Exercise Problem Sets 1
Feb. 24. 2024

Problem 1. Determine whether the sequence {a,} > ; converges or diverges. If it converges, find
the limit.
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Problem 2. Let {a,}°; and {b,}_, be sequences of real numbers.

(1) Show that if lim (a, + b,) D.N.E. and lim b, converges, then lim a,, D.N.E.

n—ao0 n—a0 n—o0
o0 0 Q0

(2) Show that if Y] (a, + b,) diverges and >, b, converges, then > a, diverges.
n=1 n=1 n=1

Problem 3. Let {a,}>_; be a sequence of real numbers, and {0,}>_; be a sequence of real numbers
defined by

n

artay+---+a, 1

Op = :—Zak.
n nk_l

(1) Show that if lim a, = a exists, then lim o, = a.
n—0o0 n—0oo

(2) Suppose that lim o, = a exists, is it necessary that lim a, = a?
n—0o0 n—w

Problem 4. Let {a,}°_, be a sequence of real numbers defined recursively by
Uny1 = V2a, YneNuU{0}, a0 =+2.
Show the following.
1. Show that {a,}>_, is increasing and bounded from above by 2.
2. Show that {a,}°, converges and find the limit.

Problem 5. Let {a,}°_, be a sequence of real numbers defined recursively by

U1 =V2+a, YneNuU{0}, a9 =+2.
Show the following.

1. Show that {a,}r_; is increasing and bounded from above by 2.

2. Show that {a,}°, converges and find the limit.



Problem 6. Let {a,},, be a sequence of real number defined by the recursive relation

1 1
Vn=0, =—.
+ an, " o 2

Apt1 = 9
Complete the following.
(1) Show that the sequence {as,}, is a decreasing sequence; that is, as,12 < ag, for all n € NuU{0}.

(2) Show that the sequence {ag,i1}2, is an increasing sequence; that is, ag,3 = ag,4q1 for all
n e N u {0}.

(3) Show that agy1 < ag for all k,¢ € N U {0}.
(4) Show that the two sequences {as,}or, and {ag,i1}i, converges to the same limit.
(5) Show that {a,}_, converges.

Problem 7. In this problem you are asked to show that the limit of the sequence {a,}>_, defined
by a, = (1 + l)" converges without knowing that lim (1 + l)x = e. Complete the following.
n r—00 T
(1) Show that if 0 < a < b, then
bn+1 _ an+1

— <(n+1)b".

(2) Deduce that b"[(n+ 1)a — nb] < a™*.

1 1
(3) Usea=1+ . and b=1+ - in (2) to show that {a,}> is (strictly) increasing.

n
(4) Usea=1land b=1+ % in (2) to show that ag, < 4.
(5) Use (3) and (4) to show that a, < 4.

(6) Deduce that {a,}>_; converges.

Problem 8. Let a, b be positive real numbers, a > b. Let two sequence {a,}°_; and {b,}*_; be given

by the recursive relation

n bn b
an+1:%,bn+1=m VneN, alz%,blzx/%,

Complete the following.
(1) Show (by induction) that a, > an41 > bpy1 > by, for all n € N,
(2) Deduce that {a,}>_; and {b,}°_; both converges.

(3) Show that lim a, and lim b, both exist and are identical.
n—o0 n—o0



