ 1) '
(kn+k)!
Therefore,
lim % — gk ;




. ) Lk .
thus the radius of convergence of the given series is k2. Now we check the convergence or divergence

0 1)k fkn
of the series at the end-points +k2: > (n( k): o Using the Stirling formula and the limit comparison
n=0 n).

test, it suffices to consider the convergence or divergence of the series

i (vV2mnne")kkn i 2 “nkne—knjhn i N
= V2rkn(kn)kne=kn = \2mkn(kn)kre=kn =

If ke N, lim n'z £ 0; thus the n-th term’s test implies that the series does not converge at the
n—o0
end-points. Therefore, the interval of convergence is (—k?, k#). o

0
Problem 6. (10%) Find the power series solution y(x) = Y a,a™ of the differential equation
n=0

2’y (z) +ay'(z) +2’y(z) =0,  y(0)=1, y'(0)=0.
You need to show all the computations instead of just providing the answer.

Solution. First we note that y(0) = 1 implies that ap = 1 and y’(0) = 0 implies that a; = 0. By the

differentiation of power series, we find that

[ee} o0 [ee}
Z n(n —1)a,z" + Z na,r" + Z p_ox" =0
n=2 n=1 n=2
Therefore, by the fact that a; = 0, we have
o0
Z [n(n — 1a, + na, + ap_s]a™ =0
n=2

which implies that n2a, + a,—» = 0 for all n > 2, or equivalently,
-1
ap = —5Qn—2 Yn=2.
Since a; = 0, we must have a; = a3 = a5 = -+ = ag,11 = --- = 0. Moreover, since ay = 1, we find
that

—1 (=1)? , (=" _ =D

= GnPn 2B " B

Gon = (QT)zazn—z = (2n)2(2n — 2)2a2n—4 =

Therefore, the power series solution of the differential equation is given by

- —1)" 2n
y(l‘) = Z %ZB . o

n=0

Problem 7. (10%) Find the fourth Maclaurin polynomial of the function f(z) = Incosx.

Solution. By the chain rule and the product rule,

fl(x) = _Smx:—tanx, f"(z) = —sec’ x,
cos
f"(x) = —2seca o secw = —2sec’ rtanw,

d d
f9(z) = —2<d— sec? x) tan r — 2 sec? T tanz = —4sec’ rtan®z — 2sect 1.
X X



Therefore,
fO)y=0, f0)=0, f"0)=-1, @0 =0, f90)=-2,

and the fourth Maclaurin series of f is Py(z) = Ll 1o

Problem 8. (10%) Find a natural number n such that

o (=D -8
‘mu-Z — (<2><10 .

Explain your answer.

Solution. Since .

dk

the Taylor Theorem implies that for each x there exists £ between x and 0 such that

n(l+4+z)= ()" k-D!(1+2)" VkeN,

o 1dk (=1)"n!(1 4 &)~ (D
In(1 _ _|:_ In(1 :| k n+1
a1 +a) Zk e s TR
Y e
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In particular, there exists £ between 0 and % such that
S Vi B
Inl.1= 10~
" Z 10k ntl(lton

Therefore, if n =7,

7 k—1
1 1
)mu-Z( ) ‘< 1078 <1.25 x 107 < 2 x 1075,

S k10k 8(1+4¢€)3



