Exercise Problem Sets 1
Sept. 15 2023

Problem 1. Let 8 be a real number such that sing # 0.

1 1
Cos 59 — cos(n + 5)0

1. Show that Z sin(kf) =

k=1 2 sin

1 1
" sin(n + =)0 — sin -6
2. Show that ). cos(kf) = 2 2

= 2sin —
k=1 >

Problem 2. Let 6 be a real number such that sinf # 0. Show that
n  sin(n#)cos(n + 1)

cos” 0 + cos“(26) + - - - 4 cos”(nd) 5 T 5 <0 VneN.
Problem 3. Let 6 be a real number and 0 # kr for all k€ Z (k 2% 7 % # B ) . Show that
: 2n+10
cosf - cos(20) - - cos(2"0) = % VneNu{0}.

Problem 4. Let «, 3,7 be real numbers. Suppose that

cosa+cos 4+ cosy =0,
sina+sinff+siny =0.

Show that

1. cos(a—p) = —%.

2. cos(a + f3) = cos(27y).
3. sin(a + B) = sin(2y).
4. cos(2a) 4 cos(25) + cos(2y) = 0.
5. sin(2a) + sin(25) + sin(27y) = 0.
Problem 5. Let 6 be a real number such that ¢ = tang also be a real number. Show that

2t 1—¢?
—_— and cosf = .
1+ ¢2 1+ ¢2

2t
1—t2
Problem 6. (igAE827 45 bV L3R > fegpsr) b E R FF RAEN » 0 BERIES A

%&%ﬁﬂg 7 lim f(x) =0) Let f:(0,00) — R be defined by

sinf =

Note that the two identities above imply that tan =

Fa) = ; ifw:%,p,quand (p.g) =1,
0

if x is irrational .



1
Proof. Let € > 0 be given. Then there exists a prime number p such that , <e. Let g1,q2, - ,qn

. . 3 e
be rational numbers in (g, Ec) satisfying

q; = 7(T75>:171<T<p7

S|l w

and define § = %min ({|c —aql,le =gl e — qn|}\{0}> Then § > 0. Suppose that = satisfies
that 0 < |z —¢| <.

1. If z € Q% then f(z) = 0 which shows that |f(z)| < €.

2. If z € Q, then z = ® for some natural numbers r, s satisfying (7, s) = 1. By the choice of §, we
r
find that r» > p; thus

In either case, |f(z)| < e; thus we establish that
|f(x) = 0] <& whenever 0<|z—¢|<34.
Therefore, lim f(z) = 0. o

r—C

Problem 7. Let f be given in Problem B and g : R — R be defined by

flz) ifx>0,
gx) =< f(-z) ifz <0,
1 ifx=0.

Find lim g(z).

z—0



