Chapter 15

Vector Analysis

15.1 Vector Fields

In Chapter 12 and 13 we have talked about vector-valued functions of one variable and
real-valued functions (also called scalar functions) of several variables, respectively. In this
chapter, we will focus on the properties a special type of vector-valued functions of several
variables (which is a correspondence which assigns to each (xy,--- ,x,) in a certain region

a vector (yp,--- ,y,) in R").

Definition 15.1

A (two-dimensional) vector field over a plane region R is a vector-valued function F'
that assigns a vector F'(x,y) € R? to each point (z,y) in R. A (three-dimensional)

vector field over a solid region () is a vector-valued function F' that assigns a vector

F(z,y,z) € R? to each point (z,y,z) in Q.

In general, an n-dimensional vector field over a region D < R" is a vector-valued func-
tion F' that assigns a vector F(xq1,xo, - ,2,) € R" to each point & = (21, z2, -+, z,)
in D.

Definition 15.2: Conservative Vector Fields

A vector field F' is called conservative if there exists a differentiable scalar function ¢

such that F' = V¢. In such a case, the function ¢ is called the potential function
for F'.

Example 15.3. Let M and m be the mass of the earth and a satellite. Introduce a Cartesian

coordinate system whose origin is the center of mass of the earth. If the position of the
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satellite is x, then the gravity force acting on the satellite is

(@) = _GMm x _Gme
l=]* || |
S . . GMm . . .
which is a conservative vector field since ¢(x) = Tl is a potential function for F'.

We remark that when moving an object with mass m located at height h; to some place
with height hs, the potential of that object differs by the amount

GMm  GMm GM( 1 1 )(hl,ig«R)mGM(@ ha

— = — - =)= hi—h
R+hy R+m "R 1+hey/R 1+hi/R R \R R) mg(hi 2)

where g = (2—]\24 is the gravitational acceleration; thus we recover what we learn from high

school physics (but this is in fact an approximation).
Example 15.4. Find the potential function for the conservative vector field
F(z,y,2) = 2zyi+ (2° + 2%)j + 2yzk.
Suppose that F' = V¢. Then ¢,(x,y, z) = 2zy which implies that
o(x,y,2) = 2*y + f(y, )
for some function f. Comparing the second component, we find that
2., .2 _ 2 .
x +Z - (by(l'ay?’z) =T +fy(yaz>a

thus f,(y,2) = 2% or f(y,z) = yz* + g(z). Finally, to determine g we compare the third

component and obtain that

2z = ¢.(2,y,2) = f.(y,2) = 2yz + ¢'(2);

thus g(z) = K for some constant K. Therefore, ¢(x,y, 2) = 2%y + y2* + K.

Definition 15.5: *& &

Let Q be an open region in space, and F : Q — R3? be a vector field given by
F(z,y,z) = M(z,y,z)i + N(z,y,2)j + P(z,y,2)k. The curl of F, also called the
vorticity of F', is a vector field given by

CurlF:(&P aN>. <aP_aM>, (&N_&M)k.

oy 0z)' \az 2 T\ T oy

If curlF' = 0, then F is said to be irrotational.




Symbolically, the curl of F' is given by

ik
0 o 0
CU.I'IF—VXF— oz aiy &
M N P

Remark 15.6. Let F' be a three-dimensional vector field, and F; be the i-th component of
F'; that is,

3
F=Fi+FRj+ Fk=) Fe.
i=1
Then using the permutation symbol €;;, we have

oF,

3
(curlF"); = the i-th component of curlF' = Z Eijk a2,

J,k=1

(15.1.1)

Remark 15.7. Let F be a two dimensional vector field given by F(z,y) = M(z,y)i +
N(z,y)k. We can also define the curl of F' by treating F' as a three-dimensional vector field

~

F(x,y,2) = M(x,y)i+ N(x,y)j+ 0k

(which is a three-dimensional vector field independent of z) and define curlF' as the third
component of curlF (for the first two components of curlF are zero). Therefore, the curl of

a two dimensional vector field F' = Mi+ Nj is a scalar function given by

ON oM
curlF' = FriirmE
Moreover, by defining the differential operator V+ = (— ;y’ 8%) on plane we have the

symbolic representation
curlF = V4. F.

Theorem 15.8

If F is a continuously differentiable conservative three-dimensional vector field (which

means each component of F' has continuous first partial derivative), then curlF' = 0.

Proof. Suppose that F = (Fy, Fy, F3) = V¢ for some differentiable potential function ¢.

Then Fj, = (37¢ Moreover, since F' is continuously differentiable, ¢,,, ¢., and ¢,, are con-
axk y 1 2 3

tinuously differentiable so that ¢ has continuous mixed second partial derivatives. Therefore,
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which further implies that

3

3 3
or _ 29 %0 _ 0%
(curlF); Z Cijh 5 Z Smkm - Z glﬂkm o Z 8””%’

G.k=1 G k=1 G k=1 I k=1

where the last equality is obtained by switching k, 7 indices in the former expression. There-
fore, by the fact that e;,; = —¢;j5, we conclude that (curlF'); =0 for all 1 <17 < 3. O

Definition 15.9: $7 &

Let R be an open region in the plane, and F' : R — R? be a vector field given by
F(x,y) = M(xz,y)i+ N(z,y)j. The divergence of F' is a scalar function given by

_ oM 6N

Let @ be an open region in space, and F : Q — R3? be a vector field given by

F(z,y,z) = M(z,y,2)i+ N(z,y,2)j+ P(x,y,2)k. The divergence of F is a scalar
function given by

curlF' = ((}P — 6N>1

(22 oy,
oy 0z

(2 oy,
ox 0z

ox oy

In general, if D is an open region in R™ and F' : D — R" be a vector field given by
F(z) = (Fi(z), F>(x), -, F,(x)), the divergence of F is a scalar function given by

Theorem 15.10

Let F be a three-dimensional vector field given by F(z,y,z) = M(z,y,2)i +
N(z,y,2)j+ P(z,y,z)k. If M, N, P have continuous second partial derivatives, then

div(curlF') = 0.

3
Proof. Let Fy = M, F» = N and F3 = P so that we can write F' = > Fje;. Then the fact
i=1
: . TR 0% I, 0%y,
that M, N, P have continuous second partial derivatives implies that = for
0 :L’Z'a Zj 0 xjaxi




each 1 < k < 3; thus

5 3
. B 0 (curlF); OF\ _ 0*Fy
div(curlF) = Z oz, 2 (?xz( Z zgka%) - Z €z’jkm
'7 47 _1

=1 =1 7,k=1 1,5,k=
3 3
> e = 3}
g 83@6:& 4 T 0xion;’
i,7,k=1 i,j,k=1

where the last equality is obtained by switching &, j indices in the former expression. There-
fore, by the fact that €, = —¢e;;x, we conclude that div(curlF') = 0. O

15.2 Line Integrals

15.2.1 Line integrals of scalar functions

In this section, we are concerned with the “integral” of a real-valued function f defined on
a curve C. It is motivated by calculating the total mass of a wire lying along a curve in
space when the density of the wire at each point is given, or to find the work done by a

given (variable) force acting along such a curve. We begin with the following

Definition 15.11

Let C be a curve in space. A partition of C is a collection of curves { C1,Co, -+, Cn}

satisfying
1. C = QC’i (so that C; < C);
2. Ifq ;é_j, then C; n C contains at most two points.
Let P = {Cl,Cg, e ,C’n} be a partition of C. The morm of P, denoted by |P|, is

the number

HPH = max {6(01)7 f(C(Q)v o ,K(Cn)} 5
where ¢(C;) denotes the length of curve C;. If f : C — R is a real-valued function
defined on C', a Riemann sum of f for partition P is a sum of the form

n

S H@)Cy),

=1

where {q1,¢2, -, ¢n} is a collection of points on C satisfying ¢; € C; forall 1 < j <n




We note that in order to define the norm of partitions, it is required that every
sub-curve C; of C has length. This kind of curves is called rectifiable curves, and we
can only consider line integrals along rectifiable curves.

Similar to the Riemann integral, we consider the limit of Riemann sums

lim > f(g;)0(C;).
IPI—0:=

The line integral of f along C' is the limit above if the limit indeed exists. The precise
definition of the limit is similar to those given in Definition 4.7, 14.1 and 14.28 and is given

below.

Definition 15.12

Let C' be a rectifiable curve, and f : C' — R be a scalar function. The line integral of
f along C'is a real number L such that for every £ > 0 there exists 6 > 0 such that if
P ={Cy,Cy,---,C,} is a partition of C satisfying |P| < J, then any Riemann sum
of f for P belongs to the interval (L — ¢, L + ).

Whenever such an L exists, it must be unique, and the number L is denoted by f fds
c

(and when C'is a closed curve, we use § f ds to emphasize that the curve is closed).
c

To discuss the existence of line integrals, we first define the continuity of f on C.

Definition 15.13

Let C be a curve, and f : C' — R be a scalar function. f is said to be continuous at

a point p € C if for every € > 0 there exists 6 > 0 such that
|f(q) = f(p)| <& whenever [p—g|<dandqgeC.

If f is continuous at every point of C, then f is said to be continuous on C.

Remark 15.14. Let C be a curve. If f is continuous in an open region containing C', then

f is continuous on C'.

Similar to Theorem 4.10 and 4.17, we have the following two theorems.



Theorem 15.15

Let C' be a rectifiable curve, and f : C' — R be a bounded continuous function. Then

the line integral of f along C' exists.

Theorem 15.16

Let C' be a rectifiable curve, and f : C — R be a real-valued function such that the
line integral of f along C exists. If P = {Cl, Cs, - ,Cn} is a partition of C, then

[ra=$] s

To compute the length of curves, we rely on Theorem 12.35; thus in the following we

assume that the curve C under consideration has an injective continuous differentiable
parametrization 7 : [a,b] — R3. If P = {C},Cy, -+ ,C,} is a partition of C, there exists
a partition Q = {a =tlo<th < - <t, = b} of [a,b] such that for each 1 < j < n,
Cj = r([tk—1,tx]) for some 1 < k < n. By relabelling the curves in the partition, W.L.O.G.
we can always assume that C; = r([t;_1,t;]) for all 1 < j < n so that we can alternatively

define partitions of a curve C' by

A collection of curves P = {Cl, Co,--- ,Cn} is a partition of curve C' if there exists a

partition @ = {a =ty <t <--- <t, = b} of [a,b] satisfying that C; = r([t;_1,1;]).

Moreover, Theorem 12.35 implies that

(e, = j ") dt = )|t — ). (15.2.1)

i—1
where the mean value theorem for integrals is used to obtain the last equality. We also
observe that by assuming that /() # 0 for all t € [a, ],

|P| — 0 if and only if Q] — 0. (15.2.2)

Suppose that f be a bounded scalar function defined on C' (so that one can think of the
function for: [a,b] - R), and > f(g;)¢(C;) is a Riemann sum of f for partition P. For
j=1

each 1 < j < n, ¢j € C; = r([t;_1,t;]); thus there exists

q; =r(c;) for some ¢; € [t;_1,t;]. (15.2.3)



Therefore, with the help of (15.2.1) and (15.2.3),
DTH@HUC) =D (for)(ey)|r'(d)|t; — timr)-
= =1

Using (15.2.2), we find that

n n

}jirgojzl f(g;)e(C;) = Qljfgojl(f or)(e;) | (d)] (t; — tj-1) -
Since
H}}gol;(f or)(ci)|r’(ca)ll(ti — ticr) — ”71}”1[{0;@ or)(ci)llr’(di)]|(ti — tima) =0,

(here some rigorous argument involving the uniform continuity of ||r’| has to be made here),

n

lim Z Flg)e(Cy) = Tim > (for)(e)|r'(e))](t; —t;-1).

IPl—0 Q=02

We note that the sum in the right-hand side is the Riemann sum of a function ¢ for partition
Q given by g(t) = (for)(®)[r'(t)].

Theorem 15.17

Let C be a (piecewise) smooth curve with (piecewise) continuously differentiable in-

jective parametrization 7 : [a,b] — R3, and f : C — R be a continuous function.

Then the line integral of f along C' exists and is given by

f (for)(t)|r'(t)| dt.

Example 15.18. Evaluate J (22 — y + 3z) ds, where C'is the line segment connecting the
points (0,0,0) and (1,2,1).

First we note that the line segment can be parameterized by
r(t) = (1—1)(0,0,0) +¢(1,2,1) = (¢,2t,t) tel0,1].

Therefore, Theorem 15.17 implies that

J (2% —y+32)ds = Jl(t2 —2t+3t)[(1,2,1)] dt = \/éfl(ﬁ +t)dt = 57\/6
¢ 0

0 6



Example 15.19. Evaluate J x ds, where C' is the piecewise smooth curve starting from
(0,0) to (1,1) along y = 2? thgn from (1,1) to (0,0) along y = .

Let C} be the piece of the curve connecting (0,0) and (1,1) along y = 22, and Cy be
the piece of the curve connecting (1,1) and (0,0) along y = x. Then C; and Cy can be

parameterized by
ri(t) = (t,t?) te[0,1] and  ry(t) = (t,t) tel0,1],

respectively. Since C' = C; u Cy and C n Cy has only two points,

1 1 1
JZEdS:f xds—i—f :Eds:f t|(1,2t)|dt+f t(1,1)|dt:f [tV1+ 482 + /2t] at
C Cq Co 0 0

0
V2=t V2
2 }t=0_5(5\/5_1)+7'

1 3
= | —(1+ 4¢>)2
[12(+t)2+

Example 15.20. Let C be the upper half part of the circle centered at the origin with
radius R > 0 in the xy-plane. Evaluate the line integral J yds.
c

First, we parameterize C' by
r(t) = (Rcost, Rsint) tel0,n].

Then

f yds = f Rsint|(—Rsint, Rcost)HRth = f R?sintdt = 2R?.
c 0 0

Example 15.21. Find the mass of a wire lying along the first octant part of the curve of
intersection of the elliptic paraboloid z = 2 — 22 — 2y? and the parabolic cylinder z = 22
between (0,1,0) and (1,0, 1) if the density of the wire at position (z,y, z) is o(x,y, 2) = zy.

Note that we can parameterize the curve C' by
r(t) = (t,V1—-12t*)  tel0,1].

Therefore, the mass of the curve can be computed by

1 1 2 2 2 2
) —— B —— A1 =P+ P+ 421 -7

! 1! 1 (7
:f t«/2—(1—2t2)2dtzzj \/2—u2du:1f4 2 cos? 0 df
0 —1

_r
4

+

1 sin(20)7(9=% T 1
sy r
4[ T s T8



e Measurements of the circulation - the curl operator

We first talk about the rotation speed of a two-dimensional vector field. Imagine that on the
plane there is a cylinder centered at (a,b) with radius 7 and millions of people is walking on
this plane according to the velocity w(z,y) = M (z,y)i+ N(z,y)j; that is, when a people is
at the location (z,y), then the people moves with the velocity M (z,y)i + N(z,y)j. When
a person contacts the cylinder, the cylinder will rotate with the speed of that person. Since
only the tangent speed contributes to the rotation of the cylinder, the “rotation speed”
contributed by a person at location (z,y) is (u - T)(z,y), where T is the unit tangent
pointing in the counterclockwise direction (here a counterclockwise rotation is treated as
rotation with positive speed and a clockwise rotation is treated as rotation with negative

speed). A good way to measure the rotation speed is the angular velocity, so the angular

velocity contributed by a person at location (x,y) is M Therefore, the average
T
angular velocity of the cylinder is given by
1 -T
b s,
2rr)e. v
Since C, can be parameterized by
r(t) = (a+rcost)i+ (b+rsint)j, t € 0,2,
by Theorem 15.17 we find that
1 [ uT 1 (> 1
ds = -T t ") dt = — t))-T(r(t))dt
s e = s | @ @)Wl = o | uro) Tew)
1 2m
=5 [M(a +rcost,b+rsint)i+ N(a%—rcost,b—i—rsint)j} - (—sinti+ costj) dt
mr Jo
1 2m
=5 [N(a+rcost,b+rsint) cost — M(a+rcost,b+rsint) Sint} dt.
T Jo

We then consider the limit of the average angular velocity as » — 0. This limit, if it exists,
is called the rotation speed of the velocity w at (a,b) which can be viewed as the angular

velocity of an axis perpendicular to the plane and passing through (a,b). Define
21
f(r)= f [N(a +rcost,b+rsint)cost — M(a+ rcost,b+ rsint)sint| dt.

0
f(r)

r

. Note that if M, N is continuous,

Then the rotation speed of the axis through (a, b) is hr%
then ,
limf(r):f [N(a,b)cost—M(a,b)sint] dt =0;

r—0 0



thus if in addition M, N are differentiable, we are able to apply L’Hopital’s rule to find the

limit: since the chain rule shows that

£(0) = f L

o Or

[N(a+7“cost,b+rsint) cost — M(a+ rcost,b+ rsint) sint] dt
r=0

r2m

= Jo [(Nm(a, b) cost + Ny(a,b)sint) cost — (M,(a,b) cost + My(a,b) sint) sin t} dt

r2m

= [Nx(a, b) cos’t + Ny (a,b)sint cost — M,(a,b)sintcost — M,(a,b) sin® t} dt
0

= 7 [N.(a,b) = M,(a,b)] .

we conclude that the rotation speed of the velocity w at (a,b) is

1 27
111%2—J [N(a—l—rcost,b—krsint) cost — M(a+ rcost,b+ rsint) sint] dt
s wr 0

_ %[g(a,b) _ ‘?‘;(a,m _ %(Curlu)(a,b).

We now consider the circulation or the speed of rotation of a three-dimension vector
field w about an axis in the direction N. Let P be a plane passing thorough a point a and
having normal N, and C) be a circle on the plane P centered at a with radius r. Pick the
orientation of the unit tangent vector T which is compatible with the unit normal N (see

Figure 15.1 for reference).

Figure 15.1: the circulation about an axis in direction N

As illustrated above, the angular velocity of a vector field u along the circle C, is mea-
u-T

sured by , it is quite reasonable to measure the circulation of u along C,. by averaging

the angular velocity; that is, we consider the quantity
1 u-T
2rr Jo. 1

r

ds (15.2.4)

as a (constant multiple of) measurement of the speed of rotation. The limit of the quantity
above, as r — 0, is then a good measurement of the rotation speed of w at the point a about

the axis in the direction N.



We start from the case that N = e3 so that P be parallel to the zixo-plane. With
Uy, U2, uz denoting respectively the first, the second and the third components of u, by the
change of variable ds = rdf and L'Hopital’s rule (to obtain the second “=") we find that

1 u-T

lim —
r—=027r Jo T

ds

1 2m
= lir% py— J [us(a + (rcost,rsint,0)) cost — uy (a+ (rcost,rsint,0)) sint] dt
= Tr 0

1 d 2T
=0 J [us(a@ + (rcost,rsint,0)) cost — uy (a+ (rcost,rsint,0)) sint| dt
T ar lr=0 0
1 21 a . | |
=5 — [ug (a, + (rcost, rsint, O)) cost — uy (a—|— (rcost,rsint, O)) sin t} dt
™ 0 orlr=0
~ on [0:61( a)cos’t + 57:2( a)costsint a—ml(a) costsint a—m(a)sm t|dt
11ou ou
) [aaj“‘) N am;(“)} ' (15.2.5)

Now suppose the general case that N # e;. Let €3 = N and choose €, and €, so that
{61,32,63} is an orthonormal basis following the right-hand rule (that is, €; x €; = €3).

Then the vector field uw has two representations
U = ui€; + uges + Uszez = Ulal + Ug/ég -+ 1)383 s (1526)

here we use ey, e,, e3 instead of i, j, k. Introduce a new Cartesian coordinate system y =

(y1, Y2, y3) so that
yl/él + y2€2 + y3/é3 = 11€] + Xoey + T3€3.

In other words, y is the coordinate with coordinate axis parallel to the basis {€;,€,,€;3};

thus y = OTx, where O = [€;:€,:€;]. In this new Cartesian coordinate system, (15.2.5)

implies that
1 u-T

0’02( 81)1
r—=027r Jo T

1

(b)

where b = O"a.

Now we transform the result above back to the original coordinate system (so that the
limit is in terms of derivatives of u; w.r.t. x;). Note that (15.2.6) implies that v = OTu so
that v; = €, - u. Moreover, with e, denoting the k-th component (w.r.t. the ordered basis
{e1,e2,e3}) of €;; that is, €; = e;1€; + ¢j2€2 + ¢;3€3, the chain rule provides that

0 % 0 0 % 0 0 0

57y1_ 130 +126 + e13— and — -1—22a + €35 —

(91’3 6y2 6 &:1:3



thus

1 [ uT 1T o(u-e) o(u-8)
lim — ds = - Z [ele(a) — er&:L'j(a)]

J=1

—_
w

3
6uk
5 r(gks 5 sékr)elre% (CI/) )
Z J J 8xj

Jiksris=1

5 €1j62k — €25€1k) 2 a)= -
=1 ﬁxj 2
where 0.’s are the Kronecker deltas. Using (10.2.2), we further conclude that

3
6uk
Z 5ijk5irs€1r6258_ (a) .
Lj

i,5,k,m,8=1

Since €; X €, = €3, we have eg; = Y| &;4€1,.62,; thus the identity above shows that
r,s=1

) 1 u - T oug 13 2 ouy curlu - N
lim — : Z smkeglaxj (a) = 52 < Z 5ijk6xj(a))egi =~

1,7,k=1 i=1 jk=1 2

Therefore, we conclude that

the rotation speed of a three-dimensional vector field u at point a about the axis

curlu - N
2

in the direction N is

15.2.2 Line integrals of vector fields

In the previous section we have seen the line integral

1 u-T

2nrJo 7

ds

which stands for the average angular velocity of the fluid velocity w. In many applications,
for a vector field F' defined on a smooth curve C' the line integral of the scalar function
F - T along C, where T points to a given direction (there are two choices of directions if T
is continuous on C), is considered. The vector field F' here is often considered as a force

field which acts on objects moving along C' in the direction T so that the line integral

fF-Tds
c

is the work done by the force field F'. Every smooth curve admits two continuous tangent
vector, and each tangent direction gives an orientation of a curve. This induces the

following



Definition 15.22

An oriented curve is a curve on which a consistent tangent direction T is defined. In

other words, an oriented curve is a (piecewise) smooth curve with a given parametriza-

/
is defined.

tionr: I - R3sothat T = ||T’H
,

Definition 15.23

Let F' be a continuous vector field defined on a smooth oriented curve C' parameterized

by r(t) for t € [a,b]. The line integral of F along C' is given by

J F - -Tds.
c

Note that since T or = H 'H , by Theorem 15.17 we have

-Tds = or r'(t) = ’ or)(t) -r’
[ Foras=[@woni) DO wola = [(won o

Since 7'(t) dt = dr(t), sometimes we also use f F -dr to denote the line integral of F' along

the oriented curve C' parameterized by r.

Remark 15.24. Given an oriented curve C' and F : C' — R3, we sometimes use f F -dr
—-C

to denote the line integral f F - (—T)ds, where —T is the tangent direction opposite to

the orientation of C.

Example 15.25. Find the work done by the force field

1. 1., 1

on a particle as it moves along the helix parameterized by
r(t) = costi+ sintj + tk

from the point (1,0,0) to the point (—1,0,37). Note that such a helix is parameterized by
r(t) with ¢ € [0, 37w]. Therefore,

1 1 1
JF dr—f (—icosti—ésintj+zlk)-(—sinti+costj+k)dt

1 1. 1 3
= (—Slntcost——Slntcost+—)dt:—.
0 \2 2 4 4



Example 15.26. Let F(z,y) = y?i+ 2xyj. Evaluate the line integral J F - dr from (0,0)
c
to (1,1) along

1. the straight line y = =,
2. the curve y = 22, and

3. the piecewise smooth path consisting of the straight line segments from (0, 0) to (0, 1)
and from (0,1) to (1,1).

For the straight line case, we parameterize the path by r(t) = (¢,¢) for ¢ € [0, 1]. Then
1 1
J F-dr:J (t2i+2t2j)-(i+j)dtzf 3t*dt = 1.
c 0 0

For the case of parabola, we parameterize the path by 7(t) = (¢,¢2) for t € [0,1]. Then
1 1
f F . dr = J (t4+26%5) - (i+ 2tj)dt = J St*dt = 1.
c 0 0

For the piecewise linear case, we let C; denote the line segment joining (0,0) and (0, 1),
and let Cy denote the line segment joining (0,1) and (1,1). Note that we can parameterize
C} and C5 by

ri(t)=tj tel0,1] and wryo(t)=ti+j te|0,1],

respectively. Therefore,
1 1
JF-dr: F -dr + F-dr:ft2i-jdt—|—f(i+2tj)'idt:1.
C Cq Co 0 0

We note that in this example the line integrals of F' along three different paths joining (0, 0)

and (1,1) are identical.

Example 15.27. Let F(z,y) = yi — xj. Evaluate the line integral f F - dr from (1,0) to
c
(0,—1) along

1. the straight line segment joining these points, and

2. three-quarters of the circle of unit radius centered at the origin and traversed counter-

clockwise.



For the first case, we parameterize the path by r(¢t) = (1 —t, —t) for ¢ € [0, 1]. Then

1

1
f F-dr:J [—ti+ (t—1)]] -(—i—j)dt:f ldt=1.
c 0 0
For the second case, we parameterize the path by r(t) = costi+ sintj for ¢t € [O, 31]

Then

3 3r

i i 3
J F-dr:f (sinti—costj)'(—sinti—i—costj)dtzf (—1)dt:——7r.
c 0 0 2
We note that in this example the line integrals of F' along different paths joining (1,0) and

(0, —1) can be different.

15.3 Conservative Vector Fields and Independence of
Path

In the previous section, we define the line integral of a force along a curve in a given
orientation. In Example 15.26, we see that the line integrals along three different paths
connecting two given points are the same, while in Example 15.27 the line integrals along
two different paths (connecting two given points) are different. In this section, we are

interested in the rule of judging whether the line integral is path independent or not.

Theorem 15.28: Fundamental Theorem of Line Integrals

Let C be a piecewise smooth curve in an open region D parameterized by 7 : [a,b] —

R3. If F is a conservative vector field in D and ¢ is a continuous differentiable potential
for F', then

L F-dr = (r()) - 6(r(a).

Proof. Suppose that {a =ty < t; < --- < t, = b} is a partition of [a,b] such that 7 is

continuously differentiable on [t;_1,;] for each 1 < i < n. Then the chain rule implies that

L Fodr— z;ﬁ (Vo)(r(t)) - /(1) dt

1—1

_ EJ %(gb or)(t)dt =Y (¢por)(t)

ti—1 i=1

which concludes the theorem. OJ



Remark 15.29. If F' is a conservative vector field and ¢ is a potential for F', then the

Fundamental Theorem of Line Integrals indeed shows that
J F - dr = ¢(the end-point of C') — ¢(the starting point of C') .
c

Moreover, in the proof of Theorem 15.28 the parametrization 7 : [a,b] — R3 does not has
to be injective (so the image of  might have a lot of overlapping). It is only required that

the parametrization is piecewise smooth for the proof to work.

Example 15.30 (Revisit of Example 15.26). Suppose that F(x,y) = y?i+2zyjand C is an
oriented piecewise smooth curve joining (0,0) and (1,1), where (0,0) is the starting point
and (1,1) is the end-point of the oriented curve. Since F' is conservative with potential

é(z,y) = zy?, by the Fundamental Theorem of Line Integrals we conclude that

J F.dr=¢(1,1) — ¢(0,0) =1.
C

Example 15.31. Evaluate f F - dr, where C' is a piecewise smooth curve from (1, 1,0) to
c
(0,2,3) and
F(x,y,2) = 2zyi + (2° 4+ 2%)j + 2yzk
as given in Example 15.4. Recall that this F' has a potential ¢(z,y,2) = 2%y + yz? as

explained in Example 15.4. Therefore, the Fundamental Theorem of Line Integrals implies
that

J F-dr=¢(0,2,3) — ¢(1,1,0) = 17.
C

Theorem 15.32

Let D be an open, connected domain in R?, and let F be a smooth vector field defined

on D. Then the following three statements are equivalent:

(1) F is conservative in D.

(2) jg F - dr = 0 for every piecewise smooth, closed curve C' in D.
c

(3) Given any two point pg,p; € D, f F - dr has the same value for all piecewise
c

smooth curves in D starting at py and ending at p;.




In the statement of the theorem, the (path) connectedness of a region means that any
two points in the region can be joined by a piecewise smooth curve lying entirely within the

region.

Proof of Theorem 15.32. (1) = (2): This is a direct consequence of the Fundamental The-

orem of Line Integrals.

(2) = (3): Let Cy and Cy be two piecewise smooth curves in D starting at py and ending
at p; parameterized by 7; : [a,b] — R3 and 7, : [c,d] — R?, respectively. Define
r:la,b+d—c — R by

r1(t) if t € [a,b],
r(t) = :
ro(b+d—t) ifteb,b+d—.
Then C' = r([a,b+ d — ¢]) is a piecewise smooth closed curve; thus

b+d—c

0= ffCF dr — wa om)(t) - rl(t) dt —L (Fors)(b+d—try(b+d—t)dt

d
= F~dr—J (Fory)(t)ry(t)dt = F-dr— | F-dr.
Cq c Cy Cs

(3) = (1): Let pp € D. For @ = (x1,29,23) € D, define ¢(x) = J F - dr, where C is
c
any piecewise smooth curve starting at po and ending at &. Note that by assumption,
¢ : D — R is well-defined.
Choose § > 0 such that B(zx,d) < D, where B(x,d) is the ball centered at & with

radius 0. Let C be a piecewise smooth curve joining pg, and L be the line segment
joining « and &+ he;, where 0 < h < ¢ and e; is the unit vector whose j-th component
is 1. Then with the parametrization of L: r(t) = x + te; for t € [0,h] (or [h,0] if
h < 0), we have

he;) — 1 1"
P(x + e;L) gb(m):ELF‘dT:ﬁLF(w+tej)'ejdt;

thus passing to the limit as h — 0, we find that

9, .
a—%(m) =F(x)-e;.

As a consequence, F' = V¢. Moreover, since F' is smooth, Theorem 13.35 implies that

¢ is differentiable on D. Therefore, F' is conservative. 0



Theorem 15.33: Law of Conservation of Energy

In a conservative force field, the sum of the potential and kinetic energies of an object

remains constant from point to point. Here

1. the potential energy is the negative of the potential function of the conservative

vector field;
o .1 .
2. the kinetic energy is imHvHQ, where m, v are the mass and the velocity of the

object, respectively.

Proof. Let F be the conservative force field, p is the potential energy so that —Vp = F,

1 1
and k is the kinetic energy defined by k = §m|v|2 = §m|’r’|2. Suppose that the curve C' is

parameterized by r : [a,b] — R? so that r(a) = A and r(b) = B. Then

1. the work done by F' along a smooth curve C' from point A to point B is
W= | Prdr=(p)(B) - (-p)A4) =pl4) - (B).
c
2. by Newton’s second law of motion, F' = mr”; thus the work done by F' is

b b 1d m (*d
W= LF dr = L mr”(t) v (t) dt = L mﬁaHr’(t)HZdt = 5L %H?"(t)HZdt

= o] = T el| = kB) ~ k(4).

Therefore, p(A) — p(B) = k(B) — k(A) or equivalently, p(A) + k(A) = p(B) + k(B) which
shows that p + k, the sum of the potential and kinetic energies, are constant from point to

point. Il

15.4 Green’s Theorem

Even though Theorem 15.32 provides several equivalence for conservative vector fields, none
of them is practically useful for determining whether a vector field is conservative since in
reality it is very hard to compute all possible line integrals. Some other criteria (sufficient
conditions) for determining conservative vector fields have to be developed.

We first look at the case of two-dimensional vector fields. Let D € R? and F = (M, N) :
D — R2 If F is conservative, then M = ¢, and N = ¢, for some scalar function ¢ : D — R;



thus if ¢ is of class €, we must have M, = N,. In other words, if F': D — R? is a smooth
vector field, then it is necessary that M, = N,. The converse statement is not true in

general, and we have the following counter-example.

Example 15.34. Let D < R? be the annular region D = {(x,y) ‘ 1 <a2?+9% < 4}, and

consider the vector field F(z,y) = . f_ 51— o i 5J- Then
Y Y

oy  2P—yr 0 -z
ayxz—i—yQ_($2+y2)2_6mx2+y27

however, if FF = V¢ for some differentiable scalar function ¢ : D — R, we must have

Y

z\ L, G NG
¢z, y) P

which further implies that
x
¢(z,y) = arctan v fy)-

Using that ¢,(x,y) = — we conclude that f is a constant function; thus

x
22 + 9?2’

o(z,y) = arctan i,
)

Since ¢ is not differentiable on the positive x-axis, F' # V.
We can also consider the line integral fﬁ F - dr, where C is the oriented circle parame-
c

terized by
r(t) = V2costi+ V/2sintj t € 0,2n].

Using the formula to compute the line integral, we find that

21 . 2 t
ffF.dr:J (ﬁsm’fi—fCOS i) (= V2sinti+ V2costj) dt
C

. > 2
2

:f (—=1)dt = —2m;

0

thus Theorem 15.32 implies that F' cannot be conservative.

Let R < R? be a region enclosed by a simply closed curve C' and F = Mi+ Nj be a
vector fields on (an open set containing) R, where C is oriented counterclockwise so
that

C' is traversed once so that the region R always lies to the left.




The line integral of F' along an oriented curve C' sometimes is written as

J Mdzx + Ndy
c
since symbolically we have dr = dxi+ dyj so that
F .-dr = (Mi+ Nj) - (dei+ dyj) = Mdx + Ndy.

The right-hand side of the identity above is called a differential form.

Suppose that

1. Every vertical line intersects C' at at most two points so that
R={(z,y) ‘f € la,b], fi(z) <y < fo(w)} .

2. Every horizontal line intersects C' at at most two points so that
R={(z.y)|yelcd gy <z <gpy)}.

In other words, the curve C' is the union of
1. 4 and () parameterized respectively by
ri(t) =ti+ f1(t)j, tela,b], and ro(t) = —ti+ fo(—t)j, te[-b,—a].
2. (5 and ('35 parameterized respectively by
r3(t) = go(t)i+tj, te]ed] and ry(t) =g (—t)i—tj, te[-d,—].

We note that C;, Cy, C5 and Cy are oriented curves. Then by the definition of the line
integrals,

fﬁ(F1+F2)dT:§F1dT+§F2dT,
C C C
thus

ngdx+Ndy:j€ (Mi+Nj)-dr:§ Mi-dr+§ Nj-dr
C C C C
=| Mi-dr+| Mi-dr+ | Nj-dr+ | Nj-dr.

C1 Ca C3 Cy

Using the formula for computing the line integrals, we find that



b
1 Mi-dr = fM(t,fl(t)dt and | Ny dr—ngg
Cq a

o0 | Mi-dr=—| Mt fo(—t)dt,and | Nj-dr=—| M(g(~t),—t)dt; thus
Cs —b Cy —d
the substitution of variable ¢ — —¢ shows that

Nsz—ﬁM@@ﬁﬁ.

C

b
Midr:—fﬂﬂuﬁﬁnﬁ and

C. 2 C4

Therefore, if M, and N, are continuous on R,

d

%Cde + Ndy = f [M(t’fl(t)) - M(tva(t))} dt + J |:N<92<t>7t) - N(gl(t)7t))] dt

a C

b d
=jLMmﬁm»—M@ﬁ@m¢HJ“memw—N@mmwﬂ@

a c

- [ ([ ) [([77 e )ay

fi(z) c 91(y)
and the Fubini Theorem further implies that

§Mdm+]\7dy— H ,(T,y dA+HN x,y)dA = f (Ny — My)(z,y)dA. (15.4.1)

We note that (15.4.1) in particular implies (2) of Theorem 15.32 when C' is a simply close
plane curve of the form given above.

Identity (15.4.1) is in fact true as long as C' is a closed plane curve oriented counterclock-

wise, and we have the following

Theorem 15.35: Green’s Theorem

Let R be a plane region enclosed by a closed curve C' oriented counterclockwise; that

is, C' is traversed once so that the region R always lies to the left. If M and N have

continuous first partial derivatives in an open region containing R, then

§MM+N@_”"2:—@MM. (15.4.1)

Remark 15.36. If F' is a two-dimensional vector field given by F = Mi+ Nj, then under

the assumption of Green’s Theorem,

iFT%zIL@MR@WMA



This is sometimes called Green’s Theorem in Tangential Form. Moreover, by treating

F as a three-dimensional vector field, then under the assumption of Green’s Theorem,

3@01? cdr = UR (curlF - k) (z,y) dA.

Remark 15.37. Let R be a region enclosed by a smooth simply closed curve C' with

outward-pointing unit normal N on C, and F be a smooth vector field defined on an
open region containing R. We are interested in f F' - Nds, the line integral of F'- N along
C. ¢

Suppose that F' = Mi+ Nj, and C is parameterized by r(t) = z(t)i+ y(t)], t € [a,b],
so that C' is oriented counterclockwise. Define G = —Ni+ Mj. Then Green’s Theorem
implies that

jg —Ndx—Mdyzﬂg G’-d’r:fj curlGdA:JJ (Mz+Ny)dA:ff divF dA.
c c R R R

On the other hand, if = is a counterclockwise parametrization of C', then

z'(t)

Nr(0) = (631

O]

Vtela,b];

thus

3€CF Nds = | (F-N)(r()|r'(6)] dt = j F(r(t)) - N(r(t)) |7 ()] dt

= | [MG®),90)i+ N, y0)i] [ y(t
- [ [M((t), y(t)y'(t) — N(z(t), y(t)z'(t)] dt

Ja

~—

r

= —Ndx—MdyzﬁEG-d'r:jfdideA.
c R

Je
J F~Nds:Jf divF dA.
c R

This is sometimes called Green’s Theorem in Normal Form or Divergence Form.

Therefore,

Example 15.38. Use Green’ s Theorem to evaluate the line integral § yi3dx+ (23 +3xy?)dy,
c

where C is the path from (0,0) to (1,1) along the graph of y = z* and from (1,1) to (0,0)

along the graph of y = x.



Let R = {(m, Y) | 0<z<l,28<y< a:} Then Grenn’s Theorem implies that

jg yPdr + (2° + 3xy? dy—ff (2% + 3wy?) — dA ff 32%dA
c

1
3 1
= Jo (L3 32° dy) drx = fo 32%(x — ) do = (4:64 §x6> L 4 :
Example 15.39. Let F' and D be given in Example 15.34, and C' € D be a simple closed

curve oriented counterclockwise so that the origin is inside the region enclosed by C'. Find

%F-dr.
C

Choose r > 1 so that the circle centered at the origin with radius r lies in the region

enclosed by C'. Let C, denote this circle with clockwise orientation, and pick a line segment
B connecting C' and C, (with starting point on C' and end-point on C,.. Define I" as the
oriented curve B u C, u (—B) u C, where —B denotes oriented curve B with opposite
orientation, and let R be the region enclosed by I'. Then R < D and R is the region lies to
the left of I'. Therefore, Green’s Theorem implies that

JJ F~dr:fj curlFFdA =0.
rJe, R
On the other hand,

fF-d’r:f F-dr—l—f F-dr—l—f F-dr+J F -dr;
r B C, -B c

thus by the fact that J F -dr = f F - dr, we conclude that

JF d'r’—i—f F . dr—fj F-dr=0

JF-dr:— F.dr = F-dr.
c Cr —C

In other words, the line integral of F' along C' is the same as the line integral of F' along

or equivalently,

the circle C,. with counterclockwise orientation. Since —C,. can be parameterized by
r(t) =rcosti+ rsintj t e 0,27,

we find that

27 . 27
JCF-dr:L (TSlznti—rcc;Stj>-(—rsinti+7"costj)dt:f (=1)dt = —2r.

r r




Definition 15.40

A connected region D < R? is said to be simply connected if every simple closed
curve can be continuously shrunk to a point in D without any part ever passing out
of D. In other words, D is simply connected if every simple closed curve encloses a

region which is a subset of D.

Theorem 15.41

Let D < R? be simply connected, and M, N be functions defined on D with continuous
first partial derivatives. If M, = N, in D, then F' = Mi+ Nj is conservative in D.

436
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