Extra Exercise Problem Sets 3
Nov. 17. 2024

Problem 1. Let f : [a,b] — R be a continuous function such that f has only one critical point
c€ (a,b).

1. Show that if f(c) is a local extremum of f, then f(c) is an absolute extremum of f.

2. Show that if f(c) is the absolute minimum of f, then f(z) > f(c) for all z € [a,b] and z # c.
Similarly, show that if f(c) is the absolute maximum of f, then f(z) < f(c) for all x € [a, b]

and x # c.

Problem 2. Let I, J be intervals, g : I — R and f : J — R be increasing functions. Show that if J

contains the range of g, then f o g is increasing on I.
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Problem 3. 1. If the function f(z) = 2* + aa® + bz has the local minimum value A=

5l

what are the values of a and b7
2. Which of the tangent lines to the curve in part (1) has the smallest slope?

Problem 4. A number a is called a fixed point of a function f if f(a) = a. Prove that if f'(z) # 1

for all real numbers z, then f has at most one fixed point.

Problem 5. Suppose f is an odd function (that is, f(—x) = — f(x) for all z € R) and is differentiable

everywhere. Prove that for every positive number b, there exists a number ¢ in (—b,b) such that

b
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Problem 6. Show that 2y/x > 3 — L forallz > 1.
X
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Problem 7. Show that vb — \/a < NG

forall 0 < a < b.

Problem 8. Show that for all (rational numbers) p, ¢ € (1, 00) satisfying ! + L 1, we have
p q

1 1
ac+bd < (a? +0P)7 (c? 4 d?)a Va,b,c,d>0.
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Hint: Let x = 3 and y = o

Problem 9. Show that for all k € N u {0},
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Problem 10. (% & * 2% 4% ) Show that for all k € N u {0},

l—z+a? -2+ 2% - <l—-ao+22—22 4+ +2% Vr>=0.

S l4z

Problem 11. Let f : R — R be a differentiable function satisfying that f’(z) = f(z) for all z € R,
and f(0) = 1.

L(?2&2FFHN fa L i & f ) Show that f is increasing on R.
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2. ShowthatifkeNu{O},thenf(:c)>1+x+%+-~-+%forallx20.

3. Show that if k € N U {0}, then
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Hint: 1. Show that f? is increasing on R and argue that f is also increasing on R.

Problem 12. Find the minimum value of
‘ sinx + cosx + tanx 4+ cot x + secx + cscx

for real numbers z.

Hint: Let t = sinz + cosz.

Problem 13. Let f,¢g : (a,b) — R be twice differentiable functions such that f”(z) # 0 and
g"(z) # 0 for all x € (a,b). Prove that if f and g are positive, increasing, and concave upward on

the interval (a,b), then fg is also concave upward on (a,b).

Problem 14. For what values of a and b is (2,2.5) an inflection point of the curve 2%+ ax + by = 07?
What additional inflection points does the curve have?

b
Problem 15. Let a < b be real numbers. Compute J cos x dx by the following steps.

(a) Partition [a, b] into n sub-intervals with equal length. Write down the Riemann sum using the

right end-point rule.

(b) Prove that
sin [a + (n + %)d} — sin (a + g)

Z cos(a + id) = y
i=1 2 sin 3

Hint: Use the sum and difference formula sin(v 4+ ¢) — sin(¥ — ¢) = 2sin ¥ cos .

(c) Use (%) to simplify the Riemann sum in (a), and find the limit of the Riemann sum as n

approaches infinity. Show that

b
J coszdr =sinb—sina.
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Problem 16. Let a < b be real numbers. Compute f 2™ dx, where N is a non-negative integer, by

a

the following steps.
(a) Let P={a =129 <z <--- <z, = b} be a regular partition of [a,b]. Show that the Riemann
sum using the right end-point rule is given by

n
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where C' N — )1
(b) Show that
ko k+1 k1 el oy k+1
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Hint: Expand (j+1)* for j = 0,1,2,--- ,n by the binomial expansion formula, and sum over

7 to obtain the equality above.

for each k € N.

(c) Use (xx) to show that 7}1_1}010 nk+1 Zz

(d) Use the limit in (c) to find the limit of the Riemann sum in (a) by passing to the limit as n
approaches infinity. Simplify the result to show that

b N+l N41
Ja:Ndx:b—a.
N+1

Hint: (c¢) By induction!

Problem 17. Use the limit of Riemann sums to compute the integral J xcosxdr.

Problem 18. Find the following definite integrals (without using any further techniques of integra-

tions).
1. jQ sin x cos x dz. 2. J3 (cosz + secz)? dx. 3. [° sm2x dx.
0 0 o COS“ T
™ T 3
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4. f (secz + tanx)? dx. 5. f (cosx + | cosz|) dx. 6. f | sinz| dx.
0 0 0
4
7. f |2 — 42 + 3| dx.
0
Problem 19. Find the following derivatives.
VT sin © tan
1. dJ costdt. 2. df 3t2 dt. 3. df sec? t dt.
dx J)g dr J; dx J,
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Problem 20. Find an anti-derivative of the function f(x) = |x|.
Problem 21. Let G(x) = f [sf f(t) dt} ds, where f : R — R is continuous. Find
ol Jo
1. G(0). 2.G'(0). 3.G"(0). 4. G"(x).

Problem 22. Suppose that f has a positive derivative for all values of = (that is, f'(z) > 0 for all
x € R) and that f(1) = 0. Which of the following statements must be true of the function

o) = | syar

Give reasons for your answers.

a. g is a differentiable function of x.

b. ¢ is a continuous function of x.

c. The graph of g has a horizontal tangent at z = 1.

d. g has a local maximum at x = 1.

e. ¢ has a local minimum at x = 1.

f. The graph of g has an inflection point at x = 1.

g. The graph of Z—i crosses the z-axis at x = 1.

Problem 23. For each continuous function f : [0, 1] — R, let

1<f):£x2f<x>dx and J(f):fle(x)de.

0

Find the maximum value of I(f) — J(f) over all such functions f.



