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Dec. 30. 2023
Problem 1. Find at least two ways to compute the following integrals.
L J z2 — : 4_:131— 2 J 3:33?22;2—1 dr 3. f 1 _{——403)(‘?;
4. jﬂc(x‘}—l—l)dx 5. Jtamisecxdm 6. JxGide
Problem 2. Find the following indefinite integrals using the techniques of partial fractions.
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Problem 3. Determine if the following improper integral converges or not.
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Problem 4. Complete the following.

1. Show that the improper integral JQ In sin z dz converges.
0

2. Find the value of J2 In sin z dzx.
0

Proof. 1. We present two proof here.

(a) Let f(x) = —Insinz and g(z) = —Inz. Then f,g are positive on (0, 1]. Moreover, by
L’Hospital’s rule,
lim f(x) ~ im Insin ~ im cosx/sinz ~ im $('ZOSIL‘ 10
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Therefore, by the limit comparison test,
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J Insinz dr converges if and only if J In x dx converges.
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Now, by the fact that lim+ xlnx =0,
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thus f In x dx converges.
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(b) Note that 2p <sinz < z for all z € (0, g) Since y = Inx is increasing on (0, 1),
m
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In—+Inz<nsinz<lnhz <0 Vze(0,1).
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Let f(z) = —Insinx and g(z) = “n2 ~Inz. Then 0 < f(z) < g(z) for all z € (0, 1].
Now, by the fact that 1im+ rlnz =0,
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J Inzdr= lim | Inzde= lim (zlnz— z) = lim (a—1—alna) = —1;
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thus J Inz dx converges. Therefore,
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direct comparison test, j In sin x dx converges.
0

’ Insin x dx. Then the substitution of variables u = 5 z and u = 7™ — x show that
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2. Let I = J
0
I = fQ Incosxdr = J Insinz dx .
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Therefore,
21 = JQ lnsinxda:—l—J2 Incoszdr = fQ In(sin x cos x) dx
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Letting u = 2x so that du = 2dx, we obtain
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Problem 5. Compute J ln(fi—i_l)dx.
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Hint: Let I(t) = | ————
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f(x,t) is the derivative of f w.r.t. ¢ variable by treating x as a constant.
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Problem 6. Compute J lex
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Hint: Let I(t) = f * =1 4z Use the fact that i[(t) = f Jx -1 dx.
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Problem 7. Compute f . dx.
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Hint: Let I(t) = f € BT Jx. Use the fact that I'(t) = J %% dx and use the fact that
0 x 0

lim I(t) = 0.
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