Calculus MA1002-B Midterm 3
National Central University, Jun. 09, 2020

Problem 1. (10%) True or False (€248 ) : 54873 & > EHEFA & > 4 5)dcn » (HIcd 4
LAEA L)
In the following, R is always an open region in the plane, (a,b) is always a point in R, and

f+ R — Ris a function of two variables.

1. If hII(l) fla+rcosf, b+ rsinf) exists for all € R, then  lim  f(z,y) exists.

(z,y)—(a,b)

2. If f is differentiable at (a,b), then f, and f, both exist (a,b).
3. If f, and f, are continuous on R, then f is continuous on R.

4. If f, and f, the directional derivative of f at (a,b) exists in all directions, then f is differentiable
at (a,b).

5. If f;, and f,, both exist on R, then f,, = f,, on R.
Problem 2. Complete the following.

(1) (5%) Let R be an open region in the plane, f : R — R be a function, and (a,b) € R. Define
the differentiability of f at (a,b). ( =& [ & (a,b) &7 Hcld)

(2) (5%) Let R be an open region in the plane, f,g : R — R be differentiable functions of two
variables. State the Lagrange Multiplier Theorem (for finding extrema of f subject to constraint

g=0). (fcit ot B AN TPy p fIF 2I2)

Problem 3. Assume that f is a continuous function of two variable satisfying that

f(z,y) —ycosz
@y~ (. —m)2 4+ (y — 1)2

1. (10%) Find f,(m, 1) and f, (7, 1).
2. (5%) Prove or disprove that f is differentiable at (m,1).

Solution. Note that since  lim f(z,y) —ycosx

(zy)— (1) (x — )2 4+ (y — 1)2 = 0, we must have

f(x,y) —ycosx

= and lim x,y) —ycosx| =0.
L) V(z — 1) (z.y)— (1) [f(@y) —yeosal
Therefore, ( hrr(l " f(z,y) = —1. By the continuity of f, f(r,1) = —1.
z,y)— (7
For (z,y) # (m,1),
flw.y) —ycosz  flz,y) - f(m)+(y—1) y+ycosz

Vie—mP+y-1?2  Ve-m2+u-1? -2+ y-1)?



By Taylor’s Theorem, for each x there exists £ between x and 7 such that

cosa::cosw—cosg(x—wfz—l—COS&(:C—W)2,
2 2
thus
y+ycosx ly||1 + cos z| lyl |35—7r|2 1 3
| - <2 lulle =72
VE—m)2+y-12 o -7m)2+y-1)2  24/(z—7)2+(y—1)2 2

and the right-hand side approaches zero as (z,y) — (7, 1). By the Squeeze Theorem,

. +ycosx
lim i =0;
(@y)—(m1) y/(z — )2 + (y — 1)2
thus
im =
@y~ A/(r—m)2+ (y — 1)
The equality above implies that f is differentiable at (7, 1) and f, (7, 1) =0, f,(7,1) = —1. D

Problem 4. (12%) Suppose that ¢y, ¢y € R are constants, and u = u(x,y,t) is a twice differentiable
function of xz,y,t satisfying u,, = uy, and
du, ouw ou 2w 2w
ot ox dy  0x2  Oy?
Let v(r,0,t) = u(r cos 0 + c1t, rsin + cot, t). Show that v satisfies that
ov  0%v 10w 1 0%

3t o Tror Tmae
Proof. Since v(r,0,t) = u(rcosd + cit,rsin 6 4 cot, t), by the chain rule
Up = UgCq + UyCo + Uy,
Uy = Uy cOS 0 + u, sind,
Vg = Uyr(—sinf) + uyrcos @ = —u,rsing + w,rcosf ;

thus by the fact that u,, = u,, we have
Vpp = Uy COS> O + Uzy COS 08I 6 + 1y, SIN O cOS O 4 Uy sin? 0
= Uy, cos? 0 + 2u,, sin 0 cos 6 + w,, sin? 4,
and

Vgg = UgpyT> SIn? 0 — uzyr2 sin 6 cos @ — u,r cosf — uyer sin 6 cos 6 + uyyr2 cos’f — w7 sin 0

2

= Uy r?sin?f — 2u$yr2 sin 0 cos 0 + wy,r cos? 0 — u,rcosf — uyrsind .

Therefore,
ov  0%v 10w 1 0%

ot 0r2 ror r2002?
. . 1 .
= Uy + CrUy + Colly — Ugy cos? ) — 2Uyy sin 0 cos 0 — uy, sin?f — = (ux cos 6 + u,, sin 9)
T
1 2 .2 2 2 2 :
~ 3 (umr sin® 0 — 2ug, " sin 6 cos 0 + u,,r~ cos” 0 — uyr cos§ — u,rsin 9)
= U + CllUy + Coly — Ugy — Uyy = 0

which shows @_@+}@+i& o
ot or2  ror  r2060%



Problem 5. (8%) Let f,g: R? - R be defined by

4 X
flz,y) = %ﬁﬂ;@iﬂaw¢mﬂ%

0 if (z,y) = (0,0).

Find the direction along which the value of the function f at (0,0) increases most rapidly.

(4580 & (0,0) B [ hddicis 1 2 defozin™ 5 )

Proof. Let u = (cos®,sinf). Then

. f(tcosf,tsinf) — £(0,0) . t*sin* (3t cos O + 4t sin 0)
(Duf)(0,0) = t 150 t(t5 cos® 0 + 5t4sin 9)

{ 0 if sinf =0,

3cosf + 4sinf

5 if sinf # 0.

The direction along which the value of f at (0,0) increases most rapidly is the direction which

maximize (D,f)(0,0). Since the maximum of (D,f)(0,0) occurs at cosf = g and sinf = g,

the direction along which the value of f at (0,0) increases most rapidly is (§ D

y?'

Problem 6. (12%) Find the second Taylor polynomial of the function f(x,y) = arctan(ytanz) at

(7. 1).

Solution. By the chain rule implies that

2
_ ysectw _ tanx
f:E(I7y)_ 1+y2tan2x’ fy(«xay)_ 1—|—y2tan2x’
2ysec’ rtanz - (1 + y?tan®x) — 2y?sec’ ztanx - ysec? x
fxm(x)y) = 2 2 \2 ’
(14 y?tan®x)
sec?x - (1 +y?tan®x) — 2ytan®z - ysec® x —2ytan?z - tanx
f$y<x>y) = 2 2, \2 ) fyy(x7y> = 2 2.2
(1 + y?tan®x) (14 32 tan® x)
. 3T 3T
thus using that tan Vil —1 and sec Vil —\/5, we find that
3m 3m 1 3r —8+8
fI(I71):17 fy(Z71):_§7 wa(Z71): 4 :07
3 4—4 37 2 1
o Co V) == =0 Ju(Cp ) =5= 3

Since f (%, 1) = arctan(tan ?%) = arctan(—1) = —%, we find that the second Taylor polynomial of

f at (??Tw,l) is

Piey) = () + LI -2 4 (e
o [ e 1) (= 200 21 BT ) (0= 2 0 = 1D + £ (5 1) 0 = 1)7]
:—%+(—%U—%@—D+%@—D2 °




Problem 7. (13%) Let £ > 1 be a real number. Find all relative extrema and saddle points of

flz,y) = (22 + ky?)e "% using the second derivative test. When a relative extremum is found,

determine if it is a relative maximum or a relative minimum.

Solution. We first compute the first and second partial derivatives of f and find that

folw,y) = 2067 4 (22 4 ky?)(=20)e " = 20(1 = 2 — kyP)e
fy(z,y) = Qk‘ye—w?—yQ + (2% + k?yg)(*Qy)eyQ_“"Q ok —a? — ky2)6_12_y2 |
Falo ) = [ 607~ 2 4231 a* e
Fay(,y) = [20(=2ky) — day(1 — 2 — ky®) ] e V",
(z,y) = [

2k — 22% — 6ky® — 4y (k — 2* — /{:y2)]e’x2’y2 :
Therefore, critical points of f are (0,0), (£1,0) and (0, +1).

1. Since f,,(0,0) =2, f,,(0,0) = 2k, f,,(0,0) =0, we find that
f22(0,0) f(0,0) = £2,(0,0)* = 4k > 0;

thus the fact that f,,(0,0) > 0 implies that f(0,0) is a relative minimum of f.

2. Since f,.(£1,0) = —4e™ !, f,,(1,0) =2(k — 1)e ! and f,,(1,0) = 0, we find that
Joao(£1,0) fyy (+£1,0) = fo (£1,0)* = =8(k — 1)e™* < 0;

thus (+1,0) is a saddle point of f.

3. Since f,.(0,+1) =2(1 —k)e !, f,,(0,£1) = —4ke! and f,,(0,£1) = 0, we find that

foz(0, £1) £, (0, £1) — f,,, (0, £1)* = 8k(k — 1)e™* > 0;

thus the fact that f,,(0,+) < 0 implies that f(0, £1) is a relative maximum of f. o

Problem 8. (20%) Find the extreme value of the function f(z,y,z) = 22% + 2y* + 22% — 2 on the
set

R={(z,y,2)| (22® +y> = 1)> < 2* < 4}.
Solution. Suppose that f attains its maximum at (o, yo, 20) € R-
1. If (z0, Y0, 20) is an interior point of R, then
(V) (2o, Y0, 20) = (420, 4yo, 420 — 1) =0

which implies that (zo, o, 20) = (O, 0, %) This point does not belong to R; thus f does not

attain its extreme value in the interior of R.

2. Suppose that (zg, ¥, 20) on the boundary z? = 4. Then 2z, = £2, and f(zg, yo,2) = 22%+2y*+6,
f(xo,y0, —2) = 22% + 2y* + 10 whose minimum is 6.



3. Suppose that (zg, Yo, 20) on the boundary (222 +y*—1)% = 22. Let g(x,y, 2) = (22%+y*—1)?—2z%
Then
(Vg)(f,y, Z) = (8I(2$2 + y2 - 1),4y(2$2 + y2 - 1)7 _22) .

(a) If (Vg)(xo, Yo, 20) = 0, then z5 = 0 and 222+ = 1. Subject to the constraint 2z3+y2 = 1,

[ (0,90, 20) = 222+ 2y32 attains its maximum at (zg,yo) = (0, £1) with value 2 and attains
its minimum at (z,y0) = ( + i, 0) with value 1.
V2
(b) If (Vg)(zo,yo0, 20) # 0, then there exists A € R such that
(420, 40,420 — 1) = A(8zo(227 + yg — 1), 4yo(22] + y5 — 1), —220) .

which implies that

T = 2\1o(275 +yg — 1), (0.1a)
Yo = /\yO(Qx(QJ + yg —1), (0.1b)
dzg — 1= —-2X2, (0.1c)
20 = (225 +ys — 1)%. (0.1d)

Note that (@c) implies that zo # 0 and (@d) implies that A # 0 (for otherwise we must
have xg = 1o = 0 and 29 = 1 that do not satisfy (@d))

i. If (zo,y0) = (0,0), then zy = +1 and we have f(0,0,1) =1 and f(0,0,—1) = 3.

ii. If 7o # 0, then 222 + 32 — 1 = %; thus (@b) implies that yo = 0. Therefore,

203 —1 = L and (@c) shows that zp = Therefore, using (@d) we find that

2\

2N+ 4
1 1 1

AN T (2014 AN t+2)2

thus A\? = (X + 2)? which shows that A = —1. Therefore, 3 = % and zy = % so that

1 1 1 1
f(x07y0720)_21+20+21—§_§

1
iii. If yo # 0, then 222 + 2 — 1 = 1 80 that (@a) implies that o = 0. Therefore,

o _ 4 1 : _ 1
yo =1+ 3 Together with the fact that zy = ra Ve find that
r 1 B 1
A2 (20 +4)2 4\ +2)?2°
4
Therefore, A\ = —4 or A = ~3
A. If A= —4, then y2 = % and zy = —%. In this case,

3 1 1 15
Fl@o,yo,20) =2-042- T+2 o+ 0= 2.



4 1 3
B. If \= —3 then y2 = 1 and zg = T In this case,

1 9 3 7
—92.042--42. 221
f (@0, Y0, 20) 0+ 4+ 6 1 3

iv. If xg,yo # 0, then (@a,b) implies that 222 + y2 — 1 = 0 which further implies that

2o = 0, a contradiction.

4. Suppose that (xg,yo, 20) satisfies both 22 = 4 and (222 + y* — 1)? = 2. Then 222 + v — 1 = 2;
thus 222 + y2 = 3. In this case, f(x,yo,2) attaints its maximum at (0, £+/3,2) with value 12,
while f (20,0, —2) attains its maximum at (0, ++/3, —2) with value 16.

. . .. .1 .
Comparing all the possible extrema, we find that the minimum of f on R is 3 and the maximum of f
on R is 16. D




