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Problem 1. Determine whether the series )] a,, is convergent or divergent. If it is convergent, find
n=1
its sum.
1 n*+1 n 1 1
(1) a, = 1+(%)n (2) an—ln(m) (3) a, =c¢ +n(n—|—l) (4) n =3
40n
6) = G e 1y
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Problem 2. Determine whether the series . a, is convergent or divergent.
n=1
1 1 2" + 3" 1
(1) a, = s (2) a, =In(1+ ﬁ) (3) a, = T (4) a,, = tan -
| arctann 11" 1\n?
(5) a, =sin Tn (6) a, = — i1 (7) an, = [— In (e? + ﬁ)} (8) an, = (1— n)
- 1\-n2 (n!)? _nllnn _n!
(9) a, = (1+ ﬁ) (10) ay, ) (11) a, = W T2 (12) a, = —
(= 1)™(3n)! (=)™ (nh)" 1-3:5----- (2n—1)
(13) an = e Din 1 ) (14) an = "— (15) an = 97

(16) a, = (_1)n(m— \/ﬁ) (17) a, = (—1)”M

(2n+1)!
Problem 3. Find values of x for which the following series converges.
& L 2" L sin™ x X
(1> §1<_4)n(x - 5)” (2) 21 zn (3) 21 3n (4) 21 e

Problem 4. The Fibonacci sequence {f,,}°_; is a sequence defined recursively by

flzl, f2:1 and fn+2:fn+1+fn VYneN.
Show the following.
a (S
fnflfnJrl fnflfn fnfn+1

© 1
2 — =1.
( ) n§2 fnflfn+1

for all n > 2.

3 % -2

n=2 fn—lfn+1
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Problem 5. Consider the series nZ::1 ﬁ

(1) Find the partial sum Sy, Ss, S5 and S;. Do you recognize the denominators? Use the pattern
to guess a formula for S,,.



(2) Prove your guess by induction.

(3) Show that the given series is convergent, and find the sum.

. & (Ink)?
Problem 6. Find all p and ¢ such that ] Ly converges.
k=2

Q0 °
Problem 7. Show that if >; ay is a convergent series of positive terms, then )] sinay converges.
k=1 k=1

0 2
Problem 8. Let S = )] % Euler found that S = % in 1735 AD.
k=1

1
1000000 | 1000
(2) Which of the sums »; — or 1 + >, ———— should give a better approximation of S?
=1 k =1 K2 (k+1)
Explain your answer.

- 111

Hint: (1) EniD 2 i1
) & cos(kx)
Problem 9. Find all real numbers z such that )| L couverges.
k=1

[00] oo [0 0]
Problem 10. Show by example that Y| axby may diverge even if > a; and ) by both converge.
k=1 k=1 k=1

Problem 11. Let {a,} , and {b,}_, be sequences of real numbers such that a,,b, > 0 for all
> N. Define

Cn = by — b1 2L ypeN. (%)

n

1. Show that if there exists a constant » > 0 such that r < ¢, for all n > N, then Z aj converges.

k=1
Hint: Rewrite (x) as b, = ¢, + Mbnﬂ and then obtain
an
aN+1 aN+1 N2 an aN+2
by =cn + byi1=cn + (CN+1 + bN+2> =cn + —Fen g bn+2
an N+1
AN +1 aN+2 aN+3
an an aN4-2
aN+1 aN+2 AN+ AN+n+1
=cn+ eyt CNy2+ o+ “CN4n + DNt -
an an an
Use the fact that 0 < r < ¢, for all n > N to conclude that
Z ay < NEN VYneN.
k=N r
0 N—-1
Note that then the sequence of partial sum of > a; then is bounded from above (by > ag +
k=1 k=1

CLNbN
r )



2. Show that if Z — dlverges and ¢, <0 for all n > N, then Z ay, diverges.
=1 bi

Hint: The fact that ¢, < 0 for all n > N implies that b,a, < bn+1an+1 for all n > N. Use this

fact to conclude that

anb
YN <a,  Yn=N
bn
o0
and then apply the direct comparison test to conclude that > a; diverges.
k=1
< 1
Problem 12. Let ] ay be a series with positive terms, and lim ntl — 1. We know from class that
k=1 n—0 Ay

the ratio test fails when this happens, but there are some refined results concerning this particular

case.

1. (Raabe’s test):

Q0
(a) If there exists a constant p > 1 such that @il 1~ P for all n = N, then > ag
an n k=1

converges.

(b) If there exists a constant 0 < pu < 1 such that nl — 1 — P for all n > N, then Z ag

an, n

diverges.
0
Hint: Consider the sequence {b,}x_, defined by b, = (n — 1)a, — na,41. Then > by is a
k=1
telescoping series. For case (a), show that {nanﬂ}f: n 18 a positive decreasing sequence and

o0
then conclude that »; by converges. Note that b, > (u — 1)a, for all n > N. For case (b),

k=1
show that {nanﬂ}fz 18 a positive increasing sequence; thus a, > ]\; ai\ﬂ{l foralln > N +1
which implies that i a, diverges.
k=1
Remark: ;1 % | (a) P E 4%k {a,}0, LEIF2 {8 TR T HE > 70A ki ap JTag > K
=1
20 bed {au), T LR A i 4 -

2. (Gauss’s test): Suppose that there exist a positive constant ¢ > 0, a constant u, and a

bounded sequence {R,}°_; such that

n Rn
nil g H foralln > N.
ay, n  ntte
Q0
(a) If 4 > 1, then > aj converges. (b) If u < 1, then Z ay, diverges.
k=1 k=1

Hint: Show that if 4 > 1 or < 1, one can apply Raabe’s test to conclude Gauss’s test. For

the case p = 1, let b, = (n — 1)In(n — 1) for n > 2. Using the second result of Problem EI
o0
to show the divergence of >’ a; (by showing that ¢, defined by (x) is non-positive for all large

k=1
enough n).

Problem 13. Complete the following.



0 1 \F%
1. Show that >’ (1 - —) converges.
k=1

vk
log(k log k
2. Show that Z o8 (I:gl:)Q 8% converges.
L 1
3. Use Gauss’s test to show that both the general harmonic series ), Py where a # 0, and
1 Q
. k=1
the series >, — diverge.
E k!

4. Sh th
Show that 2, o e +2) (@ h

5. Test the following “hypergeometric” series for convergence or divergence:

converges if a > 1 and diverges if o < 1.

ala+1)(a+2)-- (a+k—1):g+a(a+1) ala+1)(a+2)
1 BB+HB+2)---(B+Ek=1) B BB+1)  BB+1(B+2)
a.5+a(a+1).ﬁ(5+1)+a(a+1)(a+2)-5(5+1)(5+2)
1.~ 1-2y-(v+1) 1-2-3-y(y+1)(v+2)

(&) .

Ii MS

(b) 1+

o0 o0
Problem 14. Let )] a, be a conditionally convergent series. Show that )] [1 + Sgn(ak)]ak and
k=1 k=1

8

[1 — sgn(ak)]ak both diverge. Here the sign function sgn is defined by

k=1

1 ifa>0,
sgn(a) = 0 ifa=0,
-1 ifa<0.

Problem 15. A permutation of a non-empty set A is a one-to-one function from A onto A. Let

7 : N — N be a permutation of N.

1. Suppose that {a,}>; be a convergent sequence of real numbers. Show that {aﬂ }:):1 is also
convergent; that is, show that if {b,},2, is a sequence defined by b, = @), then {b,};_; also

converges.

e} 0
2. Suppose that ). a; is absolutely convergent. Show that »; a) is also absolutely convergent,
k=1 k=1

o0 a0
Z A = Z Qr(k)
k=1 k=1

and

a0
3. Suppose that Z ay is conditionally convergent. Show that for each r € R, there exists a
k=
permutation 7 : N N such that

[oe]
2, Gt =1



