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Problem 1. Let a < b be real numbers. Compute J cos z dx by the following steps.

(a) Partition [a, b] into n sub-intervals with equal length. Write down the Riemann sum using the

right end-point rule.

(b) Prove that

n sin |a + n+1d—sin OH—é
Zcos(a+z'd): o+ 2) }d ( 2). (*)

i=1 2sin —
2

Hint: Use the sum and difference formula sin(¢ 4+ ¢) — sin(¢ — ¢) = 2sin ¥ cos .

(c) Use (%) to simplify the Riemann sum in (a), and find the limit of the Riemann sum as n

approaches infinity. Show that

b
J coszdr =sinb—sina.
a

b

Problem 2. Let a < b be real numbers. Compute f 2V dx, where N is a non-negative integer, by

the following steps.

(a) Let P={a=xy <x1 <--- <z, = b} be a regular partition of [a,b]. Show that the Riemann

sum using the right end-point rule is given by

n

I, = Z [ ON Nk ( )k+1<nk1+l szﬂ’

i=1

N!
N _
where C}' = RN — )T
(b) Show that
;z’k— 1(n+1)k+1 k+1[C’I§+11§ -+C’f+1;i+(n+1)]. (x%)
Hint: Expand (j+1)* for j = 0,1,2,--- ,n by the binomial expansion formula, and sum over

7 to obtain the equality above.

(c) Use (%%) to show that lim

Jim P 2=

for each k£ € N.

(d) Use the limit in (c) to find the limit of the Riemann sum in (a) by passing to the limit as n
approaches infinity. Simplify the result to show that

b N+1 N+l
JmNdx:b—a.
N+1

a



Hint: (c) By induction!

Problem 3. Use the limit of Riemann sums to compute the integral J rcoszdr.
0

b
Problem 4. Let a > 0 and b > 1. Compute f log,x dz by the following steps.
1

(a) Partition [1,a] into n sub-intervals by ; = r*, where 1 < i < n and r = bw. Show that the

Riemann sum given by the right end-point rule is

(r—1)log,r i ir !t ()

i=1

(b) Use the fact that diri = 4r""! to find the sum of ir*~! and show that
r

n ) n+l 1)rn 1
Zir’_l = (nt+ Drt + . (00)
Pt (r—1)2

(c) Use (¢) and (¢0) to simplify the Riemann sum given by the right end-point rule and show that

the Riemann sum is

nbr —nb—>b+1 b—1
log,b=|b— — | log,b.
n(r—1) %8a [ n(r—l)] ©8a

b* = A(a)log,b for some constant A > 0 depending on a, show
=0

. d
(d) Assuming that you know .
that

fblo rdr = blog b — b—1
) ga - ga A(a)



