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Chapter 9

Infinite Series

9.1 Sequences

Definition 9.1: Sequence

A sequence of real numbers (or simply a real sequence) is a function f : N — R.
The collection of numbers { f(1), f(2), f(3),--- } are called terms of the sequence and

the value of f at n is called the n-th term of the sequence. We usually use f, to

denote the n-th term of a sequence f : N — R, and this sequence is usually denoted
by {fn}2_, or simply {f,}.

Example 9.2. Let f : N — R be the sequence defined by f(n) =3+ (—1)". Then f is a

real sequence. Its terms are {2,4,2,4,---}.

Example 9.3. A sequence can also be defined recursively. For example, let {a,}*_; be
defined by

Q1 =20,  ap=V2.
Then as = V/2v/2, as = 1/24/2v/2, and etc. The general form of a,, is given by

1,1,1 1 2" —1
a, = 22Tatsttam — 9%

There are also sequences that are defined recursively but it is difficult to obtain the

general form of the sequence. For example, let {b,}>_; be defined by

bur1 =2+by, b =v2.
Then by = V2 4+ V2, bs = 1/2 + /2 + v/2, and etc.
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Remark 9.4. Occasionally, it is convenient to begin a sequence with the 0-th term or even

the k-th term. In such cases, we write {a,}", and {a,}_, to denote the sequences.

Similar to the concept of the limit of functions, we would like to consider the limit
of sequences; that is, we would like to know to which value the n-th term of a sequence

approaches as n become larger and larger.

Definition 9.5

A sequence of real numbers {a,}°_, is said to converge to L if for every ¢ > 0, there
exists N > 0 such that

la, — L| <& whenever n > N.

Such an L (must be a real number and) is called a limit of the sequence. If {a,}>
converges to L, we write a,, — x as n — o0.

A sequence of real number {a,}> ;| is said to be convergent if there exists L € R
such that {a,}>_; converges to L. If no such L exists we say that {a,}_, does not

converge or simply diverges.

Motivation: Intuitively, we expect that a sequence of real numbers {a,}>_; converges to
a number L if “outside any open interval containing L there are only finitely many a,’s”.

[Ahi

The statement inside can be translated into the following mathematical statement:

Ve>0,#{neN|a,¢(L—¢c,L+¢)} <o, (9.1.1)

where # A denotes the number of points in the set A. One can easily show that the conver-
gence of a sequence defined by (9.1.1) is equivalent to Definition 9.5.
In the definition above, we do not exclude the possibility that there are two different

limits of a convergent sequence. In fact, this is never the case because of the following

Proposition 9.6

If {a,}>_, is a sequence of real numbers, and a, — a and a,, — b as n — o, then
a="b. (Flcach & ek - ).

We will not prove this proposition and treat it as a fact.

e Notation: Since the limit of a convergent sequence is unique, we use lim a, to denote
n—00

this unique limit of a convergent sequence {a,}>,.



Theorem 9.7

Let L be a real number, and f : [1,00) — R be a function of a real variable such that

lim f(x) = L. If {a,}*_; is a sequence such that f(n) = a, for every positive integer
T—00

n, then

lim a, = L.
n—aoo

Example 9.8. The limit of the sequence {e,}_; defined by e, = (1 + %)n is e.

When a sequence {a,}°_, is given by evaluating a differentiable function f : [1,0) — R

on N, sometimes we can use L’Hospital’s rule to find the limit of the sequence.

n?

Example 9.9. The limit of the sequence {a,};_, defined by a,, = 51 is

. x? . 2x . 2
lim = lim = lim —— =0.
z—0 2% — 1 z-022ln2 z-w 25”(111 2)2

There are cases that a sequence cannot be obtained by evaluating a function defined on
[1,00). In such cases, the limit of a sequence cannot be computed using L’Hospital’s rule

and it requires more techniques to find the limit.

!
Example 9.10. The limit of the sequence {s,}*_; defined by s, = nff, is v/2m; that
is, e
|
lim —" =1, (9.1.2)

n—0 A/2rnnte="

Similar to Theorem 1.14, we have the following

Theorem 9.11

Let {a,}°, and {b,}_, be sequences of real numbers such that lim a, = L and

n—0o0
lim b, = K. Then

n—a
1. lim(a, +b,) = L + K.
n—00
2. lim (a,b,) = LK. In particular, lim (ca,) = cL if ¢ is a real number.
3 dlim = L if K £0.

n—ow by, K




Theorem 9.12: Squeeze Theorem

Let {a,}?2;, {b,}°; and {c,}>_; be sequences of real numbers such that a,, < ¢, < b,
foralln > N. If lim a, = lim b,, = L, then lim ¢, = L.

n—ao0 n—a0 n—o0

Theorem 9.13: Absolute Value Theorem

Let {a,}>_; be a sequence of real numbers. If lim |a,| = 0, then lim a, = 0.
n—aoo n—aoo

Proof. Let {b,}r_, and {c,}°; be sequence of real numbers defined by b, = —|a,| and
¢y = |a,|. Then b, < a, < ¢, for all n € N. Since lim |a,| = 0, Theorem 9.11 implies that
n—ao0

lim b, = lim ¢, = 0 and the Squeeze Theorem further implies that lim a, = 0. ]
n—0o0 n—a0 n—0oo

Definition 9.14: Monotonicity of Sequences

A sequence {a,}r_; < R is said to be
1. (monotone) increasing if a, ;1 > a, for all n € N;
2. (monotone) decreasing if a, 11 < a, for all n € N;

3. monotone if {a,}? , is an increasing sequence or a decreasing sequence.

Example 9.15. The sequence {s,}> , defined in Example 9.10 is a monotone decreasing

sequence.

Definition 9.16: Boundedness of Sequences
Let {a,}>_; be a sequence of real numbers.

1. {a,}r_, is said to be bounded (3 % ) if there exists M € R such that

la,| < M for all n e N,

2. {an}y_, is said to be bounded from above (7 } % ) if there exists B € R,
called an upper bound of the sequence, such that a,, < B for all n € N. Such

a number B is called an upper bound of the sequence.

3. {an}y_, is said to be bounded from below (7 T % ) if there exists A € R,
called a lower bound of the sequence, such that A < a,, for all n € N. Such a

number A is called a lower bound of the sequence.




Example 9.17. The sequence {a,}_; defined by a, = n is bounded from below by 0 by

not bounded from above.

Proposition 9.18

A convergent sequence of real numbers is bounded (#7|jzar<s 5 &) .

Proof. Let {a,}_; be a convergent sequence with limit L. Then by the definition of limits

of sequences, there exists N > 0 such that
a,e€(L—1,L+1) Vn>=N.
Let M = max {|ai|, |as|,- -, lan—1],|L| + 1}. Then |a,| < M for all n. € N. O

Remark 9.19. A bounded sequence might not be convergent. For example, let {a,}>_; be
defined by a,, = 3 + (—1)". Then

a1:a3:a5:-~:a2k_1:--~:2 and a2:a4:a6:---:a2k:---:4.
Therefore, the only possible limits are {2,4}; however, by the fact that

#{neN|a, ¢ (1,3)} =#{neN|a, ¢ (3,5)} =0,
we find that 2 and 4 are not the limit of {a,}> ;. Therefore, {a,}>; does not converge.

e Completeness of Real Numbers:

One important property of the real numbers is that they are complete. The complete-
ness axiom for real numbers states that “every bounded sequence of real numbers has a least
upper bound and a greatest lower bound”; that is, if {a,}>_; is a bounded sequence of
real numbers, then there exists an upper bound M and a lower bound m of {a,}°; such

that there is no smaller upper bound nor greater lower bound of {a,}>_;.

Theorem 9.20: Monotone Sequence Property (MSP)

Let {a,}y; be a monotone sequence of real numbers. Then {a,};_, converges if and

only if {a,}*_; is bounded.

Proof. 1t suffices to show the “<"” direction.
Without loss of generality, we can assume that {a,}~, is increasing and bounded. By

the completeness of real numbers, there exists a least upper bound M for the sequence

{an};.zozl-



Let e > 0 be given. Since M is the least upper bound for {a,}*_,, M —¢ is not an upper
bound; thus there exists N € N such that ay > M —¢. Since {a,}, is increasing, a,, = ay
for all n = N. Therefore,

M—-—c<a, <M Yn>=N

which implies that
|an_M|<5 Vn>=N.

The statement above shows that {a,}?_; converges to M. O

Remark 9.21. A sequence of real numbers {a,}>_, is called a Cauchy sequence if for

every € > ( there exists N > 0 such that
la, —am| < e whenever n,m > N .

A convergent sequence must be a Cauchy sequence. Moreover, the completeness of real

numbers is equivalent to that “every Cauchy sequence of real number converges”.

9.2 Series and Convergence

An infinite series is the “sum” of an infinite sequence. If {a,}>_; is a sequence of real

numbers, then

o0
Zak:a1+a2+---+an+---
k=1
is an infinite series (or simply series). The numbers ay, ag, as, --- are called the terms of

the series. For convenience, the sum could begin the index at n = 0 or some other integer.

Definition 9.22

0
The series Y, ay is said to be convergent or converge to S if the sequence of the partial
k=1

sum, denoted by {S,}>°, and defined by

Sp= Y ap=a1+ay+ - +ay,

k=1
©¢]
converges to S. S, is called the n-th partial sum of the series )] a.
k=1
Q0 Q0
When the series converges, we write S = > a; and ), ay is said to be convergent.
k=1 k=1
If {S,}°_; diverges, the series is said to be divergent or diverge. If lim S, = « (or

n—o0
—0), the series is said to diverge to oo (or —o0).




Example 9.23. The n-th partial sum of the series Z ! is
~ k(k+1)

n

ZMH “2Gm0=0-)G g+ G )

k=1 k=1

Il
—_

n+1;

0
. 1
converges to 1, and we write

thus the series —_ , —_— =
Z k(k+1) = k(k+1)

2
Example 9.24. The n-th partial sum of the series Z TP 1 is

NgE
I

2 " 2 no 1
k2 =1 g(zk—1)(2k+1):Z<2k—1_2k+1>

k=1 k=1 k=1
_(1 1)+<1 1>+ +< 1 1 )_1 1
- 3 3 5 on—1 2n+1/) 2n 41’
hus th 1, and ite 3 2
thus the series Z T2 1 converges to 1, and we write ]Elm =

The series in the previous two examples are series of the form

n

Z(bk_bk+1):(bl_b2)+(b2_b3)+"'+(bn_bn+1)+"'a
k=1

and are called telescoping series. A telescoping series converges if and only if lim b, con-
n—00

verges.

©¢]

Example 9.25. The series > r*, where r is a real number, is called a geometric series
k=1

(with ratio r). Note that the n-th partial sum of the series is

n 1—7”n+1 if 1
Sn:Zrk:1+7’+r2+---+7’”: 1—7r r=4,
k=1 n+1 ifr=1.

Therefore, the geometric series converges if and only if the common ratio r satisfies |r| < 1.



Theorem 9.26

0 Q0
Let > ar and ). be convergent series, and c¢ is a real number. Then
k=1 k=1

Theorem 9.27: Cauchy Criteria

0
A series Y. ai converges if and only if for every e > 0, there exists N > 0 such that
k=1

)Zak‘<€ whenever n> N, (> 0.

o6}
Proof. Let S, be the n-th partial sum of the series >, ag. Then by Remark 9.21,

k=1
0

> ax converges < {S,}°_, is a convergent sequence
= < {S,}¥, is a Cauchy sequence
< for every € > 0, there exists N > 0 such that
Sy, — Sm| < € whenever n,m > N

< for every ¢ > 0, there exists N > 0 such that

lay + ani1 + -+ anse| < e whenever n > N and ¢ > 0. H
Corollary 9.28: n-th Term Test
e}
If the series )  aj converges, then klim ap = 0.
k=1 —©
a0
Remark 9.29. It is not true that lim a,, = 0 implies the convergence of > a;. For example,
o]
. . . 1 .. .
we have shown in Example 8.50 that the harmonic series »| % diverges to co while we know
k=1

that lim 1 =0.

n—ow N



Corollary 9.30: n-th term test for divergence

0

Let {a,}?, be a sequence. If lim a, # 0 or does not exist, then the series > aj
n—00 k=1

diverges.

9.3 The Integral Test and p-Series

9.3.1 The integral test

Suppose that the sequence {a,}?; is obtained by evaluating a non-negative continuous
decreasing function f : [1,0) — R on N; that is, f(n) = a,. Then

J f(x zi: ar < a; + f f(z)da. (9.3.1)

Since the sequence of partial sums {S,}>°, of the series Z ay, is increasing, the complete-
k=1
ness of real numbers implies that {S,}°; converges if and only if the improper integral

Q0
f f(z) dx converges.
1

Theorem 9.31

Let f :[1,00) — R be a non-negative continuous decreasing function. The series

Z f(k) converges if and only if the improper integral J f(z) dx converges.

o0
Example 9.32. The series ), converges since
k=1

— k21
* dx b dw =b m
J 5 = lim f = lim arctanx = lim (arctanb — arctan 1) = —
L 2241 s, 2241 b =1 b 4

and the function f(z) = is non-negative continuous and decreasing on [1, o0).

2+ 1
&, k
Example 9.33. The series »] -5—— diverges since
= B2+
0 b 2 —
1 =t 1
J T e —lim [ =t de = tm B D L M@ 1) — 2] =
1

241 b ) 22 + 1 b—o0 2 =1 2b->w0

and the function f(z) = is non-negative continuous and decreasing on [1, c0).
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a0
Example 9.34. The series ), converges since
k=2

klnk
“ dx . b dr (pmev b pudy, . b Ju , u=Inb
= lim =" lim = lim — = limlnu
9 xlnx  bow )y xlnx b—o Jl o €¥Iner  boow o U bow u=In2
= lim(Inlnb —Inln2) = o
b—00

and the function f(x) =

i is non-negative continuous and decreasing on [2, c0).
rinr

9.3.2 p-series

A series of the form

is called a p-series. The series is a function of p, and this function is usually called the

Riemann zeta function; that is,

)=

n=1

A harmonic series is the p-series with p = 1, and a general harmonic series is of the form

=1
;akﬁLb'

By Theorem 8.51 and 9.31, the p-series converges if and only if p > 1.

0 2
Remark 9.35. It can be shown that ] % = % In fact, for all integer £ > 2, the number
k=1

a0

1 .. . .
2. — can be computed by hand (even though it is very time consuming).
k=1"T

Remark 9.36. Using (9.3.1), we find that

<l+Inn VYneN.

=

In(n+1) < Z
k=1

Therefore, the sequence {a,}*_; defined by

"
p= 3 =1
a l;lkj nn



is bounded. Moreover,

— —il—l —Tflﬂ( +1)=1 (1+1)— !
a, an+1—k:1k nn kzlk n(n =In - 1l

Since the derivative of the function f(z) = In(1 + z) — - Y is positive on [0, 1], we find

+1
that f is increasing on [0, 1]; thus
1 1 1 0
1n(1+ﬁ)—n+1 =f(-)=f(0)=lnl-7=0 V¥neN

which shows that a,, > a,41. Therefore, {a,})°_; is monotone decreasing and bounded from
below (by 0). The completeness of real numbers then implies the convergence of the sequence
{a,}*_;. The limit

n

. 1
T (3] 7~ 1nn)

is called Euler’s constant. FEuler’s constant is approximated 0.5772.

9.3.3 Error estimates

Similar to (9.3.1), under the same setting we have
o0 e0]
Sn+f f(x)dx<5<5’n+f f(z)dx VneN. (9.3.2)
n+1 n

The inequality above shows the following

Theorem 9.37: Bounds for the Remainder in the Integral Test

Let f : [1,0) — R be a non-negative continuous decreasing function such that the

o0 n
series S = >, f(k) converges. Then the remainder R, = S —S,,, where S,, = >} f(k),
k=1 k=1

satisfies the inequality

J:Llf(a:) dr < R, < LOO f(z)dx.

0

Example 9.38. Estimate the sum of the series ) % using the inequalities in (9.3.2) and
n=17

n = 10.

Since

“1 —1p=b 1
f —dxr = lim — = —,

n X2 b= T lz=n N



using (9.3.2) we find that

5+1<§:1<5 +1
10 11 \\k:ﬂrk2 X 210 10.

Computing S1g, we obtain that

1 1 11
=144+t —+ — ~ 1.54977;
510 49 TR

thus

0
1.64068 < )| — < 1.64977.
k=1

1
K2
9.4 Comparisons of Series

When the sequence {a,}r_; is not obtained by a, = f(n) for some decreasing function
0

f :[1,0) > R, the convergence of the series > a; cannot be judged by the convergence
k=1

o0
of the improper integral f f(z)dz. To determine the convergence of this kind of series,
1

usually one uses comparison tests.

9.4.1 Direct Comparison Test

Theorem 9.39

Let {an}2, {b,}2_, be sequences of real numbers, and 0 < a,, < b, for all n e N.

o0 o0
1. If >} by converges, then >’ a; converges.
k=1 k=1

o0 Q0
2. If > ay diverges, then > a; diverges.
k=1 k=1

0 0

Proof. Let S,, and T,, be the n-th partial sum of the series > a; and > by, respectively;
k=1 k=1

that is, n

Sn:Zak and Tn:ibk.
k=1 k=1

Then by the assumption that 0 < a,, < b, for all n € N, we find that 0 < .S,, < T,, for all

neN, and {S,}, and {7,,}°, are monotone increasing sequences.



e}
1. If > by converges, lim T,, = T exists; thus 0 < S,, < 7T,, < T for all n € N. Since
k=1 n—90

{Sn}2_, is increasing, the monotone sequence property shows that lim S, exists; thus
n—0o0
Q0

> ay converges.
k=1

2. If 2 ay diverges, hm S, = o0; thus by the fact that S, < T, for all n e N, we find
k=1

that lim 7, = co. Therefore Z by diverges (to o). O

n—0o0

Remark 9.40. It does not require that 0 < a,, < b,, for all n € N for the direct comparison
test to hold. The condition can be relaxed by that “0 < a,, < b,, for all n = N” for some N

since the sum of the first N — 1 terms does not affect the convergence of the series.

. & 1+sink . 1+ si 2
Example 9.41. The series ), =TT converges since TSR 2 forall ne N and the
- k2 n? n?
. =
p-series Y, 73 converges.
k=1

& 1 1
Example 9.42. The series ), 5 gk converges since 5 < I for all n € N and the
k=1

+ 3% +3n
Q0
geometric series Y, — 3k converges.
k=1
Example 9.43. The series Z ! diverges since L > L for all n € N and the
2+ Vk 2+4/n " 3yn
. 1 1& 1
p-series dlverges
kgl 3VE 3 kzl
1 1 1
One can also use the fact that — for all n > 4 and Z — diverges to conclude
2+ \/ﬁ n =k

o0
1
that ——— diverges.
k§1 2+ \/E &

9.4.2 Limit Comparison Test

Theorem 9.44

Let {an}> , {bn}2_, be sequences of real numbers, ap, by, > 0 for all n € N and

lim 2% — =1L,
n—o0 b
e} e 6}
where L is a non-zero real number. Then )] a; converges if and only if ] by con-
k=1 k=1

verges.




Proof. We first note that if L # 0, then L > 0 since Z—” > ( for all n € N. By the fact that

n

lim & = L, there exists N > 0 such that n L‘ <3 whenever n > N. In other words,
n—a0 Oy n
£<0L—"<%f01raulln>]\7;thus
2 by, 2
3L 2
O<a, < Tbn and 0<b, < Zan whenever n > N.

0 0
By Theorem 9.39 and Remark 9.40, we find that > a; converges if and only if > by

k=1 k=1
converges.

o0
Remark 9.45. 1. If lim 2 = 0, then the convergence of >’ by implies the convergence of
n—oo by, =1
[ee}

> ax, but not necessary the reverse direction.
k=1

2. The condition “a,,b, > 0 for all n € N” can be relaxed by “a,, and b,, are sign-definite
for n = N, where a sequence {c,}>_, is called sign-definite for n = N if ¢,, > 0 for all

n>=Norc,<0foralln=>N.

Example 9.46. Recall that in Example 9.42 and 9.43 we have shown that the series

0 e 6}
—— converges and the series ——— diverges using the direct comparison test.
k§12+3k & 1;:124-\/% & & P
Note that since )
1
lim 2+13n =1 and lim ﬂ =1,
n—oo n—w -
3n Jn
using the convergence of the p-series and the limit comparison test we can also conclude
Q0 Q0
that ———— converges and —— diverges.
PIEE aesand 2, o e
0
Example 9.47. The general harmonic series ) 1l diverges for the following reasons:
k=14
L1
1. if a =0, then clearly >’ 7 diverges.
k=1
1
: & 1. . ok
2. if a # 0, then >, — diverges and lim —4*— = 1.
k=1 ak n—ao0

ak+b



9.5 The Ratio and Root Tests

9.5.1 The Ratio Test

Theorem 9.48: Ratio Test

0
Let > ax be a series with positive terms.
k=1
1. The series Y, aj converges if lim <1
k=1 n—o0 Qp
. L . . . Gp41
2. The series ), a diverges (to co) if lim > 1.
k=1 n—w 0n
. . L+1
Proof. Suppose that lim Gntl _ J exists. Define r = ———.
n—00  Op

1. Assume that L < 1. Then for ¢ = %, there exists N > 0 such that

Ap4-1 1-—
" _L|< == whenever n > N;
Qy, 2
thus
Ap+1
0< 2L whenever n > N .
ap,

Note that 0 < r < 1, and the inequality above implies that if n > N, a,.1 < ra,.
Therefore,

0<a, <ayr™% foralln > N.
oo a0
Now, since the series ), anT"® converges, the comparison test implies that > a con-
k=1 k=1
verges as well.

2. Assume that L > 1. Then for ¢ = %, there exists NV > 0 such that

n L—-1
it —L|<T whenever n > N ;

Qn

thus

Ap+1
< = whenever n > N .

Qp,
Note that r > 1, and the inequality above implies that if n > N, a,,1 > ra,.
Therefore,

0<ayr™ ¥V <a, forallm > N .



0 o0
Now, since the series Y. an7*~V diverges, the comparison test implies that . a

. k=1 k=1
diverges as well.
. an—|—1 . &
Remark 9.49. When lim = 1, the convergence or divergence of >} a; cannot be
n—0 Qp n=1

concluded. For example, the p-series could converge or diverge depending on how large p

is, but no matter what p is,

1 p
lim M — 1.
n—00 npkP

0 2k
Example 9.50. The series ), 77 converges since
k=1

gn+1 1)! 2
i 2/ DY 2y
n—00 2”/n! n—on + 1

0 f29k+1
Example 9.51. The series ’El 3

converges since

1 22n+2 3n+l 2 1 2 2
lim (n+1) / = lim _—(n—i— ) =

- <1.
00 n22n+1/3n n—w 3 nQ 3

© 1.k
Example 9.52. The series ) o diverges since
k=1

n+1 1| 1 n
i DT/ DY (1+—) —e>1.

n—00 nn/nl n—o0

9.5.2 The Root Test

Theorem 9.53: Root Test

o
Let > ax be a series with positive terms.
k=1

0
1. The series Y] aj converges if lim ¢/a, < 1.
k=1 n—w

0 ¢]
2. The series ), a; diverges (to oo) if lim {/a, > 1.

k=1 n—0

. L+1
Proof. Suppose that lim {/a, = L exists. Define r = i.
n—aoo



1. Assume that L < 1. Then for ¢ = %, there exists N > 0 such that

1—-L
|«"/an — L’ < — whenever n > N ;
thus
0< Wa, <r whenever n > N
or equivalently,
0<a,<r" whenever n > N .

oe}
By the fact that 0 < r < 1, the series Y, ¥ converges; thus the comparison test

k=1
Q0
implies that > a; converges as well.
k=1
2. Left as an exercise. O
Q0
Remark 9.54. When lim {/a, = 1, the convergence or divergence of > a; cannot be

n—00 n=1

concluded. For example, the p-series could converge or diverge depending on how large p
is, but no matter what p is,

mnvﬁ:(hmq%le.

n—0o0 n—00

o 2k
Example 9.55. The series ];1 2% COTVerges since

2n L 2
e\ w . e
lim(—) =Ilm —=0<1.
n—ow \ N" n—w 1
We also note that the convergence of this series can be obtained through the ratio test:
2(n+1) n+1 2
e n+1 e
lim é( ) = lim (
n—o e2n /nn n—owon 4+ 1

1\—"

1+-) T =0<1.

n
© 29kt

Example 9.56. The series ), 3
k=1

converges since

R L .
Example 9.57. The series Z o diverges since
=1 R

n

3=

i (n”)i "y ( n 27mn”e‘") . ( e )
im | — = lim = lim
n—ow \ n! n—0 \4/2mnn"e " n! n—0 \4/27n

here we have used Stirling’s formula (9.1.2) to compute the limit.

=e>1,



Remark 9.58. Observe from Example 9.51, 9.52, 9.56 and 9.57, we see that as long as

. a 1 . . .. e e . .
lim 2 and lim {/a, exists, then the limits are the same. This is in fact true in general,
n—o n—0o0

but we will not prove it since this is not our focus.

9.6 Absolute and Conditional Convergence

In the previous three sections we consider the convergence of series whose terms do not have

different signs. How about the convergence of series like
0 k+1 e} .
(—1) sin k
Z T Z T and etc.
k=1 k=1

In the following two sections, we will focus on how to judge the convergence of a series that

has both positive and negative terms.
Definition 9.59
Q0

An infinite series Y ay is said to be absolutely convergent or converge absolutely if the
k=1

o0 Q0
series Y |ay| converges. An infinite series ) ay is said to be conditionally convergent
k=1 k=1
Q0 0
or converge conditionally if > a; converges but > |ax| diverges (to o).
k=1 k=1

(—1)F
kP

Q0
Example 9.60. The series )’ converge absolutely for p > 1 but does not converge
k=1

0
1
absolutely for p < 1 since the p-series )| Tp converges for p > 1 and diverges for p < 1.
k=1

Example 9.61. The series ), % converges absolutely for p > 1 since
k=1

1
< — VneN

npk

sinn

o<]

npkP

a0
and the p-series )] Tp converges for p > 1.
k=1

Theorem 9.62

An absolutely convergent series is convergent. (% ¥4z achJzac)




0

Proof. Let >’ a; be an absolutely convergent series, and € > 0 be given. Since Y, |ag]
k=1 k=1
converges, the Cauchy criteria implies that there exists N > 0 such that

n-+p
‘ Z |ak|‘ <e whenever n > N and p > 0.

Therefore, if n > N and p > 0,

n+p n+p

‘Zak‘éZ\akl<€
k=n k=n

o0

thus the Cauchy criteria implies that > a; converges. O
k=1

Corollary 9.63: Ratio and Root Tests

0

The series ), aj converges if hm la ‘n+’1| <1lor hm an| < 1.
k=1 n

. & (—1)k2k .
Example 9.64. The series )’ L converges since
k=1 :
‘ (_1)n+12n+1 2n+1
: (n+1)! ‘_ . (n+1) .
T Ty T T = i o =0 <
‘ n! n!
which shows the absolute convergence of the series the series }] T
k=1 :
& (—1)kF1E! .
Example 9.65. The series ) converges since
2135 (2k+1)
‘ "+2(n+1) ‘ (n+1)!
.3.5..... 1 1
o 112305 1(2n+3) gy L35 @n+3) . oontl 1 _
n—00 ‘ 1)”Jr n! ‘ n—00 n! n—ow 2n +3 2
1-3. 5 ..... (2n +1) 1-3-5----- (2n+1)
(_ )k+1k!

which shows the absolute convergence of the series Z T35 @il




0 2 o k
Example 9.66. Consider the series 1;1 W Since
2n % 2 1
lim[n ] — lim = = lim -~ =0<1,
n—oo L(n!)" n—onl  nson—1(n—2)

0 k‘2k
= (kD

the series converges absolutely. By the fact that
k

(n%sinn)™| _ (n?*)"
| e Sy TN
(k? sin k)*

0
the comparison test implies that the series | converges absolutely.

s (kD

9.6.1 Alternating Series

In the previous two sections we consider the convergence of series whose terms do not have

different signs. How about the convergence of series like

e} o0] .
(—1)k+t Z sin k
Z — and etc.
ok =k

In the following two sections, we will focus on how to judge the convergence of a series that

has both positive and negative terms.

Theorem 9.67: Dirichlet’s Test

Let {an} 1, {pn}, be sequences of real numbers such that

0

1. the sequence of partial sums of the series ). ay is bounded; that is, there exists
k=1
M e R such that | > ak‘ < M for all n e N.

k=1
2. {pn}, is a decreasing sequence, and lim p, = 0.
n—0oo

n—

a0
Then ) axpy converges.
k=1

Proof. Let € > 0 be given. Since {p,}r_, is decreasing and lim p,, = 0, there exists N > 0
n—a0

such that
whenever n > N.




Define S,, = >, ag. Then if n > N and ¢ > 0,
k=1

n+4
’ Z Clkpk‘ = |(Sn - Sn—l)pn + (Sn—l—l - Sn)pn+1 + (Sn+2 — Sn+1>pn+2 + -
k=n

+ (Snir—1 = Snie—2)Pnye—1 + (Snie — Sn—l—(—l)pn-l-ﬂ‘

= | =Sn-1Pn 4 Sn(Pn = Put1) + Sn1(Prsr = Prr2) + -+ Sngec1(Dnre1 — Pute)
+ S tPrse]

< [Sn—1pal + 180 (Pn = Pra1) | + [Sns1 (Pt — Ps2) | + - 4 [Sne(Prre—1 — Prte)|
+ [Sntes1Pnrel

< Mpn + M(pn = pns1) + M(pays — paya) + -+ M(Ppyo—1 — Prye) + Mprye

2Me
=2M .
Pn < 57 1 <e
0
The convergence of Y axpy then follows from the Cauchy criteria (Theorem 9.27). 0]
k=1
Corollary 9.68
©¢]
Let {p,}®_, be a decreasing sequence of real numbers. If lim p, = 0, then Y (—=1)¥p
n—®w k=1

e}
and Y (—1)*1p, converge.
k=1

0 (_1\k+1
Example 9.69. The series ), ( ? converges conditionally for 0 < p < 1 since
k=1
0 (_1)k+1
1> converges due the fact that
=1 kP
’ Z(—l) H‘ <1 and {—p} is decreasing and converges to 0.
neJn=1
k=1
2 (=1)k o . :
2. > ‘ P ) diverges for it is a p-series with 0 < p < 1.
k=1

0 (_ )k
Similarly, — - converges conditionally.
¥ 2 Taih 1) ONVers Y

. & sink .
Example 9.70. The series ), % converges for p > 0 since
k=1



1 2k+1

n COS 5 — COS 5=
1. Y sink = 22sm —2 (thus
= 2

1 . . 1
2. {—p}oozl is decreasing and 7}1_1}1(}0 i 0.

DO o} 1 DO o
We remark here that | Slzk =Z 5 Y Smgm) is the Fourier series of the
k=1

. om—
function

e Alternating Series Remainder

Theorem 9.71

Let {a,}2 1, {pn}2; be sequences of real numbers satisfying conditions in Theorem

ak’ < M for all n € N, then

k=1

‘ Z Upr — Z akpk‘ = ‘ akpk‘ < 2Mppy1 -
k=n+1

Moreover, if a; = (—1)*, then

D = > ()" | < payt VneN.

k=1 k=1

o6}

Sketch of Proof. Let S, = >, aj. According to the proof of the Abel test, we have
=1

n+4
‘ Z @kpk‘ [Sn—1[pn + [Sul(Pr = Pat1) + [Sna1l (Prs1 — Pat2) + -+ + [Snsel (Prte—1 — Pate)
(9.6.1)

+ [Snter1|Pore -

Note that for the general case, by the fact that |S,| <

decreasing, we conclude that for all £ > 0

n+¢
)Zakpk‘ 2Mp, VneN;

thus if n e N,
n+1+z n+1+€

‘ Z axpr — Z akpk‘ = lim ) kpr — Z akpk) = lim ’ akpk‘ < 2Mppy1 -

=n+1

M for all n € N and {p,}>, is



For the case of alternating series, we note that terms of {S,}*_; are {1,0,1,0,1,---};
thus (9.6.1) implies that

ee} n
DD e = D (-0 e <pupr ¥neN. O
k=1 k=1

Q0
1
Example 9.72. Approximate the sum of the series ) (—1)’““5 by its first six terms, we
k=1 -
obtain that

6
101 1 1 1 1
_1\k+1 - - - = T~
,;1( D n=n gty a Ty g ™ 063194

Moreover, by Theorem 9.71, we find that

1
—— & (0.0002.

(=1) 71 5040

k!

M=

’i(_l)k—&-ll_ 1 ‘ 1
= k!

k

I
A

Example 9.73. Determine the number of terms required to approximate the sum of the
] 0 (_1)k+1
series Y.

k=1

By Theorem 9.71,

e with an error of less than 0.0001.

O (71)k+1 n (_1)k+1 1 ‘
’Z kA -2 A ’g(n—I—l)‘“

< 0.0001 (that is, n = 9), we obtain that

thus choosing n such that e

9.7 Taylor Polynomials and Approximations

d* f .
continuous on (a,b) for 1 < k < n + 1, then for z € (a,b), the Fundamental Theorem of

Suppose that f : (a,b) — R is (n + 1)-times continuously differentiable; that is



Calculus and integration-by-parts imply that

Jf t)dt = )(t — x) Jﬂ
— f(e)e—2) - f )
— F(e)(z — ¢) U(w x_ijqw@EMQﬁ]

C

e
f

/( )(x_c)2+fmf///(t) (t _2x)2 dt

SN o

mea )ﬁ

where the last equality can be shown by induction. Therefore,

o C)(x—c)’“r(—1)”fo(”“)(t)¥dt. (9.7.1)

k=0

Definition 9.74

If f has n derivatives at ¢, then the polynomial

is called the n-th (order) Taylor polynomial for f at ¢. The n-th Taylor polynomial
for f at 0 is also called the n-th (order) Maclaurin polynomial for f.

Example 9.75. The n-th Maclaurin polynomial for the function f(x) = e® is

n f(k)
-3

k=0

2 .1'3 ™

0, w1 T
xzzyx—Hw+§+§+ +




Example 9.76. The n-th Maclaurin polynomial for the function f(z) = In(1 4 z) is given

k=0 k! k=1 k! k=1 k! k=1 k
$2 N I3 .%'4 N N (_1)n—1 .
=T — — —_— = — T
2 3 4 n ’

here we have used ¢ (z) = (=1)*1(k — 1)!(z + 1)~* to compute ¢ (0).
The n-th Taylor polynomial for the function g(z) = Inx at 1 is given by

n o) n o) YR —
(e

:];1 (- 1)

:(x_l)_(:v—zl) +(:1:—31) _(x:ll) +”'+(—173J” (x—1)",

here we have used ¢ (z) = (—1)*1(k — 1)!2™ to compute ¢*)(1). We note that @, (z) =
Po(z —1) (and g(z) = f(z — 1)).

Example 9.77. The (2n)-th Maclaurin polynomial for the function f(z) = cosx is given
by

2n on n B
Pon(z) = 2 f(lz'(())xk . f(’::'(O) F_qg Z J(v(2k 1)(0)x2’“*1 . Z FER(0)

k=0 k=1 k=1

- f(%)(()) 2k ?  xt af (=D)" ,
=1 — 14 2 n
+§ 2Ky " SRR TIR C TR

here we have used f®(z) = cos (z + %T) to compute f*)(0). We also note that Py, (r) =
Py,11(x) for all n e N.

The (2n — 1)-th Maclaurin polynomial for the function g(x) = sinx is given by

2n—1 (k 2n—1 g i g(zk 1) L2k n g 2H
Q2n71(x) = ];) Z Z (2/{ — 1 N Z
_ Zn: g(2k—1)(0) Z‘Qk_l — x_3 + $_5 — 56_7 + .+ &@gn_l
2 2k —1) 31 BT (2n —1)! ’

here we have used ¢ (z) = sin (x + km ) to compute ¢®(0). We also note that Qan_1(z) =
Qan(x) for all n e N.



9.7.1 Remainder of Taylor Polynomials

To measure the accuracy of approximating a function value f(x) by the Taylor polynomial,
we look for the difference R, (z) = f(x) — P,(z), where P, is the n-th Taylor polynomial
for f (centered at a certain number ¢). The function R, is called the remainder associated

with the approximation P,.

e Integral form of the remainder
By (9.7.1), we find that if P, is the n-th Taylor polynomial for f at ¢, then

o) = (1 [ o

n!

dt . (9.7.2)

Example 9.78. Consider the function f(x) = exp(z) = e*. If P, is the n-th Maclaurin

polynomial for f, the remainder R, associated with P, is given by

—1)an s gy — (aye f el g

0 n!

Therefore, if x > 0,

_A\n x x . .n+1
e k"_‘f dt‘ J udtgf g CT (97

n! o nl n!
o] xn—f—l
Note that for each x > 0, the series )] e® — converges since
k=0 T
. p(n+1)+1
! x
7}5&% =
T
¢ n!
n+1
thus the n-th term test shows that lim e*2 —=0. Therefore, for each x > 0,
n—00 n:
no ok
. z |
2, |° kZ k!‘ =0

or equivalently,
. ZOO zk 1 r? "
e = H— +x+§+§+ +H+“‘



In particular, if z = 1, (9.7.3) implies that

)

‘ (&
=0 ! n!

w|H

17 1 8
thus ’e— Zo k:" < 10~
Example 9.79. Consider the function f(z) = cosx and its (2n)-th Maclaurin polynomial

Py, in Example 9.77. If x > 0,

ol N B Tt
|f(x) = Pon(z)] = [ f(2) = Ponsa( U SO G dt‘gjo @nsr
B _(x . t)2n+2 - 2n+2
N (2n + 2)! t:O_(2n+2)!’

while if x < 0,

0) = P = @)~ P < | [ gm0 G ] < [

(2n +1)! (2n +1)!
(t x)2n+2 2n+2
T 2n+2)! o (2n + 21"
Therefore,
o (=DF Qk‘ i
— ) e S VzeR. 9.7.4
‘C‘)” ,;) 2 1S 2nt o) v (9.7.4)
Similarly,
‘sinx—iix2k+l‘<w VzeR (9.7.5)
(2k + 1)! = (2n + 3)! ' o
k=0
Moreover, by the fact that
|SE|2("+1)+2
. Rh+D) 42 z?
R S T e Gn 132+ 4
(2n +2)!
and
|x‘2(n+1)+3
n—oo  |z|? 3 n—o (2n 4+ 4)(2n + 5)

(2n + 3)!



| ‘2n+2 00 |$‘2n+3

the ratio test implies that Z . 202 and )] 3 converge; thus for each x € R,
n i—o (2n !

|x|2n+2 ) |x|2n+3

li L E—— [ R ——
n1—r>r010 (2n + 2)! n—00 (2n + 3)!

thus
o0
(_1)k 2% z? ot (—1)" 2
= e 1 - P n
cosx kZ:O (2k>‘x 5 + 1 ++ (2n)'x + ;
o0
B (—1) 2%+1 a? 2P (=) 2n+1
51nx—]§<2k+1)'x xr — 3l + 5l +-+ 2n+1) +

Using (9.7.4), we conclude that

w
O
—_

o

‘cosOl

k

3 (—
thus cos(0.1) =~ >, (<2;)‘ (0.1)%* ~ 0.995004165 which is accurate to nine decimal points.
k=0 :

Remark 9.80. By Example 9.78 and 9.79, conceptually we can explain why the Euler
identity e = cosf + isinf for all § € R. Recall that the (2n)-th Maclaurin polynomial for

exp, cos, sin are

2 xQn
Pe(x) =1 T o
c ‘rg $4 (_1)71 2n
P35 (x) 1—E+Z+ + (2n)!$ ,
s ° z° (_1)n71 2n—1
P; (z) x_§+§+ + (2n—1)'x

Substitution x = 6, we find that
Ps.(i0) = Py, (0) + iP5, (0) VOeR.

Passing n — o0, by the fact that the remainders R, (x) for exp, sin and cos all converges to

zero as n — o for each x € R (and even x € C), we conclude that

e = cosf + isinf VheR.



e Lagrange form of the remainder

Theorem 9.81: Taylor’s Theorem

Let f : (a,b) — R be (n + 1)-times differentiable, and ¢ € (a,b). Then for each

€ (a,b), there exists £ between x and ¢ such that

f(‘r> = f(C) +f/(C)(QZ—C) —+ fHQ(C)(q;—C)2_|_..._|_

F"™(e)

n!

(x — )" + Ry(x), (9.7.6)

where Lagrange form of the remainder R, () is given by

f(n-i—l)(g) ({E _ C)n—i—l

(@) = (n+1)!

Proof. We first show that if h : (a,b) — R is m-times differentiable, and ¢ € (a, b). Then for
all d € (a,b) and d # ¢ there exists £ between ¢ and d such that

m (k) - (k)
I e T R N V(SR s et
st = = (9.7.7)
(d—c)m*t m+1 (€—c)m
Let F(x) = h(x) — Tzn] h(l:'(c) (x — ¢)* and G(z) = (¥ — ¢)™. Then F,G are continuous on
k=0 A

[e,d] (or [d, c]) and differentiable on (¢, d) (or (d,¢)), and G'(x) # 0 for all x # c. Therefore,
the Cauchy Mean Value Theorem implies that there exists £ between ¢ and d such that

F(d)~ Fle) _ F'(¢)

G(d)—Gle)  G'(§)°
and (9.7.7) is exactly the explicit form of the equality above.
Now we apply (9.7.7) successfully for h = f, f', f”, --- and f and find that

I S ALCI Y

Friay) =5 YL gy — o

P 1 =
(d — c)ntt n+1 dy — )"
" (W)
o T ,EOT(OZ? —of
Tn+lon (dy — )1




thus
C f(k) C 1 n+1 n+1
= 3 T2 = o = g @ =

(9.7.6) then follows from the equality above since d € (a, b) is given arbitrary. O

Example 9.82. In Example 9.76 we compute the Taylor polynomial @),, for the function
y = In(1 4 z). Note that the Taylor Theorem implies that

In(l1+z) = P,(x) + R,(x),

where

ln(1+x)>:p”+1 ( D (L&)

B () = n+1

1 dn+1
(n+1)! (d:v"“

for some & between 0 and .

a=¢

-1 —z \"t1
1. If —1 < 2 < 0, then R, (x) = 7H%(1+9 < 0; thus

2 g3 gt (—1)"
In(1 _ryr . r
(1+z)<z sty -ttt

" Vrxe(—1,0) and ne N.

2. If x > 0, then

(a) R,(z) < 0if n is odd; thus

2 3 4 1

x X x
In(1 <t -4 ="+ ——2®1  Vr>0andkeN.
n(l+z) <z 2+3 T +2k+1$ z>0and ke

(b) R,(z) > 0if n is even; thus

22 23 ot 1

Ty —1 ok
In(l+2z)>x 5+ T 1 tot g Vo >0and keN.

Example 9.83. In this example we show that

k 1 k 2 3 (_1)n—1xn

e
T T
1+x:g —1-_?4_?4_..._'_7—0—--- Ve (0,1]. (9.7.8)

Note that Taylor’s Theorem implies that for all x > —1, there exists £ between 0 and x such
no(_1 k—1,.k
that the remainder associated with P,(z) = ). )~

is given by
k=1 k




Note that since ¢ is between 0 and x, we always have

T
— <1 v 1];
O<1+£< z e (0,1];

for all z € (—1,1] and (9.7.8) is concluded because

1
<
thus |R,(z)| 1

lim |R,(z)| =0.

n—o0

Example 9.84. In this example we compute In2. Note that using (9.7.8) we find that

1 1 1 (=)t
mn2=1--+-—=-+--- (1),
n 5tz 1T T + R, (1)
where . o (1)
A1) = < ‘ In(1 >1"+1 - 1 —(n+1)
Fn(1) (n+ 1! \dont! lz=¢ n(l+7) n—i—l( 9

for some £ between 0 and 1. Since £ could be very closed to 0, in this case the best we can

estimate R, (1) is
1
R,(1)] < )
‘ ( )‘ n+1
Therefore, to evaluate In2 accurate to eight decimal point, it is required that n = 10%.
Let ¢ = 5 ~ 1.359140914. Then

(c—1)?

lnc:ln(1+(c—1)):(c_1)_ 5 e

where R, (c — 1) is given by

1 ! ,_ (=n” | |
Rale = 1) = gy (Gl I+ ) (e = 70 = S (1 7 e -
for some & between 0 and ¢ — 1. Note that
_ n+1
ol <
thus the value
(c—1?2 (=1 (c—1)* 1 17
1) — _ i —(e—1
(c—1) 5 T3 4++17(c)

. . . . 1
to approximate In ¢ is accurate to eight decimal points (since 1—80.418 < 107®). On the other

hand, we have In2 =1 — In ¢, so the value

1—(0—1)—1—(0_21) _(C_?)l) +<C—41) +"'_%(0_1>17

to approximate In 2 is also accurate to eight decimal points.




9.8 Power Series

Recall that for all x € R, we have shown that

k .CIZ'2 .%'3 n

a0
. x x
e _Zk__1+x+§+§+ Rk
ee}
(-1 a? (=" ,
— _1__ - L.
cos T ,; 2k:) 2'—1—4'-1— -+ (2n)!x + )
o6}
o (=D)" 2k+1 _ a? a2 (=" o1
Smx_;(zkﬂ) B A O +

The identities above show that the functions y = exp(z), y = cosx, y = sinz can be defined
using series whose terms are multiples of monomials of x. These kind of series are called

power series. To be more precise, we have the following

Definition 9.85: Power Series

Let ¢ be a real number. A power series (of one variable x) centered at ¢ is an infinite

series of the form
o0
Zak(x—c)k:ao—l—al(x—c)l+a2(a:—c)2+--- ,
k=0

where ay, is independent of x and represents the coefficient of the k-th term.

Theorem 9.86
o0

o0
Let {ax};2, be a sequence of real numbers. If Y ayd® converges, then ) ay(z — c)*
k=0 k=0
converges absolutely for all z € (¢ — |d|, c + |d]).

[oe}
Proof. First we note that since Y a,d® converges, lim a,d" = 0; thus the boundedness of
k=0 n—o0

convergent sequence implies that there exists M > 0 such that

la,d"| < M VneN.

Suppose that |z — ¢| < |d|. Then there exists £ > 0 such that |z — ¢| < |d| —e. Then

@ —c|" /]d]—eyn d| — e\
n —c|" = ndn S M| ——
an| [ — | = |ay||d] <|d|_€)n( a ) ( a )




Therefore, by the convergence of geometric series with ratio between —1 and 1, the direct

0
comparison test implies that the series > a,(x — ¢)™ converges absolutely. O

n=0
Corollary 9.87

For a power series centered at c, precisely one of the following is true.

1. The series converges only at c.

2. There exists R > 0 such that the series converges absolutely for |z —¢| < R and

diverges for |z —¢| > R.
3. The series converges absolutely for all x.

Definition 9.88: Radius of Convergence and Interval of Convergence

Let a power series centered at ¢ be given. If the power series converges only at c,

we say that the radius of convergence of the power series is 0. If the power series
converges for |z — ¢| < R but diverges for |z — ¢|] > R, we say that the radius of
convergence of the power series is R. If the power series converges for all x, we say
that the radius of converges of the power series is co. The set of all values of = for
which the power series converges is called the interval of convergence of the power

series.

Remark 9.89. The radius of convergence of a power series centered at c is the greatest

lower bound of the set

{r > ( ‘ there exists x € (¢ — r, ¢+ r) such that the power series diverges} )

e ¢]
Example 9.90. Consider the power series Y. k!z*. Note that for each z # 0,
k=0

) k+ 1)1kt )
,}L%% = lim (k + D] = oo

o0
thus the ratio test implies that the power series Y| klz* diverges for all x # 0. Therefore,
k=0

Q0 00
the radius of convergence of > klz* is 0, and the interval of convergence of > klz* is {0}.
k=0 k=0



e ¢]
Example 9.91. Consider the power series . 3(z — 2)*. Note that for each r € R,

k=0
3l —2 k+1
limu: lim |z —2| = |z —2|;
k—o0 3|$ —-2|k k—0o0

0¢]
thus the ratio test implies that the power series > 3(z—2)* converges absolutely if |z —2| < 1

and diverges if |x — 2| > 1. Therefore, the radili;soof convergence is 1.

To see the interval of convergence, we still need to determine if the power series converges
at end-point 1 or 3. However, the power series clearly does not converge at 1 and 3; thus
the interval of convergence is (1, 3).

0 .k
Example 9.92. Consider the power series )| % Note that for each z € R,
k=1

‘ $k+1
R IESE . kP
1 I+ P _ lim —— = |z|;
A R T ey
k2
0 Lk
thus the ratio test implies that the power series | 3 converges absolutely if |z| < 1 and
=0k
diverges if |z| > 1. Therefore, the radius of convergence is 1.
0
: 1 . o .
To see the interval of convergence, we note that >’ 72 converges since it 1s a p-series

k=1

1)k o . o
with p = 2, and ;;1 k:2) converges since it converges absolutely (or simply because it is

an alternating series). Therefore, the interval of convergence of the power series is [—1, 1].

e}
Example 9.93. Consider the power series Z % Note that for each z € R,
Ik+1 i
. E+1] . k‘x | )
Jm o A ey el
k
0 .%'k
thus the ratio test implies that the power series )| - converges absolutely if |z| < 1 and
k=0

diverges if |z| > 1. Therefore, the radius of convergence is 1.

e @]
To see the interval of convergence, we note that )| z diverges since it is a p-series with

k=1
0 (71)k’
p =1, and 1;1 3

convergence of the power series is [—1,1).

converges since it is an alternating series. Therefore, the interval of




. .5 (—1)kak
Similarly, the power series )|
k=1

has interval of convergence (—1,1].

0 k
Example 9.94. Consider the power series ), % Note that for each z € R,
k=1

’ xn+1
. +1)2 ‘ . n?lz|
N[OV o
n?
0 .k
thus the ratio test implies that the power series > Z—g converges absolutely if |z| < 1 and
k=1

diverges if |z| > 1. Therefore, the radius of convergence is 1.

|
To see the interval of convergence, we note that >’ 73 converges since it is a p-series with
k=1

0 (_1)k
p =2, and ’z‘l 2

test). Theref;)re, the interval of convergence of the power series is [—1, 1].

also converges since it converges absolutely (or because of Dirichlet’s

Remark 9.95. Even though the examples above all has radius of convergence 1, it is not

necessary that the radius of convergence of a power series is always 1. For example, the
k

a0
power series Y| 2%{ is obtained by replacing x by g in Example 9.93; thus
k=1

Ok
T T
]; ok converges for 5 € [—1,1)

0 k

or equivalent, the interval of convergence of )]

o is [—2, 2); thus the radius of convergence
k=1

of this power series is 2.

0 (71)kx2k+1

Example 9.96. The radius of convergence of the power series Y| is oo since for

= (2k+1)!
all x € R,
’(—1)k+1x2(k+1)+1 (_1)k+1x2k+3
. R+ +1r | ‘ Qk+3) | . z? -
kILHOlO ‘<_1)k$2k+1 = klggo ‘(_1>kx2k+l = klgrolo Ch+3)(2k+2) 0
k1 1) 2kt 1)

e Differentiation and Integration of Power Series

Q0
Let {a;}, be a sequence of real numbers and ¢ € R. If the power series Y. a(x — c)*

k=0
converges in an interval (c—r, c+7), we can ask ourselves whether the function f : (c—r, c+7)



0

defined by f(z) = >} ar(z—c)¥ is differentiable or not. We note that even though the power

series is an infinite sum of differentiable functions (in fact, monomials), it is not clear if the

o d =
limiting process — commutes with > since
dx =0
lim lim nh? =0 but lim lim nh? = 0.
n—o0 h—0 h—0n—w0

Theorem 9.97: Properties of Functions Defined by Power Series

If the function

o0]

f($):Zak($_0)k:a0+a1<l’—c)+a2(:ﬁ—0)2+...
k=0

has a radius of convergence of R > 0, then

1. f is differentiable on (¢ — R,c+ R) and

f(x) = i kap(z — ) ' = ay + 2as(z — ¢) + 3ag(z —c)* + - - - .
k=1

2. an anti-derivative of f on (¢ — R,c+ R) is given by

ff(x)dx:C'—i—Z L (a:—c)kH:C+a0(x—c)+%(x—c)2—|—~--.

The radius of convergence of the power series obtained by differentiating or integrating

a power series term by term is the same as the original power series.

Remark 9.98. Theorem 9.97 states that, in many ways, a function defined by a power
series behaves like a polynomial; that is, the derivative (or anti-derivative) of a power series

can be obtained by term-by-term differentiation (or integration). However, it is not true for

Q0
general functions defined by series of the form > bi(z). For example, we have talked about
k=0
. . & sink D —
(but did not prove) the series >’ "2 which is the same as -
k=1

T on (0,27); that is,

isinkx T—x Ve (0,27)
= T ).
= k 2 ’



Then

1 d & sinkz
o= Ve (0,2
2 da:; 2 v € (0,2m)

but

d & sinkx L d sinkx
d—Z Zd— Zcosk:x Ve (0,2m)

o0
since the series Y] cos kxz does not converges for all z € (0, 27).
k=1

Example 9.99. Consider the function f defined by power series

OCI’ 2 3
Z——x+—+——|— Vre[-1,1).
Sk 3

Then the function
o0 e}
k=1 k=0
obtained by term-by-term differentiation, converges for x € (—1,1), and the function

2 3 4

o]
xr xXr
Zj .y Zk; =t E g

obtained by term-by-term differentiation, converges for = € [—1, 1].

Example 9.100. Suppose that x is a function of ¢ satisfying
z"(t)+x(t) =0, z(0) =2'(0) = 1.

o0

Assume that z(t) = ) apt* for t € (—R, R) with some radius of convergence R > 0. Then
k=0

Theorem 9.97 implies that

0 0

2(t) = Y k(k — Dagt"? = > (k+2)(k + Dageot®  Vte (R R);
k=2 k=0

thus if t € (—R, R),

a0 o0

DUk +2)(k + Dagss + ap]t" = D (k +2)(k + Dagot® + i agt® = 2" (t) +2(t) = 0.

k=0 k=0 k=0

The equality above implies that

(k:+2)(k:—|—1)ak+2+ak:0 VkﬁENU{O}



Therefore,

__ -1 (=1)? T G Vi
T 0R 2k — 1) 2T 2k 2k — 1)(2k — 2)(2k —4) T T T 2k
__ -1 (=1)? U G Vi
G T 0 D)(2k) T T 2k + D202k — D2k —2) T T k™
Since x(0) = z'(0 ) =1 1mphes ap = a; = 1, we have
2 2k+1 241 _
2[ 2k.t (2k t } kZ;) +Z 2k +1 )t cost +sint.
Corollary 9.101
For a function defined by power series
0

(on a certain interval of convergence), the n-th Taylor polynomial for f at ¢ is the

n
n-th partial sum Y. ag(z — ¢)* of the power series.
k=0

9.9 Representation of Functions by Power Series

We have shown the following identities:

ok
exp(w)zzz— VzeR,
sinx:iw VzelR
= (2k+1)! ’
s k,.2k
cosx:];)% VreR,
ln(l—i—:l:):i% Vaee (—1,1].

In this section, we are interested in finding the power series representation (centered at c)

of functions of the form




(without differentiating the function). In other words, for a given ¢ € R\{b} we would like

to find {ax}72, (which usually depends on c¢) such that f(z) agrees with the power series

. 1 . . .
thus to “expand the function about 5”; that is, to write the function y =

as a power
— X

. 1
series centered at 50 e have

0¢]
B :22[z(x—1)]kifxsatisfying2\x—1\<1.
1-=z 5—(9&—5) 1—2(1’—5) k=0 2 2

In other words, we obtain

1 O et 1\*
1_:5:];)2 (x—§) vae (0,1)

1
at —.
1—z 2

e @]
We emphasize that f is defined on R\{c} and the power series >. ax(x — ¢)* converges
k=0

without computing the derivatives of the function y =

only on an interval; thus the function y = f(z) is never the same as the function defined by

power series.

e Geometric Power Series

0
Recall that the geometric series Y| 7 converges if and only if |r| < 1. The function g(z) =
k=0

is defined on R\{1}, and by the fact that

1 — xn—f—l n

— 2 .« .. n _ k
- =l+z+a°+ -+ —Zx Vo #1,

we find that if |z| < 1, then

- ke 1 —gntt 1
lim Zx = lim = ;
n—0 = n—ow 1 —x l1—=x




o0
thmsl1 = > 2% on (—1,1). Therefore, for ¢ # b,
- k=0
1 1 1 R A T —c
- o satistying |22 <1
b—z b-c | _T-¢ ez (=) RIS [ e

b—c
or equivalently,

0
1
:Zm(x—c)k Vee(c—|b—cl,c+|b—c]|).
k=0

Replacing x by —z, we find that
b+x_2 kﬂyc—i-c)]~C Vee(—c—|b—c|l,—c+1]b—¢|).

1
Example 9.102. Find a power series representation for f(x) = —, centered at 1.
X

I 1
To find the power series centered at 1, we rewrite — = ———; thus
x l—i—(x—l)
1 1 - -
—_—= = 1— —1)" Vie—-1| < 1.
r 1-(1-2) 2, (1 —a)f Z (z [z =1

Example 9.103. Find a power series representation for f(x) = Inz centered at 1.
d 1
Note that — Inz = —; thus
dx T

d < k k
%lnx—kgo(—l) (x—1) Vae(0,2).
Therefore, by Theorem 9.97,

0
(—1)]“ )i K
Inx = + —1 2).
nx C’+k50k+1 =C+ E ) Ve (0,2)

To determine the constant C', we let x = 1 and find that In1 = C; thus C = 0 and we

conclude that

1 i D™ vee(0.2)
nr= x — x ,2).
o ok
We note that the power series converges at z = 2, and Example 9.84 shows that
0
_ N\ (=D
k=1
0 (_l)kfl

In other words, the power series > (x — 1)* is continuous at 2

k=1



e Operations with Power Series

a0 0
Let f(z) = Y} ap(z — ¢)F have interval of convergence I; and g(x) = Y. bi(x — ¢)* have
k=0 k=0

interval of convergence I5.

L. flaz) =3 aa®(z — é)k onl={zeR|azel}.
k=0
Q0
2. f(z)+g(x)= Y (ar+bp)z* on I =1, n L.
k=0

Q0
3. Ifc=0and N eN, then f(zV) = 3 axa™* on I = {z e R|2" e I}.
k=0

0 k
4. f(z)g(x) = Y, dp(x —c)f on I = I N Iy, where di = Y. apbj_y.

k=0 Jj=0
Example 9.104. Find a power series for f(z) = arctan z centered at 0.

d 1
Note that — arctanz = ——; thus
dx 1+ 22

0

=Y (=f™ Ve (-1,1).

k=0

—arctanx =
dz 1+ x2

By Theorem 9.97,

1 k
arctan:p—C’—i—Z 2k‘+)1$2k+1 Vze(—1,1),

and the constant C'is determined by applying the identity above at x = 0; thus C' = arctan 0

and -
arctanx = Z ﬂx%ﬂ Vze(-1,1)
2k +1 T
k=0
1 1

We note that the power series converges at x = +1. Is it true that arctan1l =1 — 3 + E
1
- Lol
- +

e}

In general, suppose that the function f defined by power series Y. ay(z—c)* has a radius
k=0

of convergence R > 0, and ¢ is a continuous function defined on some interval I such that

f(z) = g(z) for all z € (¢ — R,c+ R) < I. If f is also defined on ¢+ R (or ¢ — R), by
Theorem 9.97 it is not clear if linJ}Rf(a:) = g(c+ R) (or lime(x) = g(c — R)). The

following theorem concerns with this issue.



Theorem 9.105: Continuity of Power Series at End-points

Q0

Let the radius of convergence of the power series f(z) = > ax(x — ¢)* be r for some
k=0

r > 0.

o]
1. If >} apr® converges, then f is continuous at ¢ + r; that is,

k=0
lim  f(z)= f(c+7r).
z—(c+r)~

o0
2. If > ap(—r)* converges, then f is continuous at ¢ — r; that is,

k=0
lim +f(:zc) =flc—r).

z—(c—r)
Therefore, it is true that
7r_1 1+1 1+1+ +(—1)"+
47 3 5 79 2n+1

9.10 Taylor and Maclaurin Series

Definition 9.106

If a function f has derivatives of all orders at x = ¢, then the series

© (k) (. .

is called the Taylor series for f at c. It is also called the Maclaurin series for f if
c=0.

Theorem 9.107: Convergence of Taylor Series

Let f be a function that has derivatives of all orders at * = ¢, and P, be the n-
th Taylor polynomial for f at c¢. If R,, the remainder associated with P,, has the
property that

lim R,(z) =0 Veel

for some interval I, then the Taylor series for f converges and equals f(z); that is,

O (k) (o
f(x):ka!()(x—c)k Veel.




Corollary 9.108

Let f be a function that has derivatives of all orders in an open interval I containing
c. If there exists M > 0 such that | f*)(z)| < M for all z € I and each k € N, then

© ek,
f(x)zsz'()(x—c)k Veel.

Proof. By the Taylor Theorem,

where

for some ¢ between ¢ and z. Since |f*)(z)| < M for all z € I and k € N, we find that

M

et VR | (% o |
<n+1)!|a: c| Veel.

|R,(z)| <

Therefore, by the fact that lim a—' = 0 for all @ € R (the same reasoning as in Example
n—o0 N!

9.79), the Squeeze Theorem implies that

lim R,(z) =0 Veel

n—0o0

f¥(e)
!

: (z — c)*. O

e}
and Theorem 9.107 further shows that f(x) = >’
k=0
Example 9.109. Since the k-th derivatives of the sine function is bounded by 1; that is,

k
‘%sinx)gl VreRand ke N,
x

Corollary 9.108 implies that for all ¢ € R,

. o 1 km k
sinx = Esm(c—i—?)(x—c) VreR,

k=0



k

d k C .
here we have used ﬂsinx = sin (95 + g) to compute the k-th derivative of the sine
X

function. In particular,

0]
Lo (—1)* 2%k+1 _ a?
Slnx—;mx —I'_§+§+ VreR.

Similarly, for all ¢ € R,

B | km 5 VreR
Cosm—kzg)gcos(c—i——)(x—c) reR.

Example 9.110. Consider the natural exponential function y = exp(x). Note that for all

real numbers R > 0, we have

=e"<e®  VYre(-R,R)and keN;

thus Corollary 9.108 implies that
k 2

e}
z xr X
e :%H:1+x+§+--- Vre(-R,R).

Since the identity above holds for all R > 0, we conclude that
T
e“:Z—:1+x+—+~-- VreR.
Example 9.111 (Binomial Series). In this example we consider the Maclaurin series, called

the binomial series, of the function f(z) = (1 + x)®, where a € R and o # N u {0}.
We compute the derivative of f and find that

dk
w(l—l—x)a:a(a—1)(@—2)---(a—k+1)(1—1—:1:)“”“.
Therefore,
k
f®(0) = % I:O(l +z)*=ala—1)(a—2) - (a—k+1)

and the Maclaurin series for f is

£, [9(0)
2

i OOoz(oz—1)(04—2)~--(oz—k;+1)k
x :Z x "

k=0



To see the radius of convergence of the Maclaurin series above, we use the ratio test and

find that
la(a = 1)(@=2) - (a—(n+1)+1)

‘|$|n+1
. (n+1)! . Ja—n] .
lim = lim |z| = |z|;
P— ‘a(a—1)(04—2)...(04—n+1)’|x|n n—ow n+1
n!

. - - 1a—=2) - (a—k+1 .
thus the radius of convergence of the power series | ala=1)a k:)' (a * )xk is 1.
k=0 :

Moreover, by Taylor’s theorem, for each x € (—1,1) there exists £ between 0 and x such
that

Sala—1)(a=2) - (a—k+1) ,

(L+z)=) - o* + Ry (),
k=0 :
where
Rn(l') — OZ(O[ — 1)(0& B 2) e (a — n) (1 + f)afnflxn+1 .

(n+ 1)
Similar to Example 9.76, we have
la(a—1)(a—2)-- (a —n)|

R, (z)| < TS x® Ve (0,1);

thus (without detail reasoning) we find that

lim R,(z) =0 Vae (0,1).

n—0o0
Therefore,
—D(a—2)-(a—k+1
(1+x)“:20‘<0‘ o k)' =kt s yae(0).
k=0 ’
In fact,
- —D(a—=2)--(a—k+1
(1+a:)a:ZO‘<O‘ (o 13' @kt Dk ype(-11).

k=0

9.11 Exercise
1 01
Problem 9.1. Show that J r0dr = )] o
0 k=1

Hint: Write 27" = e7*™% and use the Maclaurin series for exp to conclude that

1 1 0/ 1\k k



Use the fact that Z e
0 k=0 E=0
recall the Gamma function.

w 1)k k
dx =), f (1)(]:;111:6) dx. You will also need to
0 .

1
Problem 9.2. Show that J M
0 T k=1 k3

o0 (_1)k—1xk—1

1
Hint: Use (9.7.8) and rewrite the integral above as f Inz ), ’ dx . Assume
0 k=1

that you know that

1 © k=1 k—1 0 k=1 1
-1 1
Llnxz_:—< )kx dx:Z( k) J " Inzde.
Problem 9.3. Let {a,} ", and {b,}r, be sequence of real numbers such that the series

Z a, and Z b, both converge. Define ¢, = Z a;b—; and C,, = Z Ci.

n=0 n=0 7=0 1=0

e}
1. Show that if »] a, converges absolutely, then
n=0

0

Jim C, = <Zan>(ibn) (9.11.1)

n=0 n=0

by completing the following.

n k
(a) Show that C,, = >; a,_xBg, where By = >, b; is the k-th partial sum of the
k=0 i=0

0
series Y, b;.

=0

(b) Let Ay = Z a; be the k-th partial sum of the series Z a;, and A = hm A,
=0 1=0
B= 3 B Then

Con—AB =) an, (By— B) + (A, — A)B.

Use the e-N argument to show that lim C, = AB.

n—o0

0 0 o0
2. ). ¢, is called the Cauchy product of the series Y. a,, and > b,. Show that (9.11.1)
n=0 n=0 n=0

0 Q0
may fail if both > a, and }] b, converges conditionally by looking at the example
n=0 n=0

an:bn:\(/%forallneN.
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