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Chapter 13

Functions of Several Variables

13.1 Introduction to Functions of Several Variables

Definition 13.1

Let D be a set of ordered pairs of real numbers. If to each ordered pair (z,y) in D
there corresponds a unique real number f(x,y), then f is a real-valued function of
(two variables) x and y. The set D is the domain of f, and the corresponding set of
values for f(x,y) is the range of f. For the function z = f(x,y), = and y are called

the independent variables and z is called the dependent variable.

Definition 13.2

Let f, g be real-valued functions of two variables with domain D.

1. The sum of f and g, the difference of f and ¢ and the product of f and g,
denoted by f + g, f — g and fg, are functions defined on D given by

(f+9)(z,y) = flz,y) +g(x,y) Y(z,y)eD,
(f =9z, y) = flz,y) —g(z,y) Y(z,y)eD,
fo)(x,y) = f(z,y)g(x,y)  V(r,y)eD.

—~

2. The quotient of f and g, denoted by i, is a function defined on D\{(:p,y) €
g
D |g(z,y) = 0} given by

Sy = 1@:9)
g( ) g(w,y)

V(z,y) € D such that g(z,y) # 0.
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Remark 13.3. A function f of two variables should be given along with its domain. When
the domain of a function is not specified, as before the domain should be treated as the

collection of all (x,y) such that f(z,y) is meaningful.

Definition 13.4

Let h be a real-valued function of two variables with domain D, and g : I — R be a

real-valued function (of one variable) on an interval /. The composite function of g
and h, denoted by g o h, is a function defined on D n {(z,y) € D |h(z,y) € I} given
by

(goh)(z,y) = g(h(z,y)) V (z,y) € D such that h(x,y) e I.

Similar concepts such as real-valued functions of three variables, the sum, different,

product, quotient and composition of functions of three variables can be defined accordingly.

Definition 13.5

Let D be a set of ordered pairs of real numbers, and f : D — R be a real-valued

function of two variables. The graph of f is the set of all points (x,y, z) for which
z=f(z,y) and (z,y) € D.

Example 13.6. Let r > 0 be a real number. The graph of the function z = f(x,y) =
\/7? — 22 — y? is the upper hemi-sphere of the sphere centered at the origin with radius r.

On the other hand, the graph of the function z = g(z,y) = —m is the lower
hemi-sphere of the sphere.

Definition 13.7: Level Curves

Let D be a set of ordered pairs of real numbers, and f : D — R be a function of two

variables. A level curve (or contour curve) of f is a collection of points (z,y) in D

along which the value of f(z,y) is constant.

Definition 13.8: Level Surfaces

Let D be a set of ordered pairs of real numbers, and f : D — R be a function of three

variables. A level surface of f is a collection of points (z,y, z) in D along which the

value of f(z,y,z) is constant.




Example 13.9. A level curve of the function z = 4/r? — 22 — 2 is a circle centered at the
origin, and a level surface of the function w = g(z,y,z) = 2? + y* + 2% — r? is a sphere

centered at the origin.

Example 13.10. The graph of f(x,y) = y? — 22 is called a hyperbolic paraboloid. A
level curve of a hyperbolic paraboloid is a hyperbola (or degenerated hyperbola), and each
plane perpendicular to the xy-plane intersects the graph of z = f(z,y) along a parabola (or

degenerated parabola).

Hyperbolic paraboloid

13.2 Limits and Continuity

Let § > 0 be given. The d-neighborhood about a point (xg,yo) in the plane is the

open disk centered at (g, yo) with radius § given by

D((ﬂfo;yo)afs) = {(a:,y) ‘ V(X —20)2+ (y — y0)? < 5} .

Definition 13.12

Let R be a collection of points in the plane. A point (zg,yo) (in R) is called an

interior point of R if there exists ¢ > 0 such that the §-neighborhood about (xg, yo)
lies entirely in R. If every point in R is an interior point of R, then R is called an
open region. A point (g, yo) is called a boundary point of R if every §-neighborhood
about (g, yo) containing points inside R and point outsides R. In other words, (¢, yo)

is a boundary point of R if
Vo> O,D((xo,yo),5) NR#¢ and D((mo,yo),5) NR' #&.

If R contains all its boundary points, then R is called a closed region.




Remark 13.13. For z € R and § > 0, let D(x,0) denote the interval (z — ¢,z 4+ J) (and
called the interval centered at x with radius r). Then for each z € (a,b), there exists 6 > 0
such that D(z,7) < (a,b); thus (a,b) is called an open interval. The end-points a, b of the
interval are boundary points of the interval, and [a, ] is a closed interval since it contains

all its boundary points.

Definition 13.14

Let f be a real-valued function of two variables defined, except possibly at (zo, o),

on an open disk centered at (xg, o), and let L be a real number. Then

lim  f(z,y) =1L

(z,y)—(w0,y0)

if for every ¢ > 0 there exists 0 > 0 such that

‘f(:z) —L} < ¢ whenever 0 < \/(x—x0)2+ (y —yo)? < 9.

Remark 13.15. If lim  f(x,y) = L; and lim  f(z,y) = Ly, then Ly = L. In
(z,y)—(z0,90) (z,y)—(z0,y0)
other words, the limit is unique when it exists.

The proof of the following is almost identical to the one of Theorem 1.14.

Theorem 13.16: Properties of Limits of Functions of Two Variables

Let (a,b) € R?. Suppose that the limits

lim x,y) =1L and lim r,y) =K.
(z,y)—(a,b) fz.y) (z,y)—(a,b) 9(@,)
both exist, and ¢ is a constant.
1. lim ¢=¢, lim x=aand lim y=2.
(z,y)—(a,b) (z,y)—(a,b) (z,y)—(a,b)
2. lim [f(z,y) £g(z,y)] =L+ K;
(z,y)—(a,b)
3. lim [f(z,y)g(z,y)] = LK;

" (2y)—(ab)

. flx,y L .
4. lim = —if K #0.
@y —(b) g(z,y) K




Theorem 13.17: Squeeze

Let (w9,%0) € R%. Suppose that f, g, h are functions of two variables such that

9(x,y) < flx,y) < h(z,y)

except possible at (g, o), and  lim  g¢g(z,y)=  lim  h(z,y) = L, then
(z,y)—(z0,%0) (z,y)—(z0,y0)

lim  f(z,y)=L.

(z,y)—(z0,y0)

2
Example 13.18. For (a,b) € R?, find the limit  lim %
(z9)—(ab) T+ Y

First we note that 1-3 of Theorem 13.16 implies that the function f(z,y) = 5z%y and
g(z,y) = 22 + y* has the property that

lim z,y) = 5a*b and lim z,y) = a®+ b*.
(xvy)_’(avb) f< y) (z,y)—>(a,b) g( y)

Therefore, Theorem 13.16 again shows the following:
1. If (a,b) # (0,0), then 4 of Theorem 13.16 implies that

. 522y _ f(zy)  Ba%b
lim s = lim =— 5 -
@y)—(ab) 22+ Y2 (@y)—@b) g(z,y) a®+Db

2. If (a,b) = (0,0), then we cannot apply 4 of Theorem 13.16 to compute the limit.

Nevertheless, since

52y

the Squeeze Theorem implies that

52
(2,5)—(00) T2 + ¥
332— 2

2
Example 13.19. Show that the limit  lim ) does not exist.

(2,4)—(0,0) (x2 + 92

2 2.2
Let f(z,y) = (; - Zz) . By the definition of limits, if (x,yl)iir%o,o) f(z,y) = L exists, then

there exists § > 0 such that

|f($,y) —L‘ < % whenever 0 < \/x2—+y2 )



which implies that

1 1
L— 5 < flz,y) < L+ 3 whenever 0 <4/22+y2 <. (13.2.1)

However, when (z,y) satisfies 0 < \/m < ¢ and z =y, then f(z,y) = 0 while on the
other hand, when (x,y) satisfies 0 < \/m < and y =0, then f(x,y) = 1. Thisis a
contradiction because of (13.2.1).

e Another way of looking at this limit: When (x,y) approaches (0,0) along the line x =y

(we use the notation ( 1>irr(1 : to denote this limit process), we find that
x,y)— (0,0
T=y

lim T =0
(2,5)—(0,0) f(z.y)
=y

and when (x,y) approaches (0,0) along the z-axis (we use the notation ( l)iH(lo ) to denote
z,y)—>U,
y=0

this limit process), we find that

li =1.
(z,y)l—ri(lo,m flz,y)
o

The uniqueness of the limit implies that the limit of f at (0,0) does not exist.

13.2.1 Continuity of functions of two variables

Definition 13.20

A function f of two variables is continuous at a point (x,1o) in an open region R

if f(xo,y0) is defined and is equal to the limit of f(x,y) as (x,y) approaches (o, yo);
that is,
lim  f(z,y) = f(zo, %) -

(z,y)=(z0,y0)

In other words, f is continuous at (z,yo) if for every ¢ > 0 there exists § > 0 such
that

|f(1:,y) — f(xo,yo)‘ < e whenever \/(m —20)?+ (y —yo)? < 9.
The function f is continuous in the open region R if it is continuous at every

point in R.

Remark 13.21. 1. Unlike the case that f does not have to be defined at (zg, o) in order
to consider the limit of f at (xg,yo), for f to be continuous at a point (z¢,yo) f has
to be defined at (xg, yo).



2. A point (z9,yo) is called a discontinuity of f if f is not continuous at (xg, y0). (zo,¥o)

is called a remowvable discontinuity of f if ( )lir(n : f(z,y) exists.
z,Yy)—>(Zo,Y0

Theorem 13.22

Let f and g be functions of two variables such that f and g are continuous at (o, yo).

1. f + g is continuous at (xg,yo)-

2. fg is continuous at (xg, yo)-

3. ! is continuous at (xo, o) if g(xo, yo) # 0.
g

Theorem 13.23

If h is continuous at (zg,yo) and ¢ is continuous at h(zg,yo), then the composite

function g o h is continuous at (zg,yo); that is,

lim  (goh)(z,y) = g(h(zo, %)) -

(z,y)—(x0,y0)

13.3 Partial Derivatives

Definition 13.24

Let f be a function of two variable. The first partial derivative of f with respect to

x at (xo, o), denoted by f.(xo,v0), is defined by

— lim f(xo + Az, y0) — f(z0,90)
Az—0 Ax

fx(iﬁo,yo)

provided the limit exists. The first partial derivative of f with respect to y at (zo, ¥o),
denoted by f,(xo, o), is defined by

f (o, 90 + Ay) — f(z0,%0)

provided the limit exists. When f, and f, exist for all (zo,y0) (in a certain open
region), f, and f, are simply called the first partial derivative of f with respect to

and y, respectively.




e Notation: For z = f(z,y), the partial derivative f, and f,, can also be denoted by

0 B 0z _Of
%f(x,y) - fx(xay> = Zz = E - (}l’(x’y)
and 5 5 of
z
%f(x,y) - fy(ff,y) =Ry = a_y - a_y<x7y> :
When evaluating the partial derivative at (zg,yo), we write
_of G
fo(0,90) = %(%ﬂo) = 9z (w):(zo’yo)f(%y)
and o 5
fy(x(hyO) = &_y(m()ay()) = a_y ($7y):($07y0)f(x7y) .

Example 13.25. For f(x,y) = ze*', find f, and fy, and evaluate each at the point (1,1n2).
Note that f, is obtained by treating y as a constant and differentiate f with respect to
x. Therefore, the product rule implies tat
fo(z,y) = (igy) "y x(iex2y> =" 4 x- eV 2my = (1 + 22%y)e” Y
ox ox
thus
fo(1,In2) = (1 +2In2)e™? =2(1 +2In2).

Similarly,

thus f,(1,In2) = e"? = 2.

Example 13.26. Let f : R? — R be defined by
ay(z® —y?)
T 7Y it (2, y) # (0,0)
flag = e P00
0 i () = (0,0).
Then if (z,y) # (0,0), we can apply the quotient rule (and product rule) to compute the

partial derivatives and obtain that

(2 + )2 [ay(a? — )] — 2y(a® — )2 (5 + 37?)
(CU2 +y2)2
(@4 ) [y(a? — ) + 22%y) — ay(a® — ¢?) - (2)
(.TQ + y2)2
B vty + 4a?y® — P
(I'2 + y2)2 '

fo(z,y) =




If (z,y) = (0,0), we cannot use the quotient rule to compute the derivative since the
denominate is 0 (so that 4 of Theorem 13.16 cannot be applied), and we have to compute
f2(0,0) using the definition. By definition,

f(Al‘,O) — f(0,0)

1(0,0) = Algilo Az =0
Therefore,
aly + 42y — o .
f 0,0
Ly =] @epp 9200,
0 if (z,y) = (0,0).
Similarly,

x® — 4a3y? — xyt .
fy(x y) _ (.’L‘Q +Z/2)2 if (l’,y) 7 (070)7

0 if (x,y) = (0,0).

e Geometric meaning of partial derivatives: Let f(z,y) be a function of two variable,

(x0,yo) be given, and zy = f(x¢,yo). Consider the graph of the function z = f(z,y,) (of one
variable) on the zz-plane. If the graph z = f(x,yo) has a tangent line at (zo, z9), then the
slope of the tangent line at (zg, 29) is given by

lim J(zo +h,y0) — f(20,%0)
h—0 h

and this limit, if exists, is f,(zo,v0). This is called the slopes in the x-direction of the
surface z = f(x,y) at the point (z,yo, z0). Similarly, the slope of the tangent line of the
graph of z = f(zo,y) at (yo, 20) is fy(x0,%0), and is called the slopes in the y-direction
of the surface z = f(x,y) at the point (o, yo, 20)-

e Partial derivatives of functions of three or more variables:

The concept of partial derivatives can be extended to functions of three or more variables.

For example, if w = f(z,y, z), then

6w_ . f(.CE+AfE,y,Z)_f(.T,y,Z>

oz = wy2) = fim Az /

ow s f(I7y+Ay7Z)_f(x7y7Z>

oy To(@y,2) = Alglfilo Ay ’

aw_ _ f(x,y,z+Az)—f(m,y,z)

a_ _fz(xvyaz> Algllo Az

In general, if w = f(x1, 29, ,x,), then there are n first partial derivatives denoted by
Jdw

a_%:fﬂﬁk(xl?z%”'axn)? ]{:1,2,"',71.



e Higher-order partial derivatives:

We can also take higher-order partial derivatives of functions of several variables. For

example, for z = f(x,v),

1. Differentiate twice with respect to x:

2
72 (5) = G = Foe

2. Differentiate twice with respect to y:

L) -

3. Differentiate first with respect to x and then with respect to y:
o (of 0? f
Ly,
oy \dx 6y6w

4. Differentiate first with respect to y and then with respect to z:
0 <8 f ) _*F s
ox\oy/ oOxoy TV

The third and fourth cases are called mixed partial derivatives.

Example 13.27. In this example we compute the second partial derivatives of the function

given in 13.26. We have obtained that

:z;4y + 4:1;23/3 — y5

Je(z,y) = (22 +y?)?
0 if (z,y) = (0,0),

and
4

x® — da3y? — ay ,
fy(a%y) = (1‘2 —|—y2)2 f (l’,y) # (0,0),

If (z,y) # (0,0), the quotient rule, the product rule and the chain rule (for functions of one

variable) together show that

(@ + )5 (frf y +dx?y® — %) — (aty + daPy® —y ) (2% 4 y?)?
(@2 1+ y2)d
(2?2 + y?)%(42y + 8xy®) — (zty + 422y — ¢°) - [2(1‘2 +y?) - (2:5)]
(22 + 423
(22 + y?)(423y + 8zy®) — da(xty + 42y — ob) _ —4a3y3 + 1229°
(22 +y2)3 (22 +y2)?

faz(,y) =




Similarly, if (z,y) # (0,0),
(2% 4+ y?)*(=82%y — day?) — (27 — 4a®y® —ay?) - [2(2° + ¢7) - (2)]

xZ, =
fyy( y) (12 - y2)2
_ 1227y + Aoy’
(x2 + y2)3 )
foy(zy) = (2% + y2) (2" + 122°y% — 5y*) — dy(a'y + 42*y® — °)
Y\ (12 + y2)3
_ 28 + 9zy? — 922yt — o8
(xQ + y2)3
and
f < ) (372 + yz)(5l’4 _ 121‘2y2 _ y4) _ 4$(x5 o 4I3y2 o Iy4)
€T .1’7 =
y Y (22 + y2)3
_ 28 + 9xty? — 92yt — ¢fF

(22 + 42)°
We note that when (z,y) # (0,0), fuy(z,y) = fyz(z,9).
Since f,(x,0) = f,(0,y) = 0 for all  # 0, we find that

im fx(A:L',O) B fx(070>

fee(0,0) = lim Ar =0
and 1,00, 8) — 1,(0.0)
T y\Yy Yy)— y\\Yy _
J(0,0) = Algl,rilo Ay =0
Finally, we compute f,,(0,0) and f,.(0,0). By definition,
—Ay5
T f2(0, Ay) — £.(0,0) T Ayt
Jay(0,0) _Algljrilo Ay _Alzl/IEO Ay 1
and
Az
_ o Jy(Az,0) = £,(0,0) L Apt
fua(0,0) = Jim . =A% Ar b

We note that f,,(0,0) # f,.(0,0).

Theorem 13.28: Clairaut’s Theorem
If f is a function of  and y such that f,, and f,, are continuous on an open disk D,

then

foy(x,y) = fre(z,y)  V(x,y)€D.




In the following, we prove the following more general version:

If f is a function of z and y such that on an open disk D f,, is continuous and f,,

exists, then f$y(x,y) = fy;p(x’y) for all (z,y) € D.

Proof. Let (a,b) € D be given. Then

fya(a,0) = (f,)a(a,b) = ,1335 fy(a+h, b})L — f,(a,b)

o flathb k)~ flathb) o flab+k) = f(ab)
= lim =Y k k—0 k
h—0 h
i i (@ BDHE) = flab+ k) = fla+hb) = fa,b)
h=0 k=0 hk

Define
fla+h,b+k)— f(a+ h,b) — fla,b+ k) + f(a,b)

Q(h, k) = - .

Then the computation above shows that

lim lim Q(h, k) = fy(a,b). (13.3.1)

h—0 k—0
For h,k # 0 such that (a + h,b+ k) € D, define p(z,y) = f(z,y + k) — f(x,y). Then

hk
(Theorem 3.9),

. By the mean value theorem for functions of one variable

a+01h,b)h  f.(a+01h,b+k)— f.(a+01h,b)
hk N k

for some functions ¢, = 6,(h) satisfying 0 < #; < 1. Applying the mean value theorem

Q(h,k) _ 90x<

again,

fx(a+91h,b+k) —fx(&—i‘(glh, b) fxy(a—i—th,b—i—Hgk)k
Q(h,k) = ; - ;

for some functions 6y = 65(h, k) satisfying 0 < 6, < 1. Therefore, we establish that there
exist functions 0; = 6,(h) and 0y = 05(h, k) such that

Q(hu k) = fmy(x + 91h7 Yy + 92k) .

Passing to the limit as k& — 0 first then h — 0, using (13.3.1) and the continuity of f,, we
conclude that f,,(a,b) = fy(a,b). O



Example 13.29. Let f(z,y,2) =ye® +xInz. Then f,(x,y,2) =ye® +1nz, f,(z,y,2) =€"
and f,(z,y,2) = z Therefore,
z

f:}cy(xvya Z) =€’ = fy:v(xvya Z) )
for(zyy, 2) = % = fo(z,y,2) V2#0,
fyZ(xayv z) =0= fzy(x>yv Z) .

13.4 Differentiability of Functions of Several Variables

Recall that a function f : (a,b) — R is said to be differentiable at a point ¢ € (a,b) if the
limit
et Ax) - (0

Az—0 Ax

exists. The differentiability of f at ¢ can be rephrased as follows:

A function f : (a,b) — R is said to be differentiable at ¢ € (a, b) if there exists
m € R such that

lim
Az—0

)f(c+Ax) — f(c) — mAzx

Ax ‘:0'

or equivalently,

lim

r—c

o) = 1) =mla=0)| _,

Tr—cC

This equivalent way of defining differentiability of functions of one variable motivate the

following

Definition 13.30

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. For (zg,y0) € R, f is said to be differentiable at (zg,yo) if there exist real
numbers A, B such that

I |f(z,y) — f(zo,90) — (A, B) - (z — 20,y — W)
im
(z,9)—(0,50) \/(x —20)2+ (y — yo)?

=0.

Suppose that f is differentiable at (zg,yo). When (x,y) approaches (zg, o) along the



line y = yo, we find that

‘f(%y) - f(lz‘o’yo) - A(I - 150) - B(y - yo)‘

0= lim

e Vo= 0+ - P
— lim ‘f(l',yo) - f(x()ayo) - A(I‘ - xo)‘ — lim f<x>y0) — f($0>y0> _A
xr—x0 |£L‘ — CL'()| T—T0 T — X

which implies that the number A must be f,(xo, o). Similarly, B = f,(zo, yo), and we have

the following alternative

Definition 13.31

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. For (zq,y0) € R, f is said to be differentiable at (xg,y0) if (/. (70, y0),
fy(z0,yo) both exist and)

lim ‘f(a:',y) — f(zo,y0) — folo, y0) (7 — 20) — fy(an Yo)(y — yo)‘

=0.
(z,y)—(z0,50) \/($ —20)? + (Y — %o)?

Remark 13.32. The ordered pair (f,(zo,o), fy(0,v0)) if called the derivative of f at
(x0,0) if f is differentiable at (zg,yo) and is usually denoted by (D f)(xq, yo)-

2. Using e-0 notation, we find that f is differentiable at (¢, yo) if for every € > 0, there
exists 0 > 0 such that

’f(fl?a y) — f(xo,90) — fu(@o,y0)(x — o) — fy(T0,Y0)(y — yo)’
<en/(x —20)? + (y — yo)? whenever /(2 — x0)2 4 (y — yo)2 < 6.

Now suppose that f is a function of two variables such that f,(zo,v0) and f,(xo, o)

exist. Define

f(z,y) = f(@o,y0) — fa(0,90)(x — z0) — fy(T0,%0)(y — ¥0)
e(w,y) = V(& —20)? + (y — v0)?
0 if (z,y) = (z0,%0) -

if (l’,y) 7 (l’o, ?JO) ;

Let Az =2 — xy, Ay =y —yo and Az = f(x,y) — f(x0,%0). Then

Az = fo(xo,y0) Az + fy(xo,yo) Ay + ez, y)A/Ax? + Ay?,

and f is differentiable at (z¢,yo) if and only if  lim  e(z,y) =0.

(x,y)—»(xo 7y0)



Finally, define

e(z,y)Az

R St X, # Zo, ,
cey) = 4 Az eap ) )
0 if (‘T’y) 7 (:E07y0) )
e(z,y)Ay .
— = if (x,y) # (%0, Y0),
ea(z,y) = { AP+ Ay? (2,y) # (0, 90) |
0 if (fE, y) # (xU)yO) )

then

0 < les(@, y)l, lea(z, y)| < ez, )| = Verlw, ) + ea(z, y)?

thus the Squeeze Theorem shows that

lim  e(x,y) =0 if and only if lim  e(z,y)= lim ey(z,y)=0.
(m,y)—>(mo,yo) (1‘,y)—>(1‘0,y0) (m,y)—>(mo,yo)

By the fact that e(z,y)/Az? + Ay? = &1(z,y)Ax + e9(x, y) Ay, the alternative definition

above can be rewritten as

Let R < R? be an open region in the plane, and f : R — R be a function of two
variables. For (zg,y0) € R, f is said to be differentiable at (xq, yo) if (/. (20, v0).

Jy(x0.yo) both exist and) there exist functions €, and e, such that

Az = fo(zo,y0) Az + f, (20, Yo) Ay + e1Az + €Ay,

where both ¢; and €9 approaches 0 as (z,y) — (xo, yo).

Example 13.33. Show that the function f(z,y) = x* + 3y is differentiable at every point
in the plane.
Let (a,b) € R? be given. Then f,(a,b) =2a and f,(a,b) = 3. Therefore,
Az — fo(a,b)Az — f,(a,b)Ay = 2° + 3y — a® — 3b — 2a(x — a) — 3(y — b)
= (z —a)’ = e1(2,y) Az + &5(2, y) Ay,

where ¢ (z,y) = x — a and ey(x,y) = 0. Since

lim e(x,y) =0 and lim ey(x,y) =0,
(2.9)—(a.b) 1(#y) (25)—(a.b) 2(.y)

by the definition we find that f is differentiable at (a,b).



Example 13.34. The function f given in Example 13.26 is differentiable at (0,0) since if
(z,y) # (0,0),

[f(,y) = £(0,0) = £2(0,0)z — £,(0,0)y| _ |ay(@® =) _ Ja® —¢?| _

NCET @l Sy
and the Squeeze Theorem shows that
o @) = 10,0 - £0.0@ -0 - A0.06-0] _
(2.9)=(0,0) RS
¢ Differentiability of functions of several variables
A real-valued function f of n variables is differentiable at (aq,aq,- -+ ,a,) if there exist n

real numbers Aq, Ay, -+, A, such that

lim |f(l’1, 7$n)_f(a17"' aan)_(Alv"' 7An)'(x1_a17"' 7$n_a’n)}

=0.
(21, xn)— (a1, ,an) \/(zcl — a1)2 + -4+ (.In — an)2

We also note that when f is differentiable at (ay, - - ,a,), then these numbers Ay, Ay, -+, A,
must be f, (a1, - ,an), fe, (a1, - ,an), -+, fo, (a1, -, ay), respectively.

It is usually easier to compute the partial derivatives of a function of several variables
than determine the differentiability of that function. Is there any connection between some

specific properties of partial derivatives and the differentiability? We have the following

Theorem 13.35

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f, and f, are continuous in a neighborhood of (x¢,yy) € R, then f is
differentiable at (zo,y0). In particular, if f, and f, are continuous on R, then f is

differentiable on R; that is, f is said to be differentiable at every point in R.

Therefore, the differentiability of f in Example 13.26 at any point (zo,yo) # (0,0) can

be guaranteed since f, and f, are continuous on R*\{(0,0)}.

Theorem 13.36

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f is differentiable at (xg,yo), then f is continuous at (xg, yo).




Proof. By the definition of differentiability, if f is differentiable at (z¢,yo), then there exists

function £, and &9 such that

lim  e(z,y) = lim  e,(z,y) =0
(2,5)(0,30) 1@ y) (23)— (x0,0) ()
and
f(z,y) = f(xo,v0) + fu(To, yo)(x — xo) + fy(xo, Yo)(y — yo)
+e1(x,y)(x — w0) + €2(2, ) (¥ — Yo) -
Then — lim  f(z,y) = f(zo, o) 0

(I,y)ﬁ(xo,yo)
Example 13.37. Consider the function

—3xy
fla,y) = @ +v?

Then f is not continuous at (0,0) since

3
<z,y5§o,o) f(z,y) u (E,yiggo,o) f(z,y) 5

However, we note that

T f(Ax,O)—f(0,0)_ R T f(O,Ay)—f(0,0)
1:(0,0) = Algilo Az =0 and ,(0,0) = Alg{glo Ay

=0.

Therefore, the existence of partial derivatives at a point in all directions does not even

imply the continuity.

13.5 Chain Rules for Functions of Several Variables

Recall the chain rule for functions of one variable:

Let I,J be open intervals, f: J — R, g : I — R be real-valued functions, and the
range of ¢ is contained in J. If g is differentiable at ¢ € I and f is differentiable at

g(c), then f o g is differentiable at ¢ and

L1 (Fog)a) = F(a(e)g'(c).

dz lz=c




For functions of two variables, we have the following

Theorem 13.37

Let z = f(z,y) be a differentiable function (of z and y). If z = ¢(t) and y = h(t) are
differentiable functions (of ¢), then z(t) = f(z(t),y(t)) is differentiable and

2(t) = fo(2(t),y(®)2"(t) + £y (), y())y'(t) -

Let v(t) = (z(¢),y(t)). Then ~'(t) = (z'(t),y’(t)), and the chain rule above can be

written as

d

S (fen®) = (DH®) - 7'(?).

A short-hand notation of the identity above

d=_ofde  ofdy _

= sea tapq = Ut @),

Corollary 13.38

Let z = f(x,y) be a differentiable function (of z and y).

@
0s

derivative (;z of the function z(s,t) = f(u(s,t),v(s,t)) exists and
S

1. If x = u(s,t) and y = v(s,t) are such that — and % exist, then the first partial

zs(s,t) = fx(u(s,t),v(s,t))us(s,t) + fy(u(s,t),v(s,t))vs(s,t).

2. If o = u(s,t) and y = v(s, t) are such that % and % exist, then the first partial
derivative oz of the function z(s,t) = f(u(s,t),v(s,t)) exists and

ot
z(s,t) = fo(uls,t),v(s,t))u(s, t) + fy(uls, ), v(s, t))vi(s,t).

Example 13.39. Let f(z,y) = 2%y — y*. Find %, where z(t) = f(sint,e?).

1. Since z(t) = e'sin®t — e, by the product rule and the chain rule for functions of one

variable, we find that

det dsin®t
2/(t) = ——sin®t + ¢* —

dt dt

2¢%! = el sin®t + 2et sint cost — 2e? .




2. By the chain rule for functions of two variables,

2'(t) = (fu(sint, e"), fy(sint,e")) - %(sint,et)

- (cost, €'
(z,y)=(sint,et) ( )

= (2¢'sint,sin®t — 2¢) - (cost, e')

= (2zy,2° — 2y)

— 2¢elsintcost + et sin?t — 2e* .

%and%

Example 13.40. Let f(z,y) = 2zy. Find p 5
S

where z(s,t) = f(s* + 12, ;)

3
1. Since z2(s,t) = 2(s* + tz); = 2% + 2st, by the product rule we find that

0z 65> 0z 253
g(“):TJer and E(S’t>:_t_2+28'

2. By the chain rule for functions of two variables,

0z _ 2 | 42 2, 42 d 2 28
g(s,t) = (fo(s® +£2,5/0), fy(s* + 1, s/t)) - g(s +t ’E)
_ (2 g ). (2s, Ny 2 B 2265
_(t’2(8 —i—t)) (25’t)_t+ ; _t+2t
and
%(s,t) = (]‘};(s2 + 2, 5/t), fy(s2 + t2,s/t)) . %(3 + 12 ;)
25 . o9 o s 253 + 2st? 253
= (7,2(3 +1 )) . (2t,—t—2) :48_t—2 = —t—2+23.
e The chain rule for functions of several variables
Suppose that w = f(z1,xs, - ,x,) be a differentiable function (of x,zs,- -, x,). If each
x; is a differentiable function of m variables t1,%s,- - ,t,,, then
&_w: 8w0x1+ awax2+m+ ﬁwﬁmn:ia_w%’
5151 (9&:1 5t1 (3562 (%1 8:1:n &‘tl = 8xj (3t1
6_w: 8w8x1+ ow 0xy s éwﬁxn:i 8w%7
8t2 6x1 8t2 81’2 6752 8xn 8t2 = &xj 8252
dw 0w 0wy 0w 0wy ow dx, < 0w dw;
5 = omo T omen, T T anLon, = 2o o



Using the notation of the matrix multiplication,

'é’xl 6901 é’xl'

Oxo Oxg 0xo
ow Cw @W]:{@f of ot T Otw
6751 6t2 atm 69:1 0952 &acn . .

ox, Oz, 0xy

e Differentiation of determinant functions

For an n x n matrix A, let Cof(A) denote the cofactor matrix of A; that is, the (i,j)-th

entry of Cof(A) is the determinant of the matrix obtained by deleting the i-th row and j-th
column of A or

ai1 12 e a1(j-1) A1(5+41) T Q1n
. . a 27 a ’L* ... a Zf - a ’L* . P a Z.f n

[COf(A)} - (_1)’L+] (D1 8G-1)2 E-1@E-1)  “GE-1@E+1) (i-1)
" A(i+1)1 O(i+1)2 0 Q@+1)(G-1) A+ (G+) 0 G+l

Gn1 Qn2 o Qn(j—1) Qn(j41) o Qnn

Then the determinant of A, using the reductive algorithm, can be computed by
det(A) = ) ay [Cof(A)],  VI<i<n. (13.5.1)
k=1

On the other hand, the determinant of an n x n matrix A = [a;j]1<ij<n can be viewed as a

real-valued function of n? variable:

f(an,am, T, Qin, 421,022, 7 1, G2p, 431 7 7ann> = det([aij])-

Since for each 1 < i < n the (i, k)-th entry of the cofactor matrix Cof(A);; is independent

of a;; for all 1 < j, k < n, we have f_ [Cof(A)Lj; thus if a;; = a;;(t) is a function of ¢

aij

for all 1 <4,j < n, with A = A(t) = [a;(t)] \<ij<n 0 mind the chain rule implies that

%f(all(t)76112<t)7 e ,ann(t)) = Z [Cof(A)}

3,j=1

da;(t)

A 13.5.2
i dt (135.2)



Let Adj(A) be the transpose of the cofactor matrix, called the adjoint matrix, of A, then
(13.5.2) implies that

d - . dCLi]’ . . dA
. dA daij .
where tr(M) denotes the trace of a square matrix M and — = [ } . In particular,
dt dt Ji<ij<n

1

o , 1 _
if A is invertible, then A=! = det(A)

Adj(A); thus for invertible matrix A = [a;;(t)], we have

14

2 fet(a) = tr(det(A)A- —

dt ) = det(A)tr (A*%) (13.5.4)

dt
or

d [ adA
o | det(4)] = (A7 22

Example 13.41. Let A(t) = { “}igg ggg ] Then

d _ k=gl |/ 9" _ kf'—gh'  kg'—gk'
adet<A>—“([_h f} [h' k! )‘“( —hf'+ fh' —hg' + fk' )
=kf'—gh' —hg'+ fk' = (fk—gh)".
e Taylor’s theorem for functions of two variables

Let R < R? be an open region, and f : R — R be a function of two variables. For
(z,y), (a,b) € R, define g(t) = f(a+t(x —a),b+t(y —b)). Suppose that all the k-th partial
derivatives of f are continuous for 0 < k < n + 1 (which, by Theorem 13.35, implies that
g is (n + 1)-times differentiable), then Taylor’s Theorem implies that there exists & € (0, 1)
such that

noJR) gt
N

Now we compute ¢g¥)(0). First by the chain rule,
d
0'1) = S (ati(e—a) b iy —b)
= fola+t(x—a),b+tly—b))(x—a)+ f,(tx+ (1 —t)a, ty + (1 — £)b) (y — b);

thus ¢'(0) = fu(a,b)(z —a) + fy(a,b)(y —b). In general, we can prove by induction that

g B (t) = Z Cka—f.(a +t(x—a),b+tly—0b))(z—a)(y—b) (13.5.5)

J k—30a,7
= dxkF=idy



under the assumption that the k-th partial derivatives are continuous (on an open region
containing the line segment connecting (x,y) and (a,b)). To see this, we first simplify the
notation by letting v(¢) = (a+t(z —a),b+t(y —b)). We note that (13.5.5) holds for k = 1.
Suppose that (13.5.5) holds for £ = ¢. Then by the chain rule and Theorem 13.28, we find

that
d d < oLy » ,
g = dtg(é) ()= . Z Cf—axg_jayj (v(®) (@ — @) (y — bY’
a€+1f
) J';)Cf[axe—j—&-l&yj (v(®) (& — @) (y = b)’
a€+1 ‘
axz—f'a;m (v(1) (z — ) (y WH]

¢ +1
N )@ - )iy - by

J L+1—35ad
= or oy
{41 aﬁ—l—lf

Z P 1m(7(t)) (z —a) ' (y — b

() - )+ S h ) -5

af—l—lf
1 Oxttl- ]ay]

9€+1f
- W

+2 (Ch+ L

By Pascal’s Theorem,
af—&-l f

1)\
g( (t) - 5$£+1

(/1)) (& — ) + %(w»(y e

+1 a“_lf O NEHl—Gg, NG
+ Z ¢ OztH1=3 gy (7(t)) (z —a) (y — D)

E+1 aﬁ—i—lf ' '
= Z O sy (1) (@ —a) ™ (y = by

thus we establish (13.5.5) by induction. Therefore, by the fact that g(1)
g(O) = f(a7 b)7

(v(#) (z — @) (y — 1)

f(z,y) and

(13.5.6)



where

ntl
R, (z,y) I Z n+16xk iog (a+&(x—a)b+&(y—"b))(z—a) 7 (y—b).

The “polynomial” of two variables

1 r OFf ke i
Pu(z,y) = Z 0 Z C; axk,—jayj(a’ b)(x —a)"(y — )

is called the n-th Taylor polynomial for f centered at (a,b), and the function R, is the
remainder associated with P,.
Expanding the sum, we find that
Po(z,y) = f(a,b) + fo(a,b)(z — a) + fy(a,0)(y — b)
1
b o [Ferl@ ) — 0 + 2fu (0, D) (& — )y — 1) + fyyla,B)(y B
1
3, [fmx(a b)(z — a) + 3 foay(a, b)(z — a)Q(y = b) + 3 fayy(z — a)(y — b)Q
+ fula,b)(y = 0] + -+

o o" _
o[- ar + @ - o b et
on ,om .
HOLg @b e — oy -0 + S by )

Example 13.42. Find the third Taylor polynomial for the function f(x,y) = sin(xy) cen-
tered at (0,0).

We compute the first, the second and the third partial derivatives of f as follows:

fo(z,y) =ycos(zy), fy(z,y) =z cos(zy),

fea(,y) = —y?sin(zy),  fuy(z,y) = cos(zy) — zysin(zy), fy,(r,y) = —2"sin(zy),
frea(®,y) = =y cos(y) ,  fumy(x,y) = —2ysin(zy) — zy” cos(zy) ,
fewy(,y) = —2wsin(zy) — 2%y cos(xy),  fyp(z,y) = —2° cos(ay) .

Therefore, the only non-vanishing term, when plugging (z,y) = (0,0), is f3,(0,0) = 1; thus

Psy(z,y) = % - 2fy(0,0)(z = 0)(y — 0) = zy.



Example 13.43. Find the second Taylor polynomial for the function f(x,y) = exp(z?+2y)
centered at (0,0).

We compute the first and the second partial derivatives of f as follows:

fo(z,y) = 2wexp(a® +2y),  fy(a,y) = 2exp(a® + 2y)
foz(z,y) = (2 + 42®) exp(2® +2y),  foy(7,y) = 4z exp(a® + 2y),
fy(z,y) = 4exp(z? + 2y).

Therefore, f,(0,0) = f,,(0,0) =0, £,(0,0) = f..(0,0) =2, f,,(0,0) = 4; thus

Py(z,y) = f(0,0) + f.(0,0)z + f,(0,0)y + % [f22(0,0)2” + 2f,,(0,0)zy + f,,(0,0)y?]
=142y + 2% + 2%,

e Implicit partial differentiation

In Section 2.4 we have talked about finding derivatives of a function y = f(z) which is defined
implicitly by F(z,y) = 0 (when F' is giving explicitly). Now suppose that z = F/(z,y) is a
differentiable function and the relation F(x,y) = 0 defines a differentiable function y = f(x)
implicitly (so that F(z, f(z)) = 0). By the chain rule,

0= L F(e 1)) = il £(0)) + By f2) ()
which implies that
[ = —% it Fy(x, f(x)) 0.

Since f is in general unknown (but exists), we usually write the identity above as

dy _ Fulw,y)
dx Fy(z,y)

if F(z,y) =0 and F,(z,y) #0.

In fact, when F, and F), are continuous in an open region R, and F'(a,b) = 0 and F(a,b) # 0
at some point (a,b) € R, the relation F'(z,y) = 0 defines a function y = f(z) implicitly near
(a,b) and f is continuously differentiable near x = a. This is the Implicit Function Theorem

and the precise statement is stated as follows.



Theorem 13.44: Implicit Function Theorem (Special case)

Let R < R? be an open region in the plane, and F' : R — R be a function of
two variables such that F, and Fj are continuous in a neighborhood of (a,b) € R.
If F(a,b) = 0 and F,(a,b) = 0, then there exists 6 > 0 and a unique function
f:(a—0d,a+6) - R satisfying F(x, f(z)) =0 forall z € (a—0,a+ ), and b = f(a).
Moreover, f is differentiable on (a — §,a + §), and

flla) = ——gg ;Eg; Vre(a—d,ats).

In general, if F' is a function of n variables (xi,zo,--- ,z,) such that F,,, F,,, ---,
F,, are continuous in a neighborhood of (aj,as, - ,a,. If F(aj,as, - - ,a,) = 0
and F,, (ai,as,- - ,a,) # 0, then locally there exists a unique function f satisfying
F(zy, - ,xp_, f(x1, - ,24-1)) = 0 and a, = f(ay,--- ,a,-1). Moreover, for 1 <
Jj<n-—1,

of Fo@, s tnt (o Tn1))

ﬁ(xh"‘ ,In—l)Z—F]@ T a—

j wn (L1570 1, f(T1,0 0 T

Example 13.45. Find % if (z,y) satisfies 3> + y? — 5y — 22 +4 = 0.
X

Let F(z,y) = v* +y* — by — 22 + 4. Then F,(z,y) = —2z and F,(z,y) = 3y + 2y — 5.
Therefore,
dy _ Fi(z,y) 2z

dr  F,(z,y) - 3y +2y —5

Example 13.46. Find S—z and % if (z,y,2) satisfies 3z?z — x%y? + 22% + 3yz — 5 = 0.
x y

Let F(z,y, z) = 3222 —2?y* + 22+ 3yz — 5. Then F,(z,vy, 2) = 6x2 —2zy?, F,(z,y,2) =
—22%y + 3z and F,(x,y,2) = 32% + 622 + 3y. Therefore,

0z Fy(z,y,z)  2xy®>—6az
ox F.(z,y,2) 322 +622+ 3y

and
0z Fy(w,y,2)  22%y—3z

oy F.(z,y,2) 3224622 +3y’



13.6 Directional Derivatives and Gradients

Let f be a function of two variables. From the discussion above we know that the existence
of f, and f, does not guarantee the differentiability of f. Since f, and f, are the rate of
change of the function f in two special directions (1,0) and (0,1), we can ask ourselves
whether f is differentiable if the rate of change of f exist in all direction.

Let f be a function of two variables z and y, and let w = cos #i+sin 0, where i = (1,0)
and j = (0,1), be a unit vector. The directional derivative of f in the direction of w
at (a,b), denoted by D, f(a,b), is the limit

Do f(a,b) = lim fla+ hcos®,b+ hsinf) — f(a,b)
h—0 h

provided this limit exists.

Example 13.48. Find the direction derivative of f(z,y) = x?sin 2y at (1, g) in the direc-
tion of v = 3i — 4j.
We first normalize the vector v and find that u = gi — % j is in the same direction of v

and has unit length. Therefore, for h # 0,

3h 4h
f(l—f—g,g—?)—f(l,g) (1+%)28in(ﬂ'—%)—1281nﬂ 3h 28111%
D - 0 =+3) '

sin h

thus by the fact that }llir% =1, we find that

Theorem 13.49

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f is differentiable at (z¢, yo) € R, then for all unit vector v = cos fi+sin 0,

(Duf)(xo,y0) = fa(T0,y0) cOs O + fy(%,yo) sinf = (Df)(zo,%0) - .

Proof. Let g(t) = f(xo + tcosl,yy + tsinf). Then by the chain rule for functions of two

variables,



(Duf a0, ) = i 2090

Example 13.50. In this example we re-compute of the direction derivative in Example 13.48

=g'(0) = fo(xo,y0) cos O + f,(x0,yo)sinb. O

using Theorem 13.49. Note that f(x,y) = x?sin2y is differentiable on R? since f,(z,y) =
2xsin2y and fy(z,y) = 227 cos 2y are continuous (so that Theorem 13.35) guarantees the
differentiability of f). Therefore, Theorem 13.49 implies that

4 3 4 8
—fy(l,z):—-Q-Sinﬂ'—g-2-12'COS7T:g.

m 3 m
(Du)(1:3) = 5Fo(lig) =54 3) =3

Unfortunately, the existence of directional derivative of f in all directions does not imply
the differentiability of f.

Example 13.51. Let f : R? — R be given by

2

oy = | g @) # 0.0,

and u = (cos 6, sin #) € R? be a unit vector. Then if cosf # 0 (or equivalently, 6 # g, 3%),
f(hcos, hsin@) — f(0,0) h3 cos 6 sin 62 _ sin6?

Do f)(0,0) = li — i =
(Duf)(0,0) - h 20 h(h?cos0? + h*sinf*)  cosf

while if cosd = 0,

=0.

1. f(hcosf,hsinB) — £(0,0)

Therefore, the directional derivative of f at (0,0) exist in all directions. However, f is not

continuous at (0,0) since if (x,y) approaches (0,0) along the curve x = my? with m # 0,

we have \
. T 2 T my . m
(zyyl)lgg%m flay) =l fimy”sy) = o s T = e 1
T=my

which depends on m. Therefore, f is not continuous at (0, 0).

Definition 13.52

Let z = f(z,y) be a function of z and y such that f,(a,b) and f,(a,b) exists. Then
the gradient of f at (a,b), denoted by (Vf)(a,b) or (gradf)(a,b), is the vector

(fz(a,b), fy(a,b)); that is,

(Vf)(a,b) = (fola,b), fy(a,b)) = fula,b)i+ fy(a,b)j.




e Functions of several variables

Definition 13.53

Let f be a function of n variables. The directional derivative of f at (ay,aq,--- ,ay)

in the direction w = (uy,ug, - ,u,), where u? +u3 + - -+ +u2 = 1, is the limit

(Duf)(ar,az,-+ a,) = lim flaa + huy, ag + hus, - -- ,ag+hun) — flas,as,- -+ an)

provided that the limit exists. The gradient of f at (ay,as,--- ,a,), denoted by
(Vf)(ay,az, - ,ay,), is the vector

(Vf)(alaa%"' 7an) = (fxl(ala"' 7an)afx2(a17"' 7an)7"' afxn(aflv"' aan)) .

Let f be a function of n variables. If f is differentiable at (a;,aq,- - ,a,) and u =

(ug,ug, -+ ,uy,) is a unit vector, then

(Duf)(a1, a9, - ya,) = (Vf)(ar, -+ ,a,) .

e Properties of the gradient

Theorem 13.55

Let f be a function of two variables. If f has continuous first partial derivatives
f» and f,, in a neighborhood of (x¢,yo) and (Vf)(xo,v0) # 0, then (Vf)(xo,yo) is

perpendicular/normal to the level curve f(z,y) = f(xo,v0) at (xo,y0). Moreover,

(V£)(xo,y0)
VD @orwo)] 29

where | - | denotes the length

the value of f at (zg,yo) increase most rapidly in the direction

(V) (0, %0)
[(V ) (o, yo) I’

decreases most rapidly in the direction —

of the vector.

Remark 13.56. 1. Let f : (a,b) — R be differentiable. The graph of the function y =
f(z) can be view as the level set F(z,y) = y — f(z) through point (¢, f(c)) (that
is, F(z,y) = F(c, f(c))). We note that at the slope of the tangent line (¢, f(c)) if
f'(c) (so that (1, f'(c)) is a tangent vector at (c, f(c))); thus the vector (—f’(c),1)
is perpendicular to the graph of f at (¢, f(c¢)). The theorem above generalizes this

result.



2. The terminology “the value of f at (xg, o) increase most rapidly in the direction u”,
where w is a unit vector, means that the directional derivative (D, f)(zo,vo), treated

as a function of v, attains its maximum at v = u.

2 2
Example 13.57. Let f(z,y) = % + %2 Then the level curve f(x,y) =1 is an ellipse and
a

the normal vector of this level curve at point (a cos®,bsin @) is given by

' ) 2cosf 2sin6
(fx(acosejb&ne)’fy(aCOSQ,bSIHQ)) - ( a b )

Example 13.58. A heat-seeking particle is located at the point (2, —3) on a metal plate

whose temperature at (z,y) is T'(z,y) = 20 — 42® — y?. Find the path of the particle as it
continuously moves in the direction of maximum temperature increase.

Suppose the path of the particle is given by (z(t),y(t)). Then
(2'(t),y' (1) /) (VT)(x(t), y(t)) = (= 8x(t), —2y(t)) .

Therefore, there exists a function k(t) such that —8z = k% and — 2y = k% ; thus

d
£(1n|x| —4Inly]) =0.

Then |z||y|~* = C. Since (z(t),y(t)) passes through (2,—3), we find that C' = 8—21; thus

2 4
s1¥

Theorem 13.59

Let f be a function of three variables. If f has continuous first partial deriva-
tives fy, fy, f. in a neighborhood of (x¢,vo,20) and (Vf)(xo,v0,20) # 0, then
(V) (2o, Yo, 20) is perpendicular/normal to the level surface f(z,y,2) = f(xo, Yo, 20)

(x,y) satisfies x =

at (o, Yo, 20). Moreover, the value of f at (o, yo, z0) increase most rapidly in the direc-

(V£) (o, Yo, 20) (V) (20,90, 20)
IV f) (0, Yo, 20) || IV £) (20, yo, 20)]

where | - || denotes the length of the vector.

tion and decreases most rapidly in the direction —

Proof. We have shown that (V F')(zo, yo, z0) is perpendicular to the level surface F(z,y, z) =
F(z0,Y0, 20) in Theorem 13.63, so it suffices to show that (D,F)(xq, yo, 20) attains its maxi-
mum at v = u. Nevertheless, by Theorem 13.54, we find that

(Do F) (20,0, 20) = (VF)(x0, Y0, 20) - v = |(VE)(x0, Yo, 20)| cos b,



where 0 is the angle between (VF')(xg,yo, 20) and v. Clearly (D,F)(xo,yo, 20) attains its

maximum when 6 = 0 which shows that (D,F)(zo, %o, 20) attains its maximum at v =
(VF)(;UOvasz) ]
[(VE) (20, yo, 20) |

Example 13.60 (Gradient method of finding local minimum of a function). Suppose that

you are looking for the minimum of a function f : R? — R. You do not know where the
minimum point of f is, so you start with (conjecturing a possible) point (a,b) and hope to
find a curve C' that connects (a, b) and the minimum point. Suppose that C' is parameterized
by 7 : [a,b] — R2. By the fact that —(V f)(x) points to the direction to which f decreases
most rapidly, we expected that

r'(t) ) =(V)(r(t)).
In particular, we choose 7'(t) = —(V f)(7(t)) and hope that we can find 7 (so that we can
(V) (r®)

IV AE®)]
vanishes so that the tangent direction indeed points to the direction —(V f)(r(t)).

find C'). We note that we can also choose 7'(t) = which implies that 7’ never

Sometimes it is very hard to find the solution r to the differential equationt, so instead
we choose a different strategy. Starting at the point (a,b), we move forward in the direction
—(Vf)(a,b) and stop temporally at (a1,b1) = (a,b) — to(V f)(a,b) for some ¢t > 0. Then
we move forward in the direction —(V f)(ay, b1) and stop temporally at (ag, by) = (a1, b1) —

t1(V)(a1,b1). Continue this process, we obtain a sequence of stops {(ax, bx)}i; given by

(ak—f—h bk+1) == (ak, bk) - tk(Vf) (ak, bk) (1361)

for some sequence {t;}{, of non-negative numbers to be chosen. One way of choosing the

step-size t;, called the method of exact line search, is to choose t; so that

S ((ar, br) = t1(V f)(ax, br)) = min f((ar, br) = t(V f)(ak, bi)) -

Such t; must satisfy that

d
Gty T (s be) = (07 1) ax, i) =0

which implies that ¢, satisfies that (V f)((ax, bk) — te(V f)(ax, b)) - (V.f)(ar, by) = 0. There-
fore, (13.6.1) implies that
(Vf)(a/kJr]_, bk+1) : (Vf)(ak, bk> =0 VkeNu {O}

which shows that the exact line search algorithm of constructing minimizing sequence pro-

duces a zigzag path connecting the starting point and the minimum point.



13.7 Tangent Planes and Normal Lines
e The tangent plane of surfaces

Any three points in space that are not collinear defines a plane. Suppose that S is a
“surface” (which we have not define yet, but please use the common sense to think about
it), and Py = (¢, Yo, 20) is a point on the plane. Given another two point P, = (21,91, 21)
and P, = (z3,y2, 22) on the surface such that Py, Py, P, are not collinear, let Tp p, denote
the plane determined by Py, P, and P,. If the plane “approaches” a certain plane as P;, P,
approaches Fy, the “limit” is called the tangent plane of S at F.

Now suppose that the surface S is the graph of a function of two variables z = f(x,y).
Consider the tangent plane of S at Py = (¢, Yo, 20), where zg = f(xq,yo). The plane Tp, p,,
where P, = (xo + h, yo, f(xo + h,y0)) and Py = (zo, yo + k, f(z0,yo + k)), is given by

[(hvoaf(x0+hay0) —f(lfo,yo)) x <0> k7f($0,y0+k)_f($o7yo))} (r—20,¥y—Y0,2—20) =0,

where u - v and u x v are the inner product and the cross product of u and v, respectively.
For (h, k) # (0,0), divide both sides by hk and pass to the limit as (h,k) — (0,0), we find
that the limit is

[(1,0, fa(@o,y0)) x (0,1, fy(zo,%0))] - (x — 20,y — Yo, 2 — 20) =0,
provided that f,(xo, o) and f,(zo,yo) exists. Computing the cross product, we find that
(1,0, falzo, y0)) x (0,1, fy(z0,m0)) = (= fe(20,%0), —fy (0, 40), 1) ;
thus if the tangent plane exists at (zo, o, 20), the tangent plane must be
(—fx(on;yo), _fy<$073/0)a 1) : (33 —20,Y — Yo, %2 — f(xmyo)) =0
or equivalently,
z = f(z0,Y0) + fo(Zo, yo)(x — o) + fy(0,Y0) (¥ — ¥o) -

On the other hand, if f is differentiable at (xq,yo), then

f(z,y) = f(wo,90) + fo(To, v0)(x — 20) + fy(0, %0) (¥ — v0)
+e1(z, y) (@ — x0) + £2(2, ¥) (Y — W)



for some functions €1, 9 satisfying ~ lim  ey(z,y) = lim  es(x,y) = 0. This shows
(wﬁy)*’(wozyo) (m,y)%(xg,yo)
that the rate of convergence of the quantity

’f(l", y) — f(wo,y0) — fe(wo,y0)(x — 20) — fy(%, Yo)(y — yo)’ )

as (x,y) approaches (g, 19), is “faster than linear” and this is exactly what we have in mind

when talking about tangent planes. Therefore, we conclude that

Theorem 13.61

Let R < R? be an open region in the plane, and f : R — R be a function of two

variables. If f is differentiable at (z¢,yo) € R, the tangent plane of the graph of f at
('T(): Yo, f('TanO)) is given by

z = f(zo,y0) + fo(zo, Y0)(x — 20) + £y (%0, %0) (¥ — Yo) »

and the vector (fi(zo,v0), fy(%0,y0),—1) is a normal vector to the graph of f at
(Io, Yo, f(fl?o, yO))

Example 13.62. Find the equation of the normal line to the surface xyz = 12 at the point
(2,-2,-3).

Let F(z,y,2) = xyz — 12. Then (F,, F,, F,)(2,-2,—-3) = (6, —6,—4). Therefore, the
vector (6, —6,—4) is normal to the surface zyz = 12 at (2,—2,—3) and the normal line

passing through (2, -2, —3) is

r—2 y+2 z+43
6 -6 -4

Now suppose that the function of three variables w = F(x,y, z) is continuously differen-
tiable; that is, F,, F, F, are continuous. Suppose that for some (zo, 3o, 29) in the domain,
(Fi (0, Yo, 20), Fy (%0, Yo, 20), F= (20, Y0, 20)) # 0. W.L.O.G., we assume that F,(xo, o, 20) #
0. Then the Implicit Function Theorem (Theorem 13.44) implies that there exists a unique
differentiable function z = f(z,y) such that

F(x,y, f(r,y)) =0 and 20 = f(z0,0) -

By the discussion above, the tangent plane of the graph of f at (xo, yo, 20) is given by

z =z + fo(®o,y0)(x — o) + fy(20, Y0) (Y — Yo)



and the implicit partial differentiation further shows that the tangent plane above can be
rewritten as
F:E<'I07y0720) - Fy(xoayO;ZO)

z2=z20— ———(xr — x9

Y—Yo)-
F.(z0, Yo, 20) F.(z0, Yo, 20) o)

Therefore, the tangent plane of the graph of f at (xg, 3o, z0) is given by
(F2(z0, Yo, 20), Fy (2o, Yo, 20), F: (20, Yo, 20)) - (x — o,y — Yo, 2 — 20) = 0.

On the other hand, note that the graph of f is the same as the level surface F(z,y,z2) =
F(x0, Yo, 20); thus we conclude that

Let w = F(z,y,2) be a function of three variables such that F,, F, and F, are
continuous. If (Fx(:ro, Yo, 20), Fy (20, Yo, 20), F= (0, Yo, ZO)) # 0, then the tangent plane

of the level surface F(z,y,z) = F(x0, Y0, 20) at (xo, Yo, 20) is given by

(Fa(z0, Yo, 20), Fy (20, Yo, 20), F= (20, Yo, 20)) - (x — 0,y — Yo, 2 — %) =0,

and the vector (Fx(:vo,yo,zo),Fy(xo,yo,zo),Fz(xo,yo,zo)) is a normal vector to the

level surface F(xz,y,z) = F(zo, Yo, 20)-

Example 13.64. Find an equation of the normal line and the tangent plane to the paraboloid

1
-1 — 2 42
z 10(:76%—?;)

. 1
at the point (1, 1, 5).

1 1 1 4
Let F(z,y,2) =2—1+ TO(xQ + 4y?). Then F.(1,1, 5) = (5’ 5 1) # 0; thus Theorem

13.63 implies that the tangent plane of the given paraboloid at (1, 1, %) is

3 1

4 4
D) —(y—1D =2 —Zp—Zy.
(r—1) 5(y ) 5 5T Y

N —
U] =

z =

. . Iy . .
An equation of the normal line at (1, 1, 5) is given by

r—1 y—1 2z-1/2
/5  4/5 1




13.8 Extrema of Functions of Several Variables

13.8.1 Absolute extrema and relative extrema

Theorem 13.65: Extreme Value Theorem

Let f be a continuous function of two variables x and y defined on a closed bounded

region R in the plane.

1. There is at least one point in R at which f takes on a minimum value.

2. There is at least one point in R at which f takes on a maximum value.

A minimum is also called an absolute minimum and a maximum is also called an absolute

maximum. As in the case of functions of one variable, there are relative extrema defined as

follows.

Definition 13.66: Relative Extrema

Let f be a function defined on a region R containing (zo, o).

1. The function f has a relative minimum at (xg,yo) if f(x,y) = f(xo,y0) for all
(z,y) in an open disk containing (xq, 3o)-

2. The function f has a relative maximum at (zo,yo) if f(x,y) < f(zo,yo) for all
(z,y) in an open disk containing (xg, 3o)-

Similar to the critical points for functions of one variable defined in Definition 3.4,we

have the following

Definition 13.67: Critical Points

Let f be defined on an open region R containing (xg, ). The point (zo,y0) is a

critical point of f if one of the following is true.

1. fa(zo,y0) = 0 and fy(xo,y0) = 0;

2. fo(xo,y0) or f,(xo,yo) does not exist.

Similar to Theorem 3.5, we have the following necessary condition for points where f

attains its relative extrema.



Theorem 13.68

Let R be an open region in the plane, and f : R — R be continuous. If f has a

relative extremum at (x, ) on an open region R, then (zo,yo) is a critical point of

f.

Example 13.69. Determine the relative extrema of the function
flz,y) = —2® +day — 2> + 1.

First we find the critical points of f. Since f is differentiable, the critical points are
those points at which the gradient of f is the zero vector. Since f,(z,y) = —3x? + 4y and
fy(z,y) = 4z — 4y, if (a,b) is a critical point of f, then —3a*+ 4b = 4a — 4b = 0. Therefore,
(0,0) and (5’ %) are the only critical points of f.

Note that (0, 0) is not a relative extremum of f since f(x,0) does not attain its extremum

at x = 0. Near (%, g), we find that if |hl, |k| « 1,

f(§+h,§+k):—(h+§)3+4(§+h)(§+k)—2(k:+§)2+1

_ 13 2_@_% E % é - ’ § E
= —h% —4h 3 27+4<9 +3h—'_3k+hk) 2(1{:+3k+9)+1
= B8 — A2+ Ahk — 207+ £ (5, )
4 4
)

:f(gé)—2(/~fi—h)2—hQ(2+h)<f(§,§ _

Therefore, f has a relative maximum at (§’ §)'

13.8.2 The second partials test

A critical point of a function of two variables do not always yield relative maxima or minima.

Definition 13.70
Let f be a function of two variables. A point (z¢,yo) is a saddle point of f if (zo,yo)

is a critical point of f but f does not attain its extrema at (xg, yo)-




Theorem 13.71

Suppose that a function f of two variables has continuous second partial derivatives

on an open region containing a point (a,b) for which f,(a,b) = f,(a,b) = 0. Let

_ o |alad) fa(ab)
D = f:ccc(aa b)fyy(a> b) fwy(a7 b) fym(a; b) fyy(& b) .

1. If D > 0 and f..(a,b) > 0, then f has a relative minimum at (a, b).

[\]

. If D> 0and f,.(a,b) <0, then f has a relative maximum at (a, b).

3. If D <0, then (a,b, f(a,b)) is a saddle point.

W

. The test is inconclusive if D = 0.

Example 13.72. Consider the relative extrema of the function given in Example 13.69.

We have computed that (0,0) and (g, g) are the only critical points of f.

1. The point (0,0): we compute the second partial derivatives and obtain that
f22(0,0) =0, f,,(0,0) =4 and f,,(0,0)=—4.
Therefore, D = —16 < 0 which implies that (0,0) is a saddle point.

. 4 4 . .. .
2. The point (g, g): we compute the second partial derivatives and obtain that

4 4 4 4 4 4
fxz(gag) :_87 f:vy(§>§) =4 and fyy(gag) =—4.
Therefore, D = 16 > 0. Since f. (% é) < 0, f has a relative maximum at (é %)
Y . Trr 3) 3 9 37 3 °

Example 13.73. Find the absolute extrema of the function f(z,y) = sin(zy) on the closed
region given by 0 <z <7mand 0 <y < L.

From the partial derivatives

fe(z,y) = ycos(zy) and  fy(x,y) =z cos(zy),

we find that each point on the hyperbola zy = g is a critical point of f. The value of f at
each of these points is sin% = 1 which is the maximum of the sine function. Therefore, the
maximum of f is 1.

The minimum of f occurs at the boundary of the region.



1. z=0and 0 <y < 1: then f(z,y) =0.

2. x =mand 0 <y < 1: then f(x,y) = sin(mwy). The critical points of the function
g(y) = sin(my) occurs at y = % since g’(%) = 7T COS (%) = 0. Since g(%) =1 and
g(0) = g(1) = 0, we find that the minimum of g is 0.

3. y=0and 0 <z < m: then f(z,y)=0.

4. y=1and 0 < z < 7: then f(x,y) = sinx whose minimum on [0, 7] is 0.

Therefore, the minimum of f is 0.

The concepts of relative extrema and critical points can be extended to functions of three
or more variables. On the other hand, the second derivative test for functions of three or
more variables are more tricky, and we will not talk about this until the course of Advance

Calculus.

13.9 Applications of Extrema
| Theorem 13.74 |

The least squares regression line for n points {(m, y1), (T2, y2), -+, (xn, yn)} is given

1

by y = ax + b, where

3

1=1

=1 7

n
ny ot (
=1

a= and bz%(iyi—aizn;xi) (13.9.1)

=1

NgE
&S
~—

=1

Proof. For a,b € R, define S(a,b) = > (ax; + b —y;)>. Then
=1

0S -

%(a, b) = QZ(a:Bi +b—y)x;,
i—1

0S "

%(a,b) = QZ(axi +b—y).
i=1



The critical points (a,b) of S satisfies

afo —|—b2 x; = inyl-, (13.9.2a)
i=1 i=1 i=1
a) wi+by 1=>y; (13.9.2b)
i=1 i=1 i=1
which implies that (a,b) are given by (13.9.1). Clearly such (a,b) minimizes S. O]

Remark 13.75. An easy way to memorize the equations (a,b) satisfies is given in this

remark. We assume (even though in general it is a false assumption) that the line y = az+0b

passes through (z1,v1), (2,y2), -+, (Tn,Yn). Then y; = az; + b for all 1 < i < n; thus in
matrix form, we have

r; 1 y1 1

g 1 {a] Y2 1

b :

T, 1 Yn 1
Therefore,

rp 1 po 1

[xl To mn] x9 1 {a] B {751 To xn} y2 1
11 1 b 11 1]
T, 1 UYn 1

which implies (13.9.2).

13.10 Lagrange Multipliers

The concept of this section is to find the extrema of a function of several variables subject

to certain constraints:

Find extrema of the function w = f(xy,z9,- -+ ,z,) when (z1,xs,- - ,z,) satisfies

91(1’1,"' 7%):92(551,"' 7$n) :"':gm(l’h"' ,%):0-




Theorem 13.76: Lagrange Multiplier Theorem

Let f and g be continuously differentiable functions of two variables. Suppose that
on the level curve g(x,y) = c¢ the function f attains its extrema at (xg,y0). If
(Vg)(xo,y0) # 0, then there is a real value A such that

(V) (o, 90) = MV ) (0, 0)

Proof. First we note that (z¢,yo) is on the level curve g(x,y) = ¢; thus ¢ = g(zo, yo)-

Define F(z,y) = g(x,y) — g(z0,yo). Then F has continuous first partial derivatives, and
(VF)(z0,90) = (Vg)(xo,y0) # 0. Then either F,(zo,y0) # 0 or F,(xo,yo) # 0. Suppose
that F,(zo,y0) # 0. Then the Implicit Function Theorem implies that there exists § > 0 a
unique differentiable function h : (xg — 6,29 + §) — R such that

F(z,h(z)) =0 and Yo = h(xp) .

In other words, the set {(z, h(z)) |29—08 < x < +0} is a subset of the level curve g(z,y) =
9(z0,yo). Therefore, the function G : (xg — §,z9 + 0) — R defined by G(z) = f(x,h(x))

attains its extrema at (an interior point) x¢; thus

G'(z0) = fu(®0,90) + fy (0, y0)h (20) = 0.
Since the implicit differentiation shows that

iy Fulwo, h(xo)) _ ga(x0, %0)
" (xO) B Fy(zo, h(x0)) B 9y($0>yo) ’

we conclude that
[ (95 05 yo)

9y(T0, Yo)
If f,(zo,y0) = 0, then f.(xo,yo) = 0 which implies that (V f)(zo,y0) =0=0-(Vg)(xo, o).
If fy(an yU) 7 07 then

fa(xo,90) — fy(z0,Y0) =0.

fa (0, 90) _ 92 (0, Yo)
fy(@o,90)  gy(x0, o)
which implies that (V f)(zo,v0)// (Vg)(xo,y0); thus there exists A such that

(V)(@o,90) = AM(Vg) (2o, %0) -

Similar argument can be applied to the case F,(z¢,yo) # 0, and we omit the proof for
this case. n



Remark 13.77. The scalar A in the theorem above is called a Lagrange multiplier.

Example 13.78. Find the extreme value of f(z,y) = 4zy subject to the constraint

2

<

2
X
= ~1.
5+

—_
(=}

2 2
Let g(z,y) = % + %6 — 1. Suppose that on the level curve g(z,y) = 0 the function

[ attains its extrema at (xg,yo). Note that then (Vg)(xo,yo) # 0 (since (zo,v0) # (0,0));
thus the Lagrange Multiplier Theorem implies that there exists A € R such that

(. 420) = (V) z0.0) = A(Vg) (0. 10) = A (222, %0) |

2)\$0

Therefore, (z,yo) satisfies 4dyy = and 4zg = %, as well as —2 + yo = 1. Therefore,

A # 0, and

)\yo A )\%0 )\21'0
dorg=—=—+ — = :
8 8 18 144
The identity above implies that xo = 0 or A = +24.

1. If zg = 0, then yg = +4 which shows that A = 0, a contradiction.

2. If A\ = +24, then g = 3 : thus

L%, Y6 _ Y
9 16 ' 16

1 =
8

30/3

Therefore, yo = +2v/2 which implies that o = —.

2 2
+24. Therefore, on the ellipse % + %6 = 1 the maximum of f is 24 (at (xo,v0) =

At these (zo,%0), f(7o,%0) =

(+2v2, i?)\z@)) and the minimum of f s —24 (at (zo, y0) = (£2v2, $3\2@))

Example 13.79. Find the extreme value of f(x,y) = 4xy, where x > 0 and y > 0, subject
2 2

to the constraint —— + £ = 1. From the previous example we find that the maximum of

9 16
fis 24 (at (zo,30) = (2V2, S\QF)> The minimum of f occurs at the end-points (0,4) or

(3,0). In either points, the value of f is 0; thus the minimum of f is 0.



2 2
Example 13.80. Find the extreme value of f(z,y) = 4xy, where (z, y) satisfies %4—% <L
2 2

We have find the extreme value of f, under the constraint T4 %6 =1, is £24. Therefore,

9
2 2
it suffices to consider the extreme value of f in the interior T4

9 16
Assume that f attains its extreme value at an interior point (zg,yo). Then (xq,yo) is a

critical point of f; thus

fz(z0,90) = fy(anyO) =0
which implies that (z,%0) = (0,0). Since f(0,0) =0, f(0,0) is not an extreme value of f.

2 2
Therefore, the extreme value of f on the region % + % < 1is £24.

We note that (0,0) in fact is a saddle point of f since f,,(0,0)f,,(0,0) — f.,,(0,0)* =
—16 < 0.

Example 13.81. Find the extreme value of f(z,y) = x? + 6(y*> + y + 1)? subject to the
constraint z? 4+ (y* — 1)? = 1 (using the method of Lagrange multipliers).
Let g(z,y) = 2% + (y* — 1)%. We first compute the gradient of f and g as follows:

(VA (@,y) = (22,12Qy + 1)(y* +y + 1)) and  (Vg)(z,y) = (22,6y*(y° — 1)) .
Assume that f, under the constraint g = 1, attains its extrema at (zo,yo). Then

1. If (Vg)(zo,y0) # 0, then the Lagrange multiplier theorem implies that there exists
A € R such that

(20, 12(290 + 152 + 90 + 1)) = (220, 65258 — 1)) (13.10.1)
Therefore, xo(A — 1) = 0 and 2(2ys + 1) = Ay2(yo — 1).
(a) wo = 0, then g(xg, o) = 1 implies that yo = v/2 (yo = 0 cannot be true because

no A will verify (13.10.1)); thus f(xo,yo) = 6(v/4 + /2 + 1)
(b) A =1, then 4yy + 2 = y2(yo — 1) or equivalently, y3 — y2 — 2(2yo + 1) = 0. Note
that
Yo — Yo — 40 — 2= (yo + 1)(y5 — 2u0 — 2);
thus yo = —1 (impossible since g(z¢, —1) # 1) or yo = 1++4/3 (both are impossible
since g(wp, 1 £+/3) # 1).



2. If (Vg)(xo,90) = 0, then (zq,y0) = (0,0); thus f(x,y0) = 1.

Therefore, the maximum of f, under the constraint g = 1, is f(0,v/2) = 6(v/4 + /2 + 1)2

and the minimum of f, under the constraint g = 1, is f(0,0) = 1.

Similar argument of proving Theorem 13.76 can be used to show the following

Theorem 13.82

Let f and g be continuously differentiable functions of n variables. Suppose that on

the level curve g(z1,- -+ ,z,) = c the function f attains its extrema at (ay,--- ,a,). If
(Vg)(ai, - ,a,) # 0, then there is a real value A such that

(vf)(ala T ,an) = /\(VQ)(CH, T ’an>'

Example 13.83. Find the minimum value of f(z,y,2) = 22® + y? + 32% subject to the
constraint 2z — 3y — 4z = 49.

Let g(z,y,2) = 2x — 3y — 42 — 49. Then (Vg) # 0; thus if f attains its relative extrema
at (zo, Yo, 20), there exists A € R such that (V f)(zo, v0, 20) = A(Vg)(x0, Yo, 20). Therefore,

(4.’150, 23/0, 620) = )\(2, —3, —4)

2
or equivalently, A = 2xg = —3% = —gzo. Since 2z — 3yg — 4z = 49, we find that A =6
which implies that
(‘7;07 Yo, ZO) = (37 _97 _4> .

Since f grows beyond any bound as 4/ 22 + y? + 22 approaches o, we find that f(3, -9, —4) =

147 is the minimum of f.

Next, we consider the optimization problem of finding the extreme value of a function

of three variables w = f(x,y, z) subject to two constraints g(z,y, z) = h(z,y, z) = 0.

Theorem 13.84: Lagrange Multiplier Theorem - More General Version

Let f, g and h be continuously differentiable functions of three variables. Suppose

that subject to the constraints g(z,y,z) = h(x,y,z) = c the function f attains its
extrema at (zo, Yo, 20). If (Vg)(xo, Y0, 20) X (Vh)(x0,y0,20) # 0, then there are real
numbers A and p such that

(V) (o, 90, 20) = MV g) (0, Yo, 20) + (VR) (0, Yo, 20) -




Example 13.85. Find the extreme value of the function f(z,y,2) = 20 + 2z + 2y + 2°
subject to two constraints z2 +y* + 22 =11 and z +y + 2 = 3.

Let g(x,y,2) = 2 + y* + 22 — 11 and h(z,y,2) = z + y + 2z — 3. We first note that if
(x,y, z) satisfies g(x,y, z) = h(z,y,2) =0, then (Vg)(z,y,2) x (Vh)(z,y, z) # 0. Moreover,
f attains its extrema on the intersection of the level surface g(x,y,2) = 0 and h(z,y,z) =
0 (since the intersection is closed and bounded). Suppose that f attains its extrema at

(%0, Yo, 20)- Then there exists A, u € R such that

(V) (o, Yo, 20) = AM(Vg)(zo, Yo, 20) + (V) (x0, Yo, 20) ,
9(0, Yo, 20) = (w0, Yo, 20) = 0.

Therefore,
Azo + = 2, (13.10.2a)
200 + =2, (13.10.2b)
20 =1z +pu=0, (13.10.2c)
3+ Y+ 20 =11, (13.10.2d)
To4 Yo+ 7 =3. (13.10.2¢)

(13.10.2a,b) implies that A(zo — yo) = 0; thus A = 0 or xy = ypo.

1. If A = 0, then (13.10.2a) implies ¢ = 2 and (13.10.2¢) implies p = 2z5. Therefore,
2o = 1 which further shows 22 + y2 = 10 and z¢ + yo = 2. Then (z¢,v0) = (3,—1) or
(—1,3). Therefore, when A = 0,

($0>y07 ZO) = <3a _17 ]-) or (ZE(), Yo, ZO) = (_17 37 1) .

2. If zg = yo, then (13.10.2d,e) implies that 222 + 22 = 11 and 2z + 29 = 3. Therefore,

3423 3F4V3
To = Yo = 3 y 20 = 3 .

Since f(3,—1,1) = f(—1,3,1) = 25 and

3+2v3 3+2v3 3—4v3, . 3-2V3 3-2V3 3+4¢v3, 91
f(3’3’3)_f(3’3’3)_§’

. .. . 91
we conclude that the maximum and minimum value of f subject to ¢ = h = 0 are 5 and

25, respectively.



Example 13.86. Find the extreme value of f(z,y,z) = z subject to the constraints z* +
y*— 22 =0and y = 2.
Let g(z,y,2) = 2* + y* — 2% and h(x,y,2) =y — 2. Then

(Vo) (z,y, 2) = (42°, 4>, —327) and (Vh)(z,y,z) =(0,1,-1)
which implies that
(Vg)(z,y,2) x (VRh)(x,y,2) = (32% — 4>, 42 42?) .
Suppose the extreme value of f, under the constraints g = h = 0, occurs at (xg, yo, 20)-
1. If (Vg)(xo, Yo, 20) x (Vh)(x0, Yo, 20) = 0, then (xq, Yo, 20) = (0,0,0) and f(0,0,0) = 0.

2. If (Vg)(xo, Y0, 20) X (Vh) (0, Yo, 20) # 0, then the Lagrange Multiplier Theorem implies
that there exist A\, u € R such that

(V)(o, %o, 20) = A(Vg) (20, Yo, 20) + n(Vh) (2o, Yo, 20) -

Therefore, (xo, Yo, 20) satisfies that

4oz =0, (13.10.3a)
ADys+p=0, (13.10.3b)
3zl —pu=1, (13.10.3c)
xg+ys — 20 =0, (13.10.3d)
Yo — 20 =0. (13.10.3e)

Then (13.10.3a) implies that A = 0 or zo = 0.

(a) If A =0, then (13.10.3b) shows p = 0; thus using (13.10.3¢), we obtain a contra-
diction 0 = —1. Therefore, A # 0.

(b) If 2o = 0 (and A # 0), then (13.10.3d) implies that ys — z3 = 0. Together with
(13.10.3e), we find that yo = 0 or yo = 1. However, if yo = 0, then (13.10.3b)
shows that p = 0 which again implies a contradiction 0 = 1 from (13.10.3c).
Therefore, yo = z9 = 1 (and there are A, u satisfying (13.10.3b,c) for yo = 2o = 1

but the values of A and p are not important).



Therefore, the Lagrange Multiplier Theorem only provides one possible (xg, yo, 20) =

(0,1,1) where f attains its extreme value.

Since the intersection of the level surface ¢ = 0 and h = 0 is closed and bounded, f must
attains its maximum and minimum subject to the constraints g = h = 0. Since (0,0,0)
and (0,1,1) are the only possible points where f attains its extrema, the maximum and
minimum of f, subject to the constraint ¢ = h = 0, is f(0,1,1) = 1 and f(0,0,0) = 0,

respectively.
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