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Dec. 1. 2023

Problem 1. Find the following integrals.
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Solution. 7. Note that the integrand is identical to
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Problem 2. Show that the following functions are decreasing on (0, o).
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Since f(x) > 0 for all > 0, we conclude that f’(x) < 0 for all z > 0; thus f is decreasing on
(0, 00).
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Therefore, g is strictly increasing on (0, c0); thus
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Since f(x) > 0 for all > 0, we conclude that f’(x) < 0 for all z > 0; thus f is decreasing on
(0, ).
We note that the two functions given above are indeed strictly decreasing since for 0 <z <y < z,

in both case we have
9(z) < g(y) < g(2);
thus passing to the limit as z — o we obtain that g(z) < g(y) < 0 for all 0 < < y. This shows

that g(x) < 0 for all x > 0; thus f’(x) < 0 for all x > 0 which shows that f is strictly decreasing on
(0,00). D

Problem 3. In this example you are asked to compute the integral of y = xe” by the Riemann sum.

Complete the following.
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2. Compute f xe® dx by the limit the Riemann sum of y = xe® for regular partition using the
0

right end-point rule.
3. Find an anti-derivative of y = xe®.
Problem 4 (Integrating Factor).

1. Let f,g : [a,b] = R be a continuous function, F' be an anti-derivative of f, and y : [a,b] — R
satisfies that

y' + f(2)y = g(x). (*)

Find an expression of y.



2. Find the function y satisfying y’ + 2%y = 22 and y(0) = 1.

Solution. 1. Let F be an anti-derivative of f. Then F’ = f so that

% ["@y(a)] = "D (@)y(a) + "y (2) = W [y (@) + fl2)y(x)] = " Pg(a).

Therefore, e’y is an anti-derivative of ef’¢ which shows that

which shows that
: u=z3
e Py (x) = JZxQe’*“/ 3y "2 J 2 du = 26 + C = 2513 4 C .
Therefore,
ylx) =2+ Ce /3
Since y(0) = 1, we conclude that C' = —1 so that y(z) = 2 — e=*"/3. i

Hint: Multiply both sides of (x) by exp(F(z)) and observe that the left-hand side is the derivative

of a certain function, where F' is an anti-derivative of f.

Problem 5. 1. Show that for 0 < a < b,

e 2z -(Inb—1Ina)< ’
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2. Using the result above to show that for 0 < a < b,
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Vab )
“ <1nb—1na< 2



Problem 6. Prove the following inequalities.

1. e*>1+1In(1+x) for all z > 0.

2. " >1+ (14 2z)In(l+z) for all z > 0.
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3. ex>1+a:+—+—+~--+x—forallx)OandneN.
20 3! n!

Problem 7. Let a,b be two positive numbers, p, ¢ any nonzero numbers, and p < g. Prove that

[0a” + (1 — 0)1"]7 < [fa? + (1 — O)]*  VOe (0,1).
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Hint: Show that the function f(p) = [#a? + (1 — 6)bP]» is an increasing function of p.

3=

Proof. Let 6 € (0,1) be given, and define f(p) = [6a? + (1 — 6)b"] . Then
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Let g(z) = (1 —)zInz — [0+ (1 — 0)z] In [0 + (1 — 6)z]. Then the above identity shows that
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thus to show that f is increasing on (0, ) it suffices to shows that g(z) = 0 for z > 0. Compute the

first and the second derivative of g, we find that

g () =1-0)(nz+1)— (1—6)In [0+ (1 —6)z] —%-(1—9)
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and
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Therefore, g'(x) = 0 if and only if = 1 or equivalently, = 1. This shows that x = 1 is

_r
0+ (1—06)x
the only critical point of g, and the second derivative test implies that g attains its absolute minimum

at © = 1. Therefore, for x > 0 we have
gz) = 9(1)=1—-0)Inl1—[0+(1—-60)]In[d+(1-6)] =0

which concludes that f is increasing on (0, o). D



Problem 8. 1. Find an equation for the line through the origin tangent to the graph of y = In x.
2. Show that Inz < % for all z # e.
3. Show that 2¢ < e* for all x # e.
4. Show that if e < A < B, then AP > B4,

Proof. 1. Suppose that the tangent point is (a,lna). Then the tangent line of the graph of y = Inx
passing through (a,Ina) is given by

1
=—(z— Ina.
Y a(x a)+1Ina

Since the tangent line passing through (0,0), we must have 0 = —1 + Ina which shows that
a = e. Therefore, the tangent line of the graph of y = Inz passing through (0, 0) is given by

1
y:—(a;—e)—i—lne:{.
e e

2. Graphically speaking, since the graph of y = Inx is (strictly) concave downward, any tangent
line of the graph of y = Inz lies above the graph of y = Inz; thus we have Inz < £ for all

x > 0, and the strictly concavity of the graph of f shows that Inz < g for all x > 0 and = # e.

1 1
To see this analytically, let f(z) = Inxz — %. Then f'(x) = S thus & = e is the only critical

point of f and
fllx) >0 if0<z<e and  f'(z)<0 ifz>e.

The first derivative test shows that f attains its absolute minimum at e. Moreover, f is strictly

increasing on (0,e) and is strictly decreasing on (e, o0). Therefore,
f(z) < f(e)=0 on (0,e) and f(z) < f(e) =0 on (e,0)

so we conclude that Inz < z for all x > 0 and z= # e.
(&

3. Note that part 2 shows that
In(z°) =elnz < x = zlne = In(e”) Ve >0and z #e.
Therefore, since In is strictly increasing on (0, 00), we have

¢ < e” Ve>0and z # e.

4. Here we present two ways of proving part 4.



(a) From part 2 and the logarithmic properties of In, we have

lne+lnxln(ex)<g:x Vr>0andz #1.
e
Therefore,
Inr<zxz—1 Vr>0and x #1.
Let e > A < B. Then g > 1; thus the inequality above shows that
B B B
mo <2 _1 (——J)lA,
n— < " < 1 n

where the last inequality follows from the fact that In A > 1 and % — 1> 0. Therefore,

InB—-—1InA < glnA—lnA

which shows that Aln B < Bln A. Therefore,
In(B*) = Aln B < Bln A = In(A?)

and the fact that In is strictly increasing implies that B4 < AZ.
(b) Let A > e be given, and let f(z) = Alnz —2In A on [A, ). Then

, A InA,; A
fle) == —mA===(gr ).

Since A > e, we have ﬁ < A; thus f/(x) < 0if x € [A,0). This shows that f is strictly
decreasing on [A, 0); thus if B > A, we have f(A) > f(B) which implies that

0=AlnA—-AlmA=f(A)> f(B)=AlnB—-BlnA
Therefore, Bln A > Aln B which gives the desired result. D
Problem 9 (Implicit Differentiation).
1. Find y' ifev =2 —y.
2. Find an equation of the tangent line to the curve ze¥ + ye” = 1 at the point (0, 1).

3. Find an equation of the tangent line to the curve 1 + Inzy = "~ ¥ at the point (1,1)



